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ADVERTISEMENT TO PART I. 



Thb following short Treatise on Geometry as a Science 
makes no pretence of entering into competition with 
Euclids Elements — ^the most wonderful book perhaps, 
with one exception, in existence. But as it cannot be 
denied, that Euclid presents Geometry in a diffuse and 
somewhat repulsive form, whereby a large proportion of 
those, who ought to be acquainted with the subject, are 
deterred from venturing upon it at all, 1 have thought 
that good service might be rendered to the cause of 
popular education by framing a work, which shall 
neither terrify by its size, nor repel, as Euclid does, by 
a studied avoidance of all practical illustration. At the 
same time I have endeavoured, except in a single in-* 
stance, to preserve the strictness of the ancient geometers, 
at least to the extent of laying down a solid and trust- 
worthy /ottnc/a^ton for that which is to follow. I cannot 
discover any good reason, why the mensuration taught 
in our Schools should be built, as it mostly is, upon no 
foundation but the memory only ; I think it need not, 
and I am sure it ought not, to be so. But as it is, we 
reap the fruits of this bad system of mental culture in 
the very general ignorance of right principles of con- 
struction and design, which notoriously prevails among 
English artists and workmen. Public attention has been 
lately directed to the necessity of removing this stigma 
from our character as a people by the institution of 
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Schools of Design and Practical Art*, Let me urge 
upon the managers of such Schools the expediency of 
beginning their work at the right end. Let principles be 
taught before rules, , Let Geometry as an Art be syste- 
matically preceded by Geometry as a Science, Then^ 
but not till then^ we may hope to see the desired result 
in the improved taste and skill of our designers^ and to 
be saved the continuance of that sense of humiliation 
which every Englishman must experience on reading 
the statement here subjoined. 

T. L. 

MOBTOir ReCTOBT, ALFBETdr^ 

April 20, 1854. 



* On a late public occaaion, at die inauguration of one of these 
Schools, the Duke of ArgyU lemarked that ^' a very large proportion 
of the works of art preparing for the Crystal Palace are being executed 
almost entirely hy foreign artists, and that our manufacturers also have 
been obliged to send abroad for designs ; and, as he waa convinced 
that there was no natural disqualification in our population for such 
work, he trusted that the defect would be remedied by the adoption 
of a more complete system of education." 
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*4 OEOMETRT AS A SCIENCE. 

It is clear also that, having to treat of bodies, or parts 
of bodies, in respect of magnitude and position, we nave 
to provide for taking measurements of various kinds; and 
hence is required a sort of ffeoraetrical language in the 
first onset, which must be learnt from the following 
Definitions :— 

3. We measure a distance by a ' line'; so that a line 
will represent any one of the dimensions length, breadth, 
height^ girth, depth, or thickness. We do not inquire as 
to the thickness of the line, when used ^br this purpose of 
measurement. Hence the common 

Definition. A line is length without breadth or 
thickness. 

It is not meant that any line we can actually use or 
make is without breadth or thickness ; but that for Geo- 
metrical purposes, that is, as a measure of length, the 
length only of a line is considered. 

Thus, for illustration, if the length of a room be in 
question, we regard not the fact of its being measured 
by a broad tape or a narrow tape — even the finest thread 
we can use will serve our purpose, if it be inextensible, 
— we expect the same result in each case^ because it is 
length only we are concerned with. In the case here 
supposed, the broad tape is not inferior to the finest 
thread; but, as there are numberless other cases in 
which this is not so, (as will appear hereafter), the Defi- 
nition of a ^line' above given is the only one which can 
insure general accuracy of measurement. 

4. Another term in common use in Geometry is 
* point', by which is meant generally no more than a 
place to start from, or to stop at, in drawing or mea- 
suring a line, A point hath position only, and is nothing 
for us to measure ; and hence the common 

Definition. A point hath no parts and no magni^ 
tude. 

It is true we cannot exhibit such a point, (because that 
which hath no magnitude cannot be visible to the human 
eye) ; but the more nearly the points we use in practice 
approach the strictness of this Definition, the more accu- 
rate, it is obvious, will be the measurements which begin 
or end at those points. 
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It follows^ that each extremity of a line is a point. 

5. Lines are of two kinds^ straight and crooked. 

A straight linCy or, as it is often called^ a right line, 
is the direct, that is, the shortest^ line connecting the two 
extremities, or extreme points^ of it. 

A crooked line is not the direct line joining the two 
points which are its extremities. It may consist of two 
or more straight lines joined together thus, ^^^'^'^^^^'^^^v 
or in some other way. Or it may be what is called a 
curved line, no part being straight^ such as ^ ^^ , or 
such as may be represented by a fine thread drawn tight 
round the trunk of a tree to measure its girth. 

In speaking of points we distinguish one from ano- 
ther by using the letters of the alphabet to mark their 
position ; and so also with regard to lines to mark either 
their position or extent, or both. 

A single letter will ix or express a pointy but two are 
mostly used to express a straight line. Thus, if we put 
A at one end of a straight line, B at the other end, the 
points, which are the extremities of that line, would be 
simply called the points A and B ; and the line would be 
called the line AB. 

Sometimes, however, a single letter may be used to 
denote a line, but not often. 

6. Superficies, Surface, or Area. These words 
all express the same thing, which is a subject for mea- 
surement ; as, for instance, the acre^age of a field. It is 
obvious that this will depend upon the length and breadth 
of the field, but not at all upon the depth of the soil, or 
the thickness of the sod. And so we have the 

Definition. A Superficies, Surface, or Area, is 
that which hath only length and breadth. 

It is not meant that the body whose superjicies, sur^ 
Jace, or area, we are considering has only length and 
breadth, but that the dimensions of a superjicies, surface, 
or area^ are entirely dependent upon length and breadth, 
to the exclusion of thickness, height, or depth. Thus in 
speaking of the quantity of carpet which will cover a 
floor, the thickness of the carpet never enters into our 
consideration, but only the length and breadth. 

Hence the expression ' superficial measure' is always 
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understood to exclude thickness. Thus, for instance, the 
area or surface of this page, that is, the space upon it 
capable of receiving the impression of type, is manifestly 
independent of the thickness of the paper. 

7. Surfaces are of two kinds, plane and curved, 

A plane surface is one on which a straight line may 
be drawn in any part of it, wholly coincident with the 
surface. Or, in other words, if any two points are taken 
in the surface, and a straight line be drawn joining the 
two points, that line shall be wholly in the surface. 

A curved surface is one, on which if points be taken 
and joined by lines lying wholly on the surface, those 
lines are found to be curved lines. 

Thus the top of a table is a ^ plane surface'; but the 
boundary of a globe is a ' curved surface'. 

Observe, it is not necessary to a curved surface that 
all lines drawn on it should be curved lines ; there may 
be straight lines in particular cases. For example, the 
surface of a round pillar is curved^ but yet the lines 
drawn on it in the particular direction of the length of 
the pillar will be straight lines, whilst all others will be 
curved. 

8. Angles. A plane rectilineal angle is formed by 
two straight lines, which meet together^ but are not in 
the same straight line. The angle is the measure of the 
inclination of the one line to the other ; but how that 
measure is taken does not concern us at present to know. 
All that is here required is to know how to compare one 
angle with another, viz. : 

(1) That the angle formed by, or between, the lines 
AB^ and AC, which meet at the point A, is equal to the 
angle between the lines DE, and 2>F, which meet at the 
pomt D, if, when the point A is ^ applied to', or placed 




upon, the point D, and the line AC upon the line DFy 
then also the line AB coincides with DE, 
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(2) That the angle between AB and AC is greater 
or less than the angle between DE and DF^ according 
as^ when AC is applied to DF as before, AB falls farther 
from^ or nearer to, DF, than DE does. 

9. An angle is generally denoted, or expressed, by 
three letters of the alphabet, in the . following manner : 
The middle letter invariably marks the point where the 
lines which form the angle meet togetner, and of the 
other two letters one is upon one of the lines and the 
other upon the other line. 

Thus, if the lines BA, BC, BD, meet together at the 
same point B, the angle between 
BA, and BD^ is called the angle 
ABDy or DBAy whichever we 
please, only taking care that B is 
the middle letter; the angle be- 
tween BA and BC is called the 
angle ABCy or CBA ; and the 
angle between BD and BC is called 
the angle DBC or CBD. 

Sometimes, however, when only two lines meet to- 
gether, forming only one angle, so that no mistake can 
arise as to the angle meant, that angle may be described 
by a ^ng/e letter placed at the point where the lines 
meet. Thus, the angle formed by two lines which meet 
at the point A would be called ' the angle at A\ 

The point where the lines which form an angle meet 
together is called the angular point, or vertex *of the 
angle ; and ought to be carefully distinguished from the 
angle itself. 

Observe, the magnitude of an angle does not at all de- 
pend upon the length of the lines by which it is formed, 
but only upon their position. Yet the lines must be some 
length to be lines at all. 

10. If one of the lines which form an angle be ex- 
tended in the same straight line from the angular point, 
so as to form a second angle on the same side of it ad- 
jacent to the former, and these angles are found to be 
equal (8)* to each other, then each of the angles is called 

* This will be the mode of referriDg to a previous paragraph, or 
article, as it is usually called. In this case, it is meant that the reader 
look back to the paragraph numbered 8, and see that a method hai 
been there explained of comparing one angle with another. 
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a right angle. Thus, if CA^ one 

of the lines which form the angle 

BAC, be extended to a point D 

beyond A in the same straight line, 

and then the angle BAD is found 

to be equal to the angle BAC^ each 

of these angles is a right angle. In 

this case also the line BA is called a 

perpendicular to the line CD; and again, AB is said to 

be at right angles with CD. 

An obtuse angle means an angle greater than a right 
angle, as EAC. (8). 

An acute angle means an angle less than a right angle, 
as BAD. (8). 

11. Triangles. A plane surface bounded by three 
straight lines meeting together at their extremities, so as 
entirely to enclose a space, is called a triangle; and the 
three straight lines are called the sides of the triangle. 
Thus each of the following figures is called the triangle 
ABC, whose sides are AB, AC, BC, the letters A, B^ C, 
being at the three angular points. 

A. 




€^ 



When the three sides are equal to each, other, the 
triangle is called equilateral, or equal-sided, as in fig. 1, 
where .45 = .4 C = iC* 

When two sides only are equal, as in ^g* 2, where 
AB=zAC, and BC is unequal, the triangle is called 
' isosceles', which signifies * equaUhgged* , as if the triangle 

* The following abbreyiations will be used throughout the book :— 
B for * equals', ox *• is equal to\ 
+ for ^ added to\ or to be added*. 
L for ^ angle*. 
.*. £m Uherefors\ 



DEFtNrnOHS iXB FIRST PRINCIFI.ES, J 

were supposed to stand upon BC, as a &ire, with two 
legs AB, AC. 

A triangle, as the name implies, has also three angle* 
within it, as the 'angle at A', the ^ angle at B', and the 
' angle al C, or ^BAC, ^ ABC, and ,^5(7^; and triangles 
have received other distinctive namea, besides those men- 
tioned above, a^er the names of one or more of these 
angler. Thus, 

A triangle, which has one* of its angles a right angle, 
is called a right-angled triangle, as ABC fig. S, where 
the ' angle at C is a right angle. 

A triangle, which has one of its angles an cAtuie 
angle, is c^led an obluie-angled triangle, as ABC fig. 4, 
where the ' angle at C is an ohtute angle. 

A triangle, which has each of its angles acute, is called 
an acute-angled triangle, aa ABC figs. 1 and 3. 

12. Pabai,lkl Hraight lines are such as, being in 
the same plane, never meet though produced ever bo far 
both ways. Thus the straight lines 



AB, CD, are parallel to each other, if, being both on 
the plane of this paper, they never meet however far 
produced either towards the right hand or the lefL 

13. Parallelograms. K farallehgrantiatko\aa.e 
surface bounded hy four straight lines, called its tidet, of 
which each opposite two are parallel. 

There are several kinds of parallelograms : — viz. 

(1) A tquare is a parallelogram, which has all its 
sides equal and all its angles right angles, as fig. I. 



(3) An dlong, or rectangle, is a paraUehgr 

* It wUl lie «een hereafter that do triangle can have n: 













( fouM in thia line is 
MM widiin the figure 

I tfw twmfertmce of 
«(kKl) measures the 
vitrnfirrrKct is called 
ht lin« drawn through 
s bjr the cireMmfmiice 

HM or surface in the 
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plane of the papci" bounded by tbe 
curved line ABCDA is a circle, when 
from the centre all straight lines 
to the circvmferetice, as OA, OB, 
OC, OD, are equal to each other. 

Any one of the lines OA, OB, 
OC, OD is the radiut, and any ra- 
dius, as AO, extended in the same 
straight line to meet the circum- 
ference in D, that is AD, is a 
diameter, of the circle. 

17- Hence it is plain, that a circle may be traced by 
means of a string, one end of which is kept fixed in a 
certain point as the centre, while the other is made to 
revolve and trace out the circumference, the string being 
kept perfectly tight. The same thing is also done by 
the ordinary compiuset. 

18. A temi-circle is the half of a circle, bounded by 
the half of the circumference and the diameter joining 
its extremities. 

A quadrant is the quarter of a circle, or the half of 
a semi-circle, bounded by tbeJiMirth'ipart of the circum- 
ference and two radii joining its extremities with the 

Thus fig. 1 is a eemidrcle, and fig. S is a quadrant, 

where is the centre of the circle in each case; and 
whilst ACB is half of the tehole circumference in the 
former, it is a quarter of it in the latter. 

An arc of a circle is \i portion of the circumference. 

It may be observed here, that although tmo letters are 
sufficient to express a straight hne, ihree or mare are 
generally required for a curved line; and for an obvious 
reason, because between any two points there is only one 
straight line, but an infinite number o£ crooked lines, so 
that the extreme points entirely driermtne the farmer but 
not the latter. 
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19. It will be found, hereafter, that we often, for 
shortness, call the circumference of a circle the circle, 
which, though convenient, is not a correct way of 8peak-> 
ing. In the same manner it is not unusual to hear per- 
sons speak of a triangle, square^ or other plane surface, 
when, in fact, they mean no more than the boundary of 
the figure in each case. 

Let it, then, be borne in mind, that in strictness a 
circle does not consist of one curved line merely, called 
the circumference^ but that it is the whole inner area 
hounded by that line. 

So, again, a triangle does not consist of three straight 
lines called sides^ but is the whole inner area bounded by 
those sides. And similarly with respect to other plane 
surfaces^ 

20. Euclid's ^ Postulates* must now be admitted as 
truths to be granted without proof, viz. 

I. A straight line may be drawn on a given plane 
surface from any one point to any other point. 

II. A terminated straight line may be 'produced', 
that is, extended, to any length in a straight line. 

III. A circle may be * described' with any centre, 
and any given length, or line, for its radius. 

Granted that we can do these three things, and we 
will assume nothing further in the construction and 
treatment of Geometrical figures. 

In 'describing' a circle, by the third Postulate^ we 
trace out the circumference which is the boundary of the 
circle. Of course we can trace a part, as well as the 
whole, that is, any arc of the circle. 

21. Equality of Lines, Areas, and Angles. 

It is evident that magniti^es which coincide in 
every part are equal to one another. This is a received 
axiom which admits of no dispute. It is the simplest 
notion we have of equality. 

Hence tlie two straight lines AB, and CD, are equal 

to one another, if, when CD is placed a b 

upon AB, so that the point C is upon ^ 

A and CD upon AB, the point D is 

found to coincide with the point B. 
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In like manner two areas are equal to one another, 
when they can be made to coincide in every part, that is, 
when one can be made exactly to cover the other, and 
no more. For example, all the pages of this book are 
exactly equal to one another. But areas may be equal 
also, when they are not exactly alike, (as the pages of the 
same book are,) but can be made so by a different arrange-' 
ment of the parts of one or both. For it is evident, that 
this page might be cut up into many parts, without at all 
altering the total area; and those parts might be arranged 
so as to form a great variety of plane figures having pre- 
cisely the same area, but with a different boundary. 
Thus, if we have a square and a triangle, and we can 
cut up the square, so as with the parts exactly to cover 
the triangle, the area of the square is equal to Uiat of the 
triangle. Or, again, two triangles^ which to the eye 
appear unequal, may yet be equal, and shall be so, if by 
a different arrangement of parts they can be made to 
coincide. 

The Equality of Angles has been already defined 
in (8). 

22. Additiqn, SuBTBAcnoN, &C. of Lines, Areas, 
and Angles. 

It follows from (21) that lines, areas, and angles, maybe 

added together, subtracted from a B 

each other, multiplied, or divided, 

like other magnitudes. Thus c d s f 

if AB, CD be two straight lines equal to one another, 
'produce' CD indefinitely towards JD, then by applying 
AB to it so that A is upon A ^^^ ^^ ^P®^ ^^> ^® 
find DB equal to AB, and .-. CJS is plainly twice AB. 
Again, if EF=AB, then CF= three times AB, and so 
on. And thus we multiply the line AB. Obviously also 
CD is one^tkird of the line CF; that is, a line may be 
divided. Again, that lines may be added or subtracted is 
plain enough, for AB ^CD=-CD+DE^ CE ; and AB 
taken from CE = CD. 

The same principle, viz. that 'magnitudes which co- 
incide with one another, that is, which exactly fill the 
same space, are equal to one another', leads to the con- 
clusion that, in like manner areas and angles may be 
added, subtracted, multiplied, or divided. 
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Thus^ for instance, if AB, BD be in the same straight 
line, so that ABC, BCD, ACD are three distinct trU 
angles^ it is plain that the two areas ABC, BCD, ex- 
actly cover the same space as 
the area ACD, and .*. the two 
areas ABC, BCD may be ctdded 
together, and their sum will be 
the area, or triangle, ACD. 

Similarly, if the area BCD be 
subtracted from the area ACD, 
the difference is the area ABC. -4. ^ J> 

Again, if area ABC =^ area. BCD, then area ACD is 
double of the area ABC; and area ABC— half of Sirea, ACD. 

Angles likewise are magnitudes which may be added^ 
subtracted, &c. Thus, zACB+j:BCD^^ACD. And 
zBCD taken from zACD leaves zACB. Also if 
^ACB^/^ BCD, then z ACD is double of z ACB. 

QUESTIONS ON THE PRECEDING DEFINITIONS, &c. 

(1) What does Geometric treat of? To what pro- 
perties of bodies is it restricted ? 

(2) Define a * line'; can it be exhibited in practice ? If 
not, why not? 

(3) How many diflFerent kinds of lines are there ? 
Give an example of each. 

(4) Define a * point'. Can it be exhibited to the eye? 
If not, why not? Give an example of a ^ point'. 

(5) Define ^superficies', ^surface', or ^area*. Give an 
example. 

(6) How many kinds of ^surfaces* are there? Give 
an example of each. By what general rule are they dis- 
tinguished from each oXher ? 

(7) What is meant by * the line AB'? Is it the same 
as the line BA ? 

(8) What is an * Angle *? Is it a magnitude admitting 
of increase or decrease ? Exhibit two angles ; and say 
"which is the greater, and why. 

(9) What is meant by Uhe angle ABC? Is it the 
same as 'the angle CBA'} Is it the same as 'the angle 
ACB'} 
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(10) Define a right angle, and exhibit it. Can one 
right angle be greaier than another right angle ? What 
is the way of determining whether one angle is greater 
than another ? 

(11) What are the names by which certain angles 
are distinguished ? Exhibit an angle of each sort. 

(12) Explain clearly the difference between the angle 
ABC and the triangle ABC. 

(13) By what names are triangles distinguished ac« 
cording to their form ? Exhibit a triangle of each sort. 

(14) Does the magnitude of an angle depend upon 
the magnitude of the lines by which it is formed ? 

{lb') How many lines are necessary to form an angle f 
How many to form a triangle f 

(16) How many angles are there in a triangle ? Does 
the ma^itude of a triangle depend upon the magnitude 
of the lines which form its three angles? 

(17) Does the word triangle mean * three angles' in 
such a sense as to signify that the triangle is maas up of 
the three angles^ so as to be equal to them ? 

(18) Define jMira/Ze/ straight lines; and give an ex- 
ample. 

If a straight line were drawn on the ceiling, and an- 
other on the fioor^ these two lines being produced ever 
so far both ways would never meet. Would they neces-. 
sarily be parallel ? Does the definition exclude such ? 

(l'9) How many kinds of parallelosrams are there ? 
What is the distinctive character of ail, and of each? 
Exhibit each separately, and fully describe it. 

(20) How many letters are used to denote a particular 
parallelogram^ and where are they placed? Give an 
example. 

(21) What IS meant by the * base ' of a parallelogram ? 

(22) Define a * circle' ; and explain clearly the differ- 
ence between a circle and the circumference of a circle. 

(23) How many letters are required to denote an arc 
of a circle ? Why will not two serve, as in the case of a 
straight line ? Where are the letters placed ? 
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(24) What is the object of Euclid's three Postulates ? 

(25) Upon what axiom does the Equality of geome- 
trical magnitudes depend ? 

(26) Can one angle be equal to trvo other angles^ or 
to three f Explain clearly. 

(27) Is it possible for a triangle to be equal to a 
square ? If so, say how. 

(28) How many angles are there in a parallelogram ? 
Is the parallelogram equal to the sum of its angles? 

(29) Is a semi-circle a line or an area ? 

(so) Is an angle an area ? If so, how do you under- 
stand the statement at the end of (9) page 5 ? 

(31) Can one triangle be added to another? If tri- 
angles be added together will the resulting sum neces- 
sarily be a triangle ? 

(32) Is a triangle equal to the sum of its three sides? 

{33) What is the difference between an angle, and a 
corner? What is the geometrical name for the hitter ? 



EXPLANATION OF TECHNICAL TERMS USED 

IN GEOMETRY. 

(1) To 'describe' a certain geometrical figure, means 
to construct, or trace^ it on a plane surface, as a board or 
sheet of paper. 

(2) A ^ given' line means a line ^ given' sometimes in 
position, sometimes in magnitude, sometimes in both, ac- 
cording to circumstances ; and the word * given' means 

Jixed or known, 

(3) A ^proposition' is something proposed to be done ; 
so that the heading of each separate article in the follow- 
ing section may be called a proposition. Sometimes 'pro- 
positions' are distinguished into two kinds; they are 
called problems, when something is proposed to be con- 
structed or made; and they are called theorems^ when 
some proposed statement is required to be proved. 

(4) 'Corollary' signifies an after-conclusion beyond 
what is due, following obviously without any or much 
further proof from what has been already done or proved. 
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(5) d fortiori means * by' SO much the rnore'. Thus, if 
A, B, C represent three geometrical magnitudes, and we 
know that A is greater than B, having proved that B is 
greater than C, we conclude, d fortiori^ tnat A is greater 
than C. 

(6) The ' converge' of a proposition is when the conm 
elusion is turned into an assumption^ and the previous 
assumption is made the conclusion. Thus to the proposition 
''The angles at the base of an isosceles triangle are 
equal to one another" the converse would be ''Shew that, 
if the angles at the base of a triangle are equal to one 
another, the triangle is isosceles". 

(7) ' reductio ad absurdum', {reducing to an absurdity), 
is a particular mode of demonstration often used by 
Euclid. It may be briefly explained by the following 
case: — Required to shew that two geometrical magni- 
tudes, represented by A and B^ are equal to one another. 
We argue thus. If A is not equal to B, then A and B 
must be unequal. Suppose them unequal, and proceeding 
upon this assumption we arrive, by means of acknow- 
ledged axioms and legitimate reasoning, at an absurd 
conclusion, such as, for instance, that a portion of a mag- 
nitude is greater than the whole. If then the supposition 
that A and B are unequal legitimately leads to such a 
conclusion, it is plain that that supposition cannot stand ; 
and therefore the only alternative is that A^B* 

(8) To ^produce' a given straight line is to continue 
or extend it, so that the part added may be in one and 
the same straight line with the given line. Thus a 
radius of a circle, continued through the centre to meet 
the circumference again, until it becomes a diameter^ is 
said to be produced. 

(9) An ^ axiom* is a statement of an admitted truth, so 
plain and unquestionable as to need no demonstration, as 
Jong as words mean what they do ; as that, for instance, 
" the whole of any magnitude is greater than a part of 
the same magnitude" — or, again, that 'two is greater 
than one'. Such truths do not specially belong to 
Geometry, but are practically interwoven with almost 
every operation of daily life. 
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STRAIGHT LINES AND RECTILINEAL PLANE 

FIGURES.' 

23. Proposition I. To describe an equilateral tri^ 
angle upon a given straight linef. 

Let AB be the given straight line^ which is to be 
one side of the triangle ; with centre 
A and radius AB (Post. hi. 20) trace 
a portion of the circamference of a 
circle on that side of AB on which 
the triangle is required; with the 
same radius and with centre B trace 
another portion of the circumference ____^ 

of a circle on the same side o£ AB^ -^ •* 

and intersecting the former in the point C; join the 
points A and C by the straight line AC (Post, i.), and 
B and C by the straight line BC; then ABC shall be 
the equilateral triangle required. 

For since B and C are points in the circumference 
of the same circle whose centre is A, AB = AC, (Def. 
1 6); again^ since A and C are points in the circumference 
of die same circle whose centre is B, AB or BA s BC; 

.-. AC^AB^BCy 

or the three sides of the triangle ABC oxe equal to each 
other^ that is« ABC is an equilateral triangle and it is 
described upon the straight Ime AB. 

24. Prop. II. If two triangles have two sides of the 
one equal to two sides of the other, each to each, and have 
likewise the angles formed by those sides equal to one another^ 
they shall also have their bases, or third sides^ equal; 
and the two triangles shall be equal; and their other angles 
shall be equal, each to each, viz. those to which the equal 
sides are opposite. 

Let ABC, DEF be two triangles^ in which the side 

* A rectilineal plane figure means a plane aurfaoe (7) hounded hy 
straight lines. According to the number of such lines, forming its 
boundary, each figure receiyes its distinctive name. 

■f* The Author does not deem it advisable to deviate much from 
EucMs 
necessary, 
means 

SO(U 

line* means here a line fixed both in position and magnitude. 
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AB- the side DE, the 
side AC » the side DF^ 
and aBAC ^ zEDF. 
Suppose the triangle 
ABC to be laid upon the 
triangle DEF^ in such 
manner that the point A 
is upon the point D, and 
the line AB upon DE; 
then the point B will fall 
upon Et because AB = D£* Again, since AB falls upon 
DE^ AC wDl also fall upon BF, because zBAC=^zEDF, 
(8.) Since, then, the point u4 is upon the point D, and 
the line AC upon Z>^, the ]X)int C shall fall upon F, 
because AC = DF. Hence, since B is upon E, and C 
upon ^, the line BC must coincide with £F, because 
BC and £/" are straight lines between the same, or coin- 
cident, points. Therefore the triangles coincide, and are 
equals in all respects, as stated above. 

Cob. Hence, also, if two triangles have the three 
sides of the one equal to the three sides of the other, 
each to each, in the same order, the two triangles will 
be equal, and their angles likewise will be equal, each 
to each, viz. those to which the equal sides are opposite. 
For it is evident from what has been shewn above, that 
such triangles, applied to each other as in the former 
case, will coincide in every part, and therefore be equal 
in all respects*. 

25. Prop. IH. To bisect a given anglei^ that is^ 
to divide it into two equal angles, 

"Let BAC be the given angle ; it is required to bisect 
it. In ^^ take any point 
D, and with centre A and 
radius AD describe an arc JL 

of a circle cutting AC in 
the point E; join the 
points X>, and Ey by the 
straight line DE^ and upon 
JDE describe the equilate- 

* Euclid does not seem to have considered this sufficientlj^ evident, 
and therefore proves it by the process, usually called reduciio ad oA- 
surdum, before explained. 

f Giveny that is, by being traced on a given plane surface. 

2 
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ral triangle DEF (23) ; then join AF^ and the angle 
BAC is bisected by the line AF. 

For, since D and E are points in the circumference 
of the same circle whose centre is A, AD = AE ; and 
since DEF is an equilateral triangle, DF^ EF. There- 
fore in the two triangles ADF^ AEF, the three sides 
ADy DF, AF are equal to the three sides AE, EF, AF, 
each to each, in order ; so that (24, Con.) the two tri* 
angles are equal in all respects, and the angle DAF 
between AD, AF, is equal to the angle EAF between 
AEy AF. Therefore the angle BAC is divided into two 
equal angles bj the straight line AF. 

23. Prop. IV. The angles at the base* of an isos* 
celes triangle are equal to one another. 

Let ABC be an isosceles triangle^ in which the side 
AB'^ the side AC, and BC is the 
third side, or base; the angle ABC 
shall be equal to die angle ACB. 

Bisect the angle BAC by the 
straight line AD (25), D being the 
point where AD meets the base 
BC. Then, since AB^AC, and 
z BAD = L CAD^ we have two tri- 
angles ABD, ACD, in which the 
two sides BA, AD are equal to the 
two sides CA, AD, each to each, and the angle formed 
by the two sides of the one equal to the angle formed 
by the two sides of the other, .*. the triangles are equal 
in all respects (24), and the angles are equal, each to 
each, to which the equal sides are opposite ; and 

.-. zABD^zACD, 

or, which is the same thing, z ABC= zACB. 

Cor. Hence every equilateral triangle is also e^ut- 
angular ; and, conversely, every equiangular triangle is 
also equilateral. 

27. Prof. V. To bisect a given Jinitef straight 
line, thai is, to divide it into two equal straight lines. 

* The base in an isosceles triangle is restricted to one side, viz, the 
unequal side, on which the two equal sides may be supposed to stand, 
except when the triangle is also equilateral, in which case any side 
may be taken as the base. 

f " A given finite straight line* means a straight line fixed both in 
position and magnitude. 
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Let AB be the given straight Une. Upon AB de- 
scribe the equilateral triangle 
ABC (23); bisect the angle 
ACB by the straight line CD 
meeting AB in D (25); then 
AB is bisected in the point D. 

For ACy CD are equal to 
SC, CD, each to each^ and 
z ACD = z BCD, .\ the triangles 
ACD, BCD are equal in all re« 
spects (24); and .-. AD:^BD, ^ 
being the sides opposite to the equal angles^ CD, BCD; 
that is, AB is divided into two equal parts in the 
point D* 

28. Pbop« VL To draw a straight line at right 
ongleB to a given straight line* from a given point in it. 

Let AB be the given straight line, and C a given 
point in it. It is re- jr 

quired to draw a 
straight line from C 
at right angles to 
AB. In AC take 
say point D, and 
with centre O, and 
radius CD, describe 

an arc of a circle ^ ji c JB JB 

cutting the line AB in D and E ; upon DE describe the 
equilateral triangle DEF (23) ; and join FC; CF shall 
be at right angles to AB, 

For, since CD = CE (l6), and DF=^ EF (23), by con- 
struction, in the two triangles DCF, ECF, DC, CF are 
equal to EC, CF, each to each, and the third side DF is 
equal to EF, •*. the triangles are equal in all respects, 

g4. Cor.) and z DCF = ^ ECF, to which the equal sides 
F, EF are respectively opposite, and .*. each of them 
is a right angle (10), that is, CF is at right angles to AB* 

29. Prop. VII. To dram a straight line \perpendi» 

* This straight line is required to be oiven in potitum only. 

t Whether a certain straiffht line is drawn ai right angles^ or Mr. 
pendiculavy to another straimit line, dei>end8 upon the simple lact, 
whether it be drawn, from a known point in the latter line itself, away 
from the linei or from a known point without it iowardt the line, 

2—2 




20 



GEOMETRY AS ▲ SCIENCE. 




cular to a given straight line of unlimited length Jrdm a 
given point without it. 

Let AB be the given straight line^ and C a given 
point without it^ from 
which it is required to 
draw a perpendicular to 
AB. Take a point D 
on the other side of AB^ 
and with centre C and 
radius CD, describe a 
circle cutting AB, or 
AB produced^ in JSJ and 
F; join VE, CF, and bisect ^ECF by the line CG, 
meeting AB in G, Then CG shall be perpendicular to 
AB. 

For CB=- CF (l6), and z FCG « zFCG, by construc- 
tion, .'. in the triangles ECG, FCG, EC, CG are equal 
to FCy CG, each to each, and z ECG = z FCG, .•. the 
triangles are equal in all respects (24), and the angles 
equal to which equal sides are opposite, viz. 

jiEGC= L FGC, 
and .*. each of them is a right angle, or CG is perpendi' 
cular to AB (10). 

30. Pbof. VIII. The ttvo angles which one straight 
line makes with another upon the one side of it are always 
equal to two right angles. 

Let the straight line CD meet the straight line AB 
in the point C, and make 
with A Bon the one side of 
it the angles ACD, BCD; 
these are suways equal to two 
right angles. 

For, if 4 ACD ^z BCD, 
then each of them is a right 
angle (10), and .'. the two 
together make two right angles. 

Or, if the angles ACD, BCD are unequal, from the 
point bin AB draw CE at right angles to AB (28); 
then, supposing ACD to be the greater of the two 
angles ACD, BCD, it is evident that z ACD is as much 
greater than a right angle as BCD is less, and .'. that 
the two together are equal to two right angles. 
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Cor. 1. If the two angles A CD, BCD, with the 
same vertex C, are together equal to two right angles, 
AC, and CB, are in one and the same straight line. 

Cor. 2. Hence, also, whatever be the number of 
angles in one plane, separate and distinct, on one side 
of AB, with a common vertex C, the sum of all these 
angles is equal to two right angles ; and similarly on the 
other side of AB, So that all the angles in one plane 
exactly occupving the whole n>ace round any given 
point are togetner equal to four right angles. 

31. Prop. IX. Jf one straight line intersects* an^ 
other straight line, the vertical, or opposite, angles shall 
be equal to one another. 

Let the straight line AB intersect the straight line 
CD in the point ^; then 
/ AEC= L BED, 
BndzAED^zBEC. 

For, since CE meets 
AB, and makes with it the 
angles AEC, BEC, these 
are together equal to two 
right angles (30); and 
since BE meets CD, and 
makes with it the angles BECy BED, these also are 
equal to two right angles; .*. the angles AEC, BEC 
together are equal to the angles BEC, and BED toge- 
ther; and, taking the same angle BEC from these 
equals, the remainders must be equal, that is, 

A AEC --^ BED. 

Similarly, ^^ AEC, A ED are equal to two right 
angles ; and so also are z* AEC^ BEC ; 

zAED^^BEC. 




. • 



CoR. Hence, if the lines forming any angle be 
'produced', or extended, through the vertex in the op- 
posite direction, the new angle thus formed will be equal 
to the other. • 

32. Prop. X. If a side of a triangle be * produced% 

' * One line intersects another when it not only meets that other, hut 
grosses it and is continued on the other side. 

t That is, he extended, or continued indefinitely in the same straight 
line. 
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ike exterior angle, thus farmed hy the adjacent side and 
the Me produced^ U greater than either of the interior 
opposite angles. 

Let the side BC of the triangle ABO be ^ produced* 
to any point D ; the ex« ^ JjB 

terior angle A CD shall 
be greater than either 
of the interior opposite 
wagles ABC, BAG. 

Bisect the side AC 
in the point E ^27)r join 

BE, produce it to F, 

making EF equal to EB* Jb c 3r 

(by describing a circle with centre E and radius EB to 
cut BE produced in F), and join CF. 

Then in the triangles AEB, CEF, AE, EB are 
equal to CE, EF, each to each^ by construction^ and 
z AEBss L CEF (31), because they are opposite vertical 
angles, .*. the triangles AEB, CEF are equal in all re- 
spects (24), and the angles are equal to which the equal 
sides are opposite, so that lBAE^- z BCF; but z ACD 
is greater than z ECF (8), .'. z ACD is greater than 
ji BAE, or z BAC, which is the same thing. 

Similarly it may be shewn, by bisecting BC in G, 
joining AG, and proceeding as before, that jlACD is 
greater than z ABC. 

33. Prop. XI. The greater side qf every triangle 
is opposite to the greater angle. 

Let ABC be a triangle, of which the side AC is 
greater than the side AB; 
zABC shall be greater 
than z BCA. 

With centre A and 
radius AB describe an arc 
of a circle cutting ^C in 
the point D ; and join BD, 
which will necessarily fall within the triangle ABC. 

Then, since AB^^AD, lABD'^zADB (26); but 
L ADB, the exterior angle of the triangle DBC^ is greater 
than the interior opposite jlBCD (32); •*• zABD is 
greater than z BCD, or iBCA, and .'. 4 fortiori lABC 
is greater than z BCA. 
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Cor. Converse! J, the greater angle of every triangle 
18 subtended by the greater side. 

34 Prof. XII. If a straight line^ meeting two other 
straight lines in the same plane, jorm angles wUh each^ on 
emUrary sides of itself, equal to one another^ these two 
straight lines shall he paraUeL 

^The angles here described are, for shortness, called 
aliemate angles.! 

Let the straight lines AB^ CD^ be met by the straight 
line EF, so that i AEF ^ 
zEFD; or aBEF^iCFE; 
then AB is parallel to CD. 

For, if AB, CD are wd 
parallel, they will meet, upon 
being produced either towards 
B, D, or towards A, C. Sup- 
pose them to meet towards 
B, D, then a triangle will be 
formed of which EF is one 
side^ and z AEF will be the * exterior' angle of that tri- 
angle, mentioned in a former proposition ^2), .*. lAEF 
is greater than the interior opposite angle EFD. But, 
by the supposition, i AEF » z JHFD ; and .'. if AB, CD 
meet anywhere towards B, D, l AEF is both greater 
than, and equal to, i EFD ; which is manifestly impofr* 
sible. Hence AB, CD do woi meet towards, B, D ; and 
in the same manner it may be shewn that they do not 
meet towards A, C; .*. AB, CD are parallel, according 
to the Definition of parallel lines (12), 

Cor. 1. Produce FE to any point G ; if the exterior 
angle, as z BEG, be equal to the interior and opposite 
angle on the same side of the intersecting line, as 4 EFD$ 
tbmi also AB shall be parallel to CD. 

For z BEG « z AEF (31), .-. z AEF^i EFD, and 
•% AB, CD are parallel, as already proved. 

CoR. S. If the two interior angles on the same side 
of the intersecting line are together equal to two right 
angles, the two straight lines shall be parallel. 

For, since aBEF^ i BEG -two right angles (30), 

.-. z BEF+z BEG^z BEF-i-z EFD, 
and .-. z BEG^ z EFD, .-. ABh parallel to CD, by Cor. 1. 
CoR, 3. If two straight lines be parallel, and from 
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any point in one of them a straight line be drawn at 
right angles to that one, and prodaced to meet the 
other, it will also be at right angles to the other. This 
is obvious from Cor. 2. 

CoR. 4. The converse of both the original propo- 
sition and each of the three preceding Corollaries also 
holds true, viz. that if two parallel straight lines be in- 
tersected by a third, the alternate angles are equal to 
one another ; and the exterior angle is equal to the in- 
terior and opposite upon the same side; and also the 
two interior angles upon the same side are equal to two 
right angles. 

85. Prop. XIII. The strmsht line which joins two pa* 
raUel straight lines, and is at right angles to each of them, 
is the shortest line which can be drawn jrotn one to the other. 

Let A By CD be two parallel straight lines, take any 

point JS in AB, and draw j ^ j 

BF at right angles to AB, 
meeting CD in F; EF shall 
be the shortest line which 
can be drawn from E to meet 
CD. 

From £/ draw any other line EG to meet CD in 
some point G betl^een F and D. Then z BEG ^ a EGF 
(34), since they are ' alternate angles* ; and z BEF is 
greater than z BEG, .•. z EFG is greater than z EGF. 
But the greater side is opposite to the greater angle, 
{^^. Cor.) .*. EG is greater than EF^ and EG is any 
other line than EF joining the parallels, •*. EF is the 
shortest of all such lines. 

CoR. All lines joining at right angles the same two 
parallels are equal to each other. The most common 
and popular notion of parallel lines is based upon this 
property. 

36. Prop. XIV. To draw a straight line parallel to 
a given straight line through any proposed point without it. 

Let AB be the given straight line, and C the given 
point without it Itisre- 
quired to draw, through 
tne point (7, a straight 
line parallel to AB. 

Take any point D in 
AB^ and join CD ; hU 




Ji 




STRAIGHT IJNE8 AND RECTILINSAL TLAKE FIGURES. 25 

sect CD in the point E (27) ; from E draw EF to meet 
AB in any other point F; produce FE to G, making 
EG 8 EF (by drawing a circle with centre E and radius 
EF) ; join the points G and C by the straight line G(7, 
and produce GC both ways indefinitely to H and/; 
then HCJ is a straight line through the point C parallel- 
toAB. 

For ED^EC, and EF^EG, .\ in the triangles 
EBF, ECG, the two sides ED, EF are equal to the 
two sides EC, EG; also iDEF^lCEG (Si), .% the 
triangles are equal in all respects, and i. EDF^ a ECGy 
or, which is the same thing, z CDB » i HCD, and they 
are * alternate angles', .*. HCI is parallel to AB (34). « 

Another Methods The same thing may be done as 
fbUows : 

From C draw CD perpendicular to AB (29), and again 

from C draw CE at right jb ^ ji 

angles to CD (28) ; produce 
J^C to any point F; then 
JSjP is paralld to AB and is 
drawn tnrough. C (34, Cor. 3). 



37. Prop. XV. If a Me of any triangle be pro^ 
duced, the exterior angle {formed by the adjacent side and 
the side produced) is equal to the two interior opposite 
angles of the triangle ; and the three interior angles of 
every triangle are equal to two right angles. 

Let the side AB of the triangle ABC be 'pro* 
duced* to D;zC5D 
shall be equal to the 
angles BAC, ACB 
taken together; and 
the three angles 
ABC, ACB, BAG, 
shall together be 
equal to two right 
angles. 

Through the point B draw BE parallel \jo AC {9.^ ; 
then because BC meets the two parallel straight lines 
AC, BE, zEBC^zACB, and zEBD^zBAC, (34, 
Cor. 4) ; .*. z CBD, which is made up of z EBC, and 
£ EBD, is equal to the two interior opposite angles 
BAC, ACB. 





20 GBOMETAT AS A SCIENCB. 

And siBce the angles CBDy ABC are equal to two 
right angles (SO), and z CBD is equal to the two angles 
BAC, ACBy .-. the angles BAC, ACB, ABC, are equal 
to two right angles. 

Another Method, That the three angles of a triangle 
are equal to two right angles may be shewn in another 
very simple way thus : 

Let ABC be the triangle^ and through C draw DCE 
parallel to AB (36), then the j g ji 

angles ACB, ACD, BCE are to- 

?;ether equal to two right angles 
30. Cor. 2). But since BE is 
paraUel to AB, i ACD =»iBAC, 
and zBCE-- 4 ABC (34, Cor. 4), 

.-. the angles BAC, ACB, ABC, -^ - 

are equal to two right angles. 

Cob. Hence no triangle can have more than one 
right angle, or one obtuse angle. 

38. Pbop. XVI. Any two sides of a triangle are 
together greater than the third side. 

[If this be not evident from the fact that the straight 
line joining any two points is less than any crooked line 
joining the same points, the following proof may be given Q 

Let ABC he a triangle, produce jlC to D, making 
CD equal to CB, (by 
drawing a circle with 
centre C and radius 
CB) ; and join BB, 

Then, since CJB=CD, 
z CBB = 4 CBB (26) ; 
but zABB is greater 
than zCBB,.\zABB 
is greater than z CBB, 

or zA BB ; and in every ^ m 

triangle the greater side is opposite to the greater angle, 
•*. in the triangle ABB^ AB is greater than AB; and 
AB^AC + CB, since CB^CB, .•• JlC+ CB is greater 
than AB 

Similarly it may be shewn that JB + BC is greater 
than AC, and AG-^ AB greater than BC. 

Cob. Hence, also, the difference between any two 
sides is less than the third side. 
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39. Pbop. XVII. If two triangles have two angles 
of the one equal to two angles of the other, each to eaeh^ 
and likewise the side which is common to those angles in 
the one equal to the side which is common to the two angles 
eaual to them in the other, the triangles shall be equal m 
all respects. 

Let ABC^ DBF, be two triangles, in which i ABC - 
iDEF, A ACB Mi^ JL BFE, and side 
^Csside EF; then the triangle 
ABC shall be equal to the triangle 
DEF in all respects. 

For, if the triangle ABC lie *ap. 
plied to/ or laid upon, the triangle 
VEF^ so that the point B shall be 
upon E, and the line BC upon EF, 
the point C will fall upon F^ be** JB 
cause BC » EF. Also the side BA jf 
will fall upon £D, because z ABC^ 
A DBF; and CA will fall upon FD, 
hec&uae z ACB ^ z DFE (S). Hence 
BA coinciding with £D, and CA 
with FDy the point A cannot but 
coincide with tne point D ; and .*. 
the triangles coincide, or are equal 
in all respects. 

40. Prop. XVIII. In etjery parallelogram the oppO' 
site sides are equal to one another; and so are the opposite 
angles. Likewise the diameter*^ or diagonal, divides the 
parallelogram into two equal parts. 

Let ACDB be a paraUdogram^ of which BC is a 
diameter, or diagonal ; then 
AB^ CD, AC^BD, z ABD 
^zACD, aBAC^ aBDC, 
and the triangle ABC— the 
triangle BCB. 

All that is here known 
and given is, that AB\s pa* 
rallel to CB, and AC parallel to BB (13). 

Now since il^ is parallel to CD, and BC meets them, 
ji ABC^ L BCB (84, Cor. 4) ; and since AC \% parallel 

* The word ^dutmeier'* is seldom used in this meaning, being 
almost whollj r^tricted to the ' Cirole \ 
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to JBD, and BC meets them, z JCB = a BBC; .% in the 
two triangles ABC, BCD, two angles of the one are 
equal to two angles of the other, each to each, and one 
side BCy viz. the side common to those angles, the same 
in both, .". the triangles are equal in all respects {SQi), 
and .-. AB^CD, AC=BD, and the triangle ABC = the 
triangle BCD, that is, the diameter BC (uvides the pa- 
rallelogram ACDB into two equal parts. 

Also, since i^ ABC^ l BCD, and z ACB^ z DBC, 
.'. zABC + zDBC, or z ABD= z BCD-^ zACB, or 
z ACD. And since the triangles ABC, BCD, are equal 
in all respects^ .*. z BAC = z BDC. 

CoR. 1. Hence, if any two adjacent sides of a parol" 
lelogram be equal to two adjacent sides of another parol* 
lehgram, each to each, and the angles contained by those 
sides are equal, the parallelograms will be equal in all re- 
spects. 

CoR. 2. The two diagonals of every parallelogram 
bisect each other. 

Join AD, and let BC, AD^ intersect in E; then, 
since z ABE = z DCE, and z BAE = z CDE, and side 
AB » side CD, the triangles ABE^ CDE^ are equal in all 
respects (39); .% side AE = side DE, Similarly it may 
be shewn that BE » CE; therefore ADy BC bisect each 
other in the point E, 

41. Prop. XIX, All parallelograms, which have one 
side common and the sides opposite in one and the same 
straight line^ are equal to one another*. 

Let ABCD^ EBCF^ be any two parallelograms, 
having the side BC ^ 
common to both, and 
their opposite sides A D, 
EF in the same straight 
line AEDF; the paral- 
lelogram ABCD shall 

be equal to the paral< 

lelogram EBCF. ^ ^ 

• Euclid's enunciation of this is * Parallelograms upon (he same 
bate and between the same parallels are eaual to one another\ By. 
« base^ is meant the side on which the parallelogram may he supnosed 
to stand f and * between the same parallels^ means that the parallelo- 
grams are bounded by those parallels in two directions. 
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For AD»BC=^ EF (40), .-. taking DE from each of 
these equals, AE = DF; also EB = FC (40), and /. AEB 
= z CFD (34, Cor. 4), since BE, CF are parallel ; .-. iij 
the triangles ^£J9, DFC, the two sides ii£, EB are 
equal to the two sides Z)JF\ F(7, each to each, and 
z AEB= z DFC, .*. the triangles are equal in all respects 
(24), that is, the triangle -^JB-B-the triangle DFC. Now, 
if these equal triangles be separately subtracted from 
the same area ABCF, the remainders must be equal, 
that is, the area ABCD^the area EBCF. 

[[Observe, when D falls between A and E, DE must 
be added^ instead of suhtrcuited^ 

CoR. 1. Hence, also, all parallelograms upon equal 
bases and 'between the same two parallels' are equal to 
one another. 

For, \£ ABCD, EFGH^ be two parallelograms upon 
^qual bases BC, FG, 
and between the same 
parallels AH,BG^ from 
the points F and G 
draw FI, GK, parallel 

-to AB, or CD (36), 

meeting AH, or AH JB c 

produced, in / and K, Then since ABFI is a parallelo- 
gram, FI=AB (40). And FG^BC; and z GFI=zABC, 
•*. the parallelogram FGKI » the parallelogram ABCD^ 
(40. Cor. 1). But the parallelogram EFGH = xhe paral-^ 
lelogram FGKIy as has been proved, ,*. the parallelo- 
gram EFGH= the parallelogram* ABCD. 

Cor. 2. Join BD^ and JPH, then £D is a diagonal of 
the parallelogram ABCD, and divides it into two equal 
parts (40); .*. the triangle ^CDs= half the parallelo* 
gram ABCD. Similarly the triangle FGH = half the 
parallelogram EFGH. And the hidves of equal things 
must themselves be equal ; .*. the triangle BCD = the 
triangle FGH; that is, all triangles upon the same, or 
equal bases, and ' bettveen the same parallels\ are equal ta 
4me another. 

• * PcpTidlelogram* being a long word^ when it occars frequently, it 
is allowable to abridge it thus, en™. The word 'parallel* also, in 
writing, is often abridged to l|. It is not advisable, however, for the 
learner to cany this sort of symbolism very far. 
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42. Prop. XX. To describe or construct a square 
upon a given straight line, that is, so as to have the given 
straight line for one of its sides. 

Let ^^ be the given straight line. From the point 
A draw the indefinite straight 
line AC at right angles to AB 
(28^; with centre A and radius 
A^ describe an arc of a circle 
cutting AC in D; through D 
draw DE parallel to AB, and 
through B draw BE parallel to 
AD: then ABED shall be a 
square. 

For AB^AD; and ABBD 
is a parallelogram, which has its 
opposite sides equal, and also its 
opposite angles (40); .•. AB = DE ^^AD^BE, that is, 
all the sides of ABCD are equal. Also, since ^ BAD 
is a right angle, and AD is parallel to BE, .*. i ABE 
is a right angle. But the opposite angles are equal, /. 
all the angles of ABED are right angles. 

Hence, by the definition, ABED is a square, and it 
is described upon the line AB. 

CoR. 1 . If the side of one square be equal to the side 
of another square, the squares are equal in all respects. 

CoR. 2. If a parallelogram have one of its angles 
a right angle, it has^btfr right angles. 

Cor. 3. If two squares be equal, their sides are 
equal. 

43. Prop. XXL In the case of any right-angled 
triangle the square described upon the side opposite to the 
fight angle* is equal to the two squares together described 
upon the two other sides which form the right angle. 

Let A BC be a right-angled triangle, in which ^ ACB 
is the right angle. Upon the side AB^ opposite to the 
right angle describe the square ADEB (42) ; upon BC 
the square BCFG; and upon AC the square AHKC, 
Then the square ADEB shall be equal to the two 
squares BCFG^ and AHKC token together (21). 

* The side of the triangle which is opposite to the right angle if 
sometimes called the ^hypoihenuse*, from a Oreek word signifying to 
subtend because it subtends the right angle. 
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From the point C draw the straight line CIL parallel 
to AD^ meeting AB in /, and DE in L, Through G 
draw GM paridlel to AB^ meeting AC or CF in M ; and 
through E draw EN parallel to £C> meeting CL in N* 

J* 




It JB 

Then, since lACB^ a right angle «/ B(7P, ^CF is a 
straight line (30. Cor. 1.), and it is parallel to BG^ because 
BCFG is a parallelogram. Also BAMG is a parallelo- 
gram; therefore^ since BCFG, BAMG, are paraUelo- 
grams upon the same base BO, and between the same 
parallels AF, BG, they are equal to each other, that is, 
the square described on BO" the parallelogram BAMG. 

Again AB = BE, and BG « BC ; also z ABG = z ABC 
4- a right angle ^aCBE; therefore the two parallelo- 
grams BAMG, BONE have two adjacent sides of the 
one equal to two adjacent sides of the other, each to 
each, and likewise the angles between those sides equal; 
and .*. the parallelograms are equal, (40. Cor. 1.); that is» 
the parallelogram ^^MG» the parallelogram BCNE; 
.*. the square described on BC — the parallelogram 
BCNE =^ the parallelogram BILE^ which is on the same 
base BEy and between the same parallels BE^ CL. 

Similarly it may be shewn, by joining DN, and 
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drawing through H a line parallel to ABy that the square 
on iiC^the parallelogram AILD; •*. the square o^ 
BC + the square on AC^ the parallelogram BILE + the 
parallelogram AILD s^xhe square ^j^^D = square on 
AB. 

N. B. The square described upon a line is generally 
called^ for shortness^ the square of that line. Thus the 
square described upon the line ^^ is called * the square 
ofAB: 

CoR. The converse of this proposition is also true^ 
viz. that ' if the square described upon one of the sides of 
a triangle be equal to the sum of the squares described 
upon the other two sides of it, the angle between these 
two sides is a right angle/ 

Let ABC be a triangle, such that square o£ AC + 
square of £Cs square of AB; from 
C draw CD at right angles to BC, 
making CD=^AC; and join BD, 
Then, since CD=ACy the square of 
CD « square of -4C, (42, Cor. 1) and 
square of CD + square of BC = square 
of ^C + square of BC; but square 
of CD + square of BC = square of L. 
BD, because a BCD is a right an- 

fle; and square of -4 C+ square of 5(7= square of AB 
y the supposition; .*. square of 5D — square o£ AB, 
and .•. BD = AB (42, Cor. 3). Hence the two triangles 
ABC, BCD have all the sides of the one equal to the 
sides of the other, each to each, and .*. the two triangles 
are equal, and their angles equal, each to each, to which 
the equal sides are opposite^ •*. z ACB » ^ BCD = a right 
angle. 

44 Prop. XXII. If a straight line be divided intQ 
any two parts, the square of the whole line is equal to the 
sum of the squares of the two parts together with twice 
the rectangle* contained by the parts. 

[[Dbf. a rectangle is said to be contained by any 
two of its adjacent sides\J]^ 

* A rectangle has been already defined (13) as a plane surface in 
the form of a parallelogram with all its angles right angles. Care 
must be taken not to confound it with * right angle*, 

•f Since the opposite aides of every parallelogram and therefore of 
• rectangle, are equal to one another, and likewise the opposite angles. 
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Let AB be a straight line divided into any two parts 

in C ; upon AB describe the m ^ 

square ADEB (42) ; join BD; ^ 
through the point C draw CGF 
parallel to AD or BBy and 
meeting BD in G; and through 
G draw HGK parallel to AB. 

Then^ since BCGK is a 
parallelogram by construction, 
its opposite sides are equal to 
each other, and likewise its op« 
posite angles (40), that is> BC^ 
KG, BK=CG, I CBK ^ l CGK, and z BCG =^ BKG. 
But since BE^ED, .% z EBD=:: z EDB (26) ; and since 
KG is parallel to ED, i KGB = z EDB (34), .-. / KBG, 
which is the same as z EBD^ « / KGBy and .•. BK^ KG; 
but J?C= ^G, and BK= CG, .-. BCGK is equilateral. 

Again, since BC is parallel to KG, z CBK+z BKG 
s two right angles (84); but z CBK is a right angle, .*. 
/ BKG is also a right angle ; and the opposite angles 
are equal, .*. BCGK has all its angles right angles. And 
it has been proved to have all its sides equal. It is 
therefore a square ; and it is the square of BC. 

Similarly it may be shewn, that HGFD is a square; 
and it is the square of HG, or AC, since ACGII is a 
parallelogram of which the side AC^ HG. 

Also, since iBCG is a right angle, .*. lACG is a right 
angle, and .*. the parallelogram ACGH is a rectangle, 
and it is ^contained by'* AC, CG, or by AC, CB, since 
CB = CG. And, similarly, EFGK is a rectangle, con- 
tained by FG, GK, or by HG, GC, or by ^C, CB. And 
these make up the whole area ABED^ which is the 
square of AB; .*. the square of u!i^=the square of AC 
+ the square BC + twice the rectangle AC, CB t. 

(40), and since each of the angles of a rectangle is always a right 
angle, two adjacent sides alone will obviously senre to fis any rect- 
angle ; and hence it is, that the rectangle is said to be ^contained* by 
those sides, because nothing more is needed to determine the rectangle. 

* The expression 'contained by* is mostly, omitted ; and the rect- 
angle contained by any two lines, as ^C, and CB, is simply called 
' the rectangle AC^ CB\ 

•f By the help of this Proposition a Tery elegant i«oof of the im- 
portant Theorem in (43) may oe given as follows :— > 
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45. Prop. XXIII. Jf a straight line be divided into 
any two parts, the squares of the whole line and one of the 
parts are together equal to twice the rectangle contained hy 
the whole and that part, together with the square of the 
other part. 

With the same construction as in (44)> and in the 
same manner it may be shewn, that BCGK, and HGFDy 
are the squares of BC^ and AC ; and that ACGH is a 
rectangle^ and = EFGK, which is also a rectangle. Add 
to each of these equals the square BCGK, and then the 
rectangle ABKH^ the rectangle EBCF ; .-.ABKH-k- 
JSBCF = twice the rectangle ABKH = twice the rect- 
angle contained by AB, BC. Now add to these equals 
the square HDFG, which is the square of ^C; then 
ABKH + EBCF+ square of AC = twice the rectangle 
AB^ BC + square of AC. But the former of these equals 
make up the square ABED + the square BCGK; .*. the 
squares o£ AB and BC are together equal to twice the 
rectangle AB^ BCy together with the square of AC. 

46. Prop. XXIV. Jn any obtuse-angled triangle if a 
perpendicular be drawn from the vertex of either of the acute 
angles upon the opposite side produced, the square of the 
siae subtending the obtuse angle is greater than the sum 
of the squares of the sides forming the obtuse angle by twice 
the rectangle contained by the side which is produced and 
the part produced, viz. the part interceptea between the 
perpendicular and the vertex of the obtuse angle. 

Let z ACB be an obtuse angle of the triangle ABC; 
and from A draw AD perpendicular to BC produced ; 

Let ABC be a right-angled triangle; 
C the right angle; produce CA to D, 
making AD^CB. Upon CD describe the 
square DCEF, Take EG^CB, and FH 
^CB; and join BG, GH, HA, It may 
then easily be shewn, that ABGH is a 
square, and that the four triangles ABC, 
BGE, GHF, HAD are equal to one an- 
other in all respects, so that the sum of 
them is equal to twice the rectangle AC^ 
CB^ or AC^ AD, since AD = CB. Hence 
the square of CD =the square of AB + twice 
the rectangle AC, AD, But by (44) the square of C2) = the square 
of ^ C + square of ^ Z> + twice the rectangle AC^AD. Therefore the 
square of ABsa square of AC -^ square of AD ss square of ^ C + square 
of CB, 
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the square of AB shall be greater than the sum of the 
squares of ACy and BC, by twice 
the rectangle BC, CD. 

For the square of BD » the 
square of BC + the square of 
.CD + twice the rectangle BC, 
CD (44). Add to these equals 
the square of AD; then the ^ 
square of ^X> + square of AD 
= square of BC-^ square of CD + square of -4D + twice 
the rectangle J5C, CD. But (43) square BD + square 
of AD = square of AB ; and square of CD + square 
of AD = square of AC; .*. square of ^i?" square of 
jBC+ square of JIC + twice the rectangle BC^ CD; that 
is, square of AB is greater than the sum of the squares 
of AC ^ and BC^ by twice the rectangle BC^ CD. 

47* Prof. XXV. In every triangle the square of the 
side opposite to any acute angle is less than the sum of 
the squares of the sides forming that angle by twice the 
rectangle contained by either of these sides and that part 
of it which is intercepted between a perpendicular let 
fall upon it from the vertex of the opposite angle and 
the acute angle. 

Let ABC be an acute angle of the triangle ABC ; 
from A draw AD perpendicular to BC meeting it in the 
point D. Then tne square of AC shall be less than the 
squares of AB and BChj twice the rectangle BC, BD. 

For by (45) the square of BC+tbe square of J5D = 
twice the rectangle BC, BD+\he 
square of CD. Add to each of 
these equals the square of AD ; 
then the square of BC + the 
square of BD + the square of 
i4D= twice the rectangle BC, -® ^ ^ 

J?D + the square of CD + the square of AD. But, 
since zADB is a right angle, the squares of BD^ and 
ADy are equal to the square of AB (43); also the squares 
of CD and AD axe equal to the square of AC; ,\ the 
square of BC +the square of AB= twice the rectangle 
BC, BD^Xhe square of AC; that is, the square of AC 
is less than the sum of the squares of AB^ and BC by 
twice the rectangle BC^ BD. 

3—^2 
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QUESTIONS AND EXERCISES IN THE PRECEDING 

PROPOSITIONS. A, 

(1) In describing an equilateral triangle (23) upon 
a given straight line, how much is taken for granted ? 
If a second triangle be drawn on the opposite side of the 
line by a similar construction, what figure will the two 
together make ? 

(2) Have we yet laid down any mode of measuring 
an angle ? If not, how are we able to prove that one 
angle is equal io^ less than, or greater than^ another ac- 
cording to circumstances ? 

(3) If the angles of one triangle be equal to the 
angles of another, each to each^ are the triangles neces« 
sarily equal? What is the force of the expression, 
^eiachto each'? Exhibit a case where the ajigles are 
respectively equal, but not ^ each to each ', 

(4) What is meant in (25) by a * given angle*.? Is 
it necessary that the triangle DEF should be equilateral ? 
What other triangle would do as well ? Does it matter 
on which side of 2)E the triangle is described.? 

(5) Define an 'isosceles' triangle. Is an equilateral 
triangle isosceles ? Can more than one isosceles triangle 
be constructed on the same base and on the same side of 
it ? Can a right-angled triangle be also isosceles ? 

(6) What is the precise meaning of ' given straight 
line' in (27)> where it is required to bisect it.? Is it the 
same as in (28) and (29).? If not, what is the dif- 
ference .? 

(7) What is the meaning of the word ^hase' as 
applied to a triangle, and to a parallelogram ? Is it re- 
stricted to one fixed side only ? 

(8) Shew that only one straight line can be drawn 
perpendicular to a given straight Bne from a given point 
without it, 

(9) Shew that the perpendicular is the shortest of 
all lines from a given point to a given straight line. Of 
all such lines which measures the distance of the point 
from the given line ? 

(10) If in (30) straight lines be drawn bisecting 
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each of the angles ACD^ BCD, shew that these straight 
lines are at right angles to one another. 

^11) Shew that any point in the straight line hi* 
secting an angle is equidistant from the two straight 
lines forming die angle. 

(12) Shew that any side of a triangle is less than 
half the sum of all three sides of the same triangle. 

(id) Shew that the straight line drawn from the 
middle point of the base of an isosceles triangle to the 
vertex of the opposite atigle is at right angles to the 
base^ and bisects the opposite angle. 

(14) Shew that each angle of an equilateral triangle 
is irvo-thirds of a right angle. Trisect a right angle. 

(1 5) Can a triangle have more than one of its angles 
a right angle^ or an w)tuse angle ? If not^ why not ? 

(16) Shew that the four angles of every quadrila**' 
teral figure are together equal to four right angles. 

(17) If one of the angles of a parallelogram be a 
right angle^ does this determine all the other angles ? 

(18) Shew that any two straight lines at right 
angles to the same straight line, and on the same side of 
ity are parallel. 

(19) If two paralld straight lines be intersected by 
two other parallel straight lines, shew that the parts iC 
the latter two intercepted between the former two are 
equal to each other. 

(20) If two straight lines in the same plane be 
equal and parallel* shew that the straight lines joining 
their extremities towards the same parts are also equal 
and paralleL 

(21) If two straight lines be drawn bisecting two 
angles of a triangle, shew that the point in which they 
intersect is equimstant from the three sides of the tri- 
angle. 

(22) Is it correct to speak of drawing a line from 
an angle f The expression is found in Simson's Euclid ; 
what does it mean ? See definition of angle, 

(23) Simson also, after defining ^ vertex' of an angle, 
on the first occasion of using the term (Prop, vii) speaks 
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of the ^ vertex' of a triangle. What is the difference 
betwixt the two ? 

(24) Shew that the straight line drawn from the 
vertex of the right angle in a right-angled triangle to 
the middle poipt of the hypothenuse is equal to half 
^e hypothenuse. 

(25) Explain what is meant by^ the square of a line. 
Is the square of the line AB the same as the square of 
the line BA ? 

(26) Take the particular case of a right-angled tri- 
angle which is isosceles, and shew how the squares de- 
scribed on the two sides can be made to cover the square 
on the hypothenuse. 

(27) Is the square of AB double of the square of 
half AB ? If not, what then ? 

(28) Make a square which shall be double of the 
ISquare of a given line. 

(29) Is the rectangle contained by AB, BC^ the 
same as that contained by CB, BA ? or that contained 
by BC, AB} 

(30) Make a rectangle which shall be double of a 
given rectangle AB^ BC. 

(31) Is it certain d priori that either a square, or 
an equilateral trianele^ according to Definition, is pos- 
sible ? Explain fuUy. 

(32) Make a right-angled triangle which shall be 
double of a given right-angled triangle. 

{3S) Can a triangle be equal to a rectangle ? If so, 
draw a rectangle equal to a given triangle. 

(34) Each of the sides of a rectangle is double of 
the corresponding side of another rectangle ; how many 
times does the larger rectangle contain the other ? 

(35) If a side of an equilateral triangle be double 
of the side of another equilaterid triangle^ what propor- 
tion will the two triangles bear to each other ? 

(S6) Shew that the diagonals of a square bisect each 
other at right angles. 

(37) Shew that in every parallelogram the squares 
of tne diagonals are together equal to the sum of the 
squares of all the sides. 



mmmmmm^m 



THE CaBCLB AND BIRAIGHT LINES CXmNBCTED WITH IT. 39 



THE CIBCLE AND STRAIGHT LINES CONNECTED 

WITH IT. 

48. Definitions. An Aro of a circle is a portion 
of the circumference of the- circle. 

A Chord is the straight line which joins the two 
extremities of aA arc. 

A segment of a circle is a portion of a circle bounded 
by an arc and its chord, 

A sector of a circle is a portion of a circle bounded 
hj an arc and two radii drawn to the two extremities of 
the arc. 

Thus, in the annexed fig. the curved line from A to 
B is an arc, the straight line 
AB is a chord, the area en- 
closed between the arc and the 
chord AB is & segment, and the 
area enclosed between the arc 
and the two radii OA, OB is a 
sector, of the circle ^jBD whose 
centre is O. 

Hence a diameter is a par- 
ticular chord ; a semi^circle is a 
particular segment ; and a quad^ 
rant is a particular sector. 

The learner must keep in mind the difference be- 
tween arc, segment, and sector. Observe^ that an arc is 
a line ; but a segment, and a sector, are both areas. 

Observe also that, according to the Definition, the 
straight line AB is the chord of the arc ADB as well 
as of the arc AB ; but the smaller arc of the two is 
always meant except when it is otherwise expressed. 

49. Prop. I. A straight line drawn from the centre 
^ a circle to the middle point of a chord ts perpendicular 
to that chord. 

Let AB he the chord of anv arc AB of a circle 
whose centre is 0*; and C the middle point in the chord. 
Join OC; then OC shall be perpendicular to the 
chord AB. 

* It is not necessary here to determine the precise position of the 
centre, but merely to assume, accordins to the definition, that there if 
such a point somewhere within the circle, and to call it the point O. 
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For, joining OA, OB, in the 
two triangles OAC, OBC, the 
two sides OA, AC^ are equal 
to the two sides OB, BC, each 
to each ; and z OAC = i OBC, 
since OA = OB (26), .-. the tri- 
angles are equal in all respects 
(24), and .-. zOCA^zOCB, 
and /. each of them is a right 
angle; that is, OC is perpen- 
dicular to AB. 

CoR. Conversely, if a straight line be drawn from 
the middle point of a chord at right angles to the chord, 
that straight line shall pass through the centre of the 
circle. 

Also, a perpendicular drawn from the centre of a 
circle to a chord will bisect the chord. 

60. Prop. II. Tojlnd the centre of a given* circle. 

Let the annexed fig. be a given circle ; and let it be 
required to find its centre. 

Take any two points A, 
B, in the circumference, and 
join AB; bisect AB in C; and 
from C draw CD at right 
angles to AB. Then the 
centre of the circle is some- 
where in the line CD (49). 
Again take two other points 
E, F in the circumference; 
join EF; bisect EF m G; 
and draw GH at right angles to EF, intersecting CD In 
the point 0. Then the centre of the circle is in GH ; 
and it is also in CD ; but CD and GH have only one 
point in common, viz. the point ; .% O is the centre 
of the circle. 

Cob. The same method evidently applies to the 
case of a given segment^ or arc, when the centre of the 
circle to which it belongs is required, or when it is re* 
quired to complete the circle^ 

Another Method. Draw the chord AB ; bisect it in 

* B^ a given circle is here meant a plane surface presented to us 
in the form of a circle, as a crown-piecef or the end or a round ruler. 
Or it is a circle whose circumference is traced out upon a plane surface. 
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C ; draw CD at right angles to AB, and meeting the 
circumference in 7) ; produce DC to meet the circum- 
ference again in B, Then bisect DE in ; and since 
DB is a diameter (49 Cor.)^ .*. O is the centre of the 
circle. 

51. Prop. III. To describe a circle whose circum* 
ference shall pass through three given points. 

Let^, B, C, be the three given points; join AS, 
and BC. Bisect AB in D, and 
BC in B; from D draw DF 
at right angles to AB ; and 
from B draw UG at right 
angles to BCy intersecting DF 
in O; with centre and ra« 
dius OA describe a circle, and 
its circumference shall pass 
through A, B^ and C 

Jom AO^ BO, CO; then 
in the triangles ADO, BDO, 
AD = BD, .-. AD, DO are equal to BD, DO, each to 
each, and i ADO ^ a BDO, .'. AO^BO (24). In the 
same way it may be shewn that BO^CO; .*. A0=» 
BO mm CO ; that is, a circle described with centre O and 
radius AO, will pass through the points A, B, C 

N. B. If the given points A, B, C be in one and 
the same straight line, this construction will fail, because 
then DF and EG being at right angles to the same 
straight line will be parallel to each other, and never 
meet at all in 0. In this particular case there is na 
circle whose circumference can be made to pass through 
the three given points*. 

Also, if it be required to describe a circle whose cir- 
cumference shall pass through two given points, A^ By 
it is plain, that there will be an infinite number of such 
circles, having their centres in the indefinite straight 
line DF. 

52. Prop. IV. The angle which any arc of a circle 
subtends at the centre of the circle is double of the angle 
which it subtends at the circumference'^. 

* From this it follows that no straight line can meet the circum- 
ference of a circle in more than two points. 

t The angle which an arc, or other magnitude, tuhtmds at a ffiiten 
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Let AB he any arc of a circle whose centre is ; 
C any point in the other portion 
of the circumference. Join A 0, 
BO, AC, BC; then z AOB, 
which the arc AB suhtends at 
O, shall be double of ^ACB 
which it subtends at C. 

Join CO, and produce it to 
meet the circumference in D; 
then since OA^OC, ^OAC^ 
zOCA (26); and z AOD ::^ 
^OAC + I OCA (37) = twice 
^OCA. 

Similarly / BOB = twice z OCB ; 

A /,AOB^iAOB^iBOD{St^\ 

-» twice z OCA + twice / OCB^ 
= twice lAGB. 
If the point C be taken so that the centre falls 
rvithout the z ACB, the construction is the same, and the 
proof also, except that angles are subtracted instead of 
added (22), 

Cor. Since zAOB in the same circle is always the 
same for a given arc AB, it follows that aACB, which 
is half of jlAOB, is the same whatever point C in the 
circumference be taken ; that is, if E be any other point 
in the circumference, and AE, BE be joined^ z AEB ^ 
4. ACB. These latter angles are, for shortness, called 
angles 'in a segment*; and thus, with Euclid, we say, 
^all angles in the same segment are equal to one another'* 

It is important for the student to make himself quite sure of the 
meaning of the phrase * angle in a segment*. In the 1 st place, a segment^ 
as already defined, is a portion of a circle bounded by an arc and the 
chord of the arc. Then an ' angle in the segment^ is the angle which 
that chord sttbtends at any point in the are. 

53, Prop. V. In any four^sided rectilineal Jlgure, 
which has all its angular points in the circumference of 
the same circle *, each pair of opposite angles is equal to 
two right angles. 

point, means the angle formed by two straight lines joining that point 
and the extreme points of the arc, or other ma^itude. 

* This is what is meant by the expression, sometimes used, 'a 
quadrilateral inscribed in a circle'. To be inscribed it is necessary, 
that all the angular points fall upon the drcumferefice of the circl^ 
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Let ABCD be a four-sided plane figure, having its 
angular points A^ B^ C, D, in the circumference of a 
circle ; then i ABC-^ zADC^two right angles; and like- 
wise z BAD+ £. BCD sa two right angles. 

Join AC, BD ; then in the 
triangle ^50; ^ABC+^BAC 
+ z ACB = tworightangles (37); 
tut by (52) zBAC^^BDC, 
being angles ^ in the same seg" 
ment' BADC. Also tACB^ 
zADB, being angles 'in the 
same segment' ADCB; .*. zABC 
+ z BBC + z ^D5 = two right 
angles; and z BBC + z ^DB = 
z^DC(22), A^ilBC+z^DC 
= two right angles. 

In the same manner it may be shewn that z BAD-h 
z BCD = two right angles. 

Cob. Hence no parallelogram except a rectangle can 
he ^ inscribed' in a circle; because the opposite angles 
in every parallelogram are equal to one another; and 
therefore in this case each of them must be a right angle. 

54. Prop. VI. The 'angle in a segment' equal to 
a semi-circle is a right angle ; in a segment greater than 
a semi-circle is less than a right angle ; and in a seg- 
ment less than a semi-circle is greater than a right angle. 

Let ABCB be a circle of which AB is a diameter, 
and O the centre; draw the 
chord BB dividing the circle 
into two segments, viz. BAB 
greater than, and BCB less 
than, a semi-circle ; join AB, 
BC, CB. Then z ABB • in 
a semi-circle ' is a right angle; 
z BAB ^ in a segment* greater 
than a semi-circle is less than 
a right angle, and z BCB ' in 
a segment' less than a semi-circle is greater than a 
right angle. 

Join OB; then since OA = OB, z OAB^ z OB A (26) ; 
and since OB - OB, z OBB « z OBB, . •. z ABB =zOAB 
4* z OBB ; add to these equals z ABB, then twice z ABB 
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*=: I OAD + z OBD + z ADB ; .% twice z ADS * two right 
angles> (since z OAD, z OBD, and z y^D^ are the three 
angles of the triangle ABD\ and the halyes of equal 
things must be equal, •*• z ADB =. one right angle. 

Also, since z OAD + z 0J5jD =* a right angle^ .•. z O^D, 
or z jBilD, which is the same things is less than a right 
angle. 

Again^ by (53), iBCD^ iBAD ^tvfo right angles^ 
and since iBAD is /e^^ <^an a right angle^ .*. zBCD 
must be greater than a right angle. 

65. Pbop. VII. A straight liney drawn at right 
angles to a diameter of a circle from either qf its extre^ 
mities, lies rvhoUy without the circumference of the circle 
except at that point only, 

[|Dbp. a straight line, which lies wholly without 
the circumferehce of a circle except at one point only, 
is said to touch the circle^ or to be a tangent to the circle^ 
at that point.! 

Let a straight line AB be drawn at right angles to 
AC9VL diameter of the circle J2I 

ACD, from the point A one 
of its extremities *, and let 
be the centre of the circle. 
Take E any other point in 
AB, distinct from A, and 
join OE; and let OE, or OE ^j 
produced meet the circum- 
ference in F. Then AOE is a 
triangle; and since the three 
angles of every triangle are 
equal to two right angles^ 
and one of them in this case, vis. z OAE is a right an- 
gle^ •*. each of the other two angles^ lOEA^ ^AOE, is 
less than a right angle ; that is, z OAE is greater thati 
z OEA. But the greater side is opposite to the greater 
angle (33) ; .*. OE is greater than UA^ the radius of the 
circle^ that is, OE is greater than OF, or E id wiihotU the 
circumference. And E is any point whatever in ^^ 
except A ; .*• AB lies wholly without the circumference 
except at the point A. 

€oR. 1. The converse of this is also true^ viz» that, 
if a straight line ' touch' the circle at any point, it will 
be at right angles to the diameter or radius through that 
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iM>int. For^ if possible^ AB being a tangent at A, that 
IS, every point in it except A being without the circle, 
suppose z OAB not a right angle. From draw OB 
at right angles to AB, meeting the circumference in 
F; then OAJE is a triangle, of which z OBA is a right 
angle, and .*. z OAE less than a right angle ; /. the side 
OA is greater than the side OE (SS) ; but OA - OF, 
.% OF is greater than OFy a part greater than the whole, 
which is impossible. Hence the supposition that z OAB 
is not a right angle cannot hold ; .*. AB must be at right 
angles to AO. 

CoR. 2. Hence, to draw a tangent to a given circle 
through a given point A in its circumference, find O 
the centre of the circle, join OA, and draw AB at right 
angles to OA from the point A ; AB is the tangent re- 
quired. 

Cor. S. Hence, also, if a straight line touches a 
circle, and from the point of contact another straight 
line be drawn, at right angles to the former, through 
the circle, the centre of the circle will be in this latter 
line. 

56. Prop. VHI. To draw a tangent to a given 
circle from a given point without it. 

Let A be the given point from which it is required 
to draw a straight line touch-* 
ing the given curcle BCD. 

Find the centre of the 
circle (50), and join OA; 
bisect OA in the point E; 
with centre E and radius 
EA describe the semi-circle 
AFO meeting the circle BCD 
in F; and join AF. AF is 
the tangent required. 

For, joining OF, since 
AFO is a semi-circle, z OFA 
is a right angle (54), .*. AF is at right angles to a radius 
or diameter of the circle from one of its extremities, 
•-. AF touches the circle at the point F (55). 

A second tangent may also be drawn from A by 
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describing the semi-circle on the other side of OA 
meeting the given circle in C, and then joining AC 

57. Prop. IX. If the radius of one circle be equal 
to the radius of another, the circles shall be equal in all 
respects. 

For^ if one of the circles be 'applied to'^ or laid upon, 
the other so that their centres coincide, since the radii 
are equal, it is plain that the circumferences will coincide 
throughout; and, since the circumferences coincide in 
every part^ it is evident that they enclose the same area^ 
that is, the circles are equal to one another. 

58. Prop. X. In the same circle^ or in equal circles^ 
equal arcs have equal chords ; and conversely, equal chords 
have equal arcs. 

Let AB, CD be equal arcs of two equal circles ; draw 
the chords AB, CD; then chord ^45* chord CD. For, 





find the centres B, F of the circles, and suppose th^ ^"^^ 
circle to be laid upon the other, so that the centr|^^ 
shall be upon F ; then since the radii are equal, T"® 
whole circumference of one will coincide with the rviii 
circumference of the other ; and, without altering til 
coincidence, if one of them be turned round the centrj 
in its own plane, until the point A coincides with tl 
point C, the point B will comcide with D, because tl:j 
arc AB'^ arc CD, So then, since the point A falls upcj 
C, and B upon D, the straight line joining A and B mil 
coincide with that joining C and D; that is, chord All 
chord CD. 

And what is proved of equal circles will obvio] 
hold true for equal arcs of the same circle. 

And the converse also evidently follows, vizj 
equal chords in the same circle, or in equal circle] 
tend equal arcs. 
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69. Prop. XI. In the same circle, or in equal 
circles^ equal arcs subtend equal angles at the centre. 

Let AB, CD be equal arcs of two equal circles, 
whose centres are E and F, Join AIH, BE. CF^ DF; 
then z AEB = z CFD. 





For, joining the chords AB, CD, by (58) chord AB^ 
chard CD; also AE= CF, and BE=DF; .-. the two 
triangles AEB^ CFD, have all the sides of the one equal 
to all the sides of the other, each to each, and ••. the 
triangles are equal in all respects (23 Cor.). Conse- 
quently A AEB ^ s^ CDF, being the angles opposite to 
the equal sides AB, CD, 



60. Prop. XII. To bisect a given arc of a circle. 



It is required to divide 
3 




Let ABC be the given arc. 
it into two parts in the point 
B, so that the arc AB = arc 
BC. 

Join AC; bisect AC in D; 
from D draw DB at right jL J} 

angles to AC, intersecting the given arc in B, Then 
ABC is bisected in B. 

For, drawing the chords AB, BC, the two sides 
AD, DB, in the triangle ADB, are equal to the two 
sides CD, DB, in the triangle CDB; also zADB^ 
z. CDB, since each of them is a right angle, .*. the third 
side AB = CB, But equal chords subtend equal arcs, 
ipS), .*. arc AB^arc BC. 

CoR. If BD be produced, it will pass through the 
centre of the circle. And, conversely, the line drawn from 
the centre, bisecting the chord, will also bisect the arc. 
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61. Prop. XIII. Two parallel chords in anr^ circle 
will intercept equal arcs* 

Let AB, CD be any two parallel chords in the same 
circle; the arc AC shall be equal 
to the arc BD. 

Find E the centre of the 
circle ; and draw IHF perpendi* 
cular to AB^ meeting the cir* 
cumference of the circle in F, 

Then since CD is parallel to 
AB^ EF is also perpendicular 
to CD (34 Cor. 3) ; .% both the 
chords AB, CD are bisected by 
the straight line EF (49 Cor.): and .'. both the arcs 
AFB, CFD, are bisected in F (60) ; that is, arc AF = 
arc BF, and arc CF - arc DF ; but if equals be taken 
from equals the remainders will be equals /.arc AC =btc 

BD. 

Conversely, if arc AC =stc BD^ the chord AB is 
parallel to the chord CD. 

62. Prop. XIV. If the distance between the centres 
of two circles^ which are in the same plane, be equal to 
the sum or difference of their radiiy the circles will touch 
each other at one point only ; and the point of contact 
will be in the straight line which Joins ike centres^ or in 
that line produced. 

1. Let Ay and B be the centres of two circles sp 
situated, in the same 
plane, that A By the ^ ^ -^ 

straight line joining the 
centres is equal to the 
sum of their radii. 

Let C be the point 
in which AB meets the 
circumference of the 

first circle, then AC^ ^^ '^ ^ 

the radius of that circle; and since AC + BC=\he sum 
of the radii, BC must be the radius of the other circle ; 
and .-. (7 is a point in its circumference; that is, the 
two circumferences have the point C common to both. 
And they have no other point common : for, if CD be 
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drawn from C at right angles to AB^ since CD is a 
tangent to both circles at the point C, every point in 
it^ except the point (7, is without both^ that is, no point 
but C is common to the two> and •*• they touch each 
other in that point, 

2. Let ABy the straight line joining the centres of 
the two circles, be equal to the 
difference of the radii. Produce 
jfB to meet the circumference of 
the greater circle, whose centre is 
>^, in C; then since ^C is the 
radius of the greater circle, and 
AB is the difference of the two ra- 
dii, BC=^ the radius of the smaller, 
and .'. C is a point in the circum- 
ference of the latter ; that is, C is a point common to 
both circumferences. That Cis the only point common to 
the two circumferences is shewn precisely as in the former 
case ; and .*. the circles touch each other at that point. 

In the former case the circles are said to touch each 
other externally^ in the latter internally. 

63. Prof. XV. If a straight line touch a circle^ 
and from the point of contact a chord be drawn dividing 
the circle into two segments^ the angle between the taneent 
and this chord shall be equal to the angle ^ in the alter'' 
nate segment'* of the circle. 

Let the straight line ABC touch the circle BDE in 
the point B ; and let BD be 
a chord dividing the circle 
into two segments. From B 
draw BJS at right angles to 
AB, to meet the circumfe- 
rence again in JBI, which will 
.-. be a diameter of the circle 
{55 Cor. 3). Join DB; take 
any point F in the arc BD, 
and join BF, DF. Then 
2 CBD = / BED * in the alter- 
nate segment'; and lABD 
4= z BFD. 

* By aUemaie segment is meant the segment on the other side of 
the chord. 

4 
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For, since BE is a diameter ^ i BDE is a- ris^kt angle (54% 
being the angle ' in a semicircle' ; /. ^ BED + z EBD = 
a right angle (37) - ^ (75D+ zEBD, .-. z OfiD = z 5£2). 

Again, since BFDE is a ' quadrilateral inscribed in a 
circle', z JBFD + z 5J^/> = two right angles {53} ^jlABD 
A- L CBD ; and z CBD has been shewn to be equal to 
z jBiS^D, .-. z ii^D = z BFD. 

[It might appear, at first sight, that by drawing BE At right angles 
to ABt we have proved only a particular case of the proposition ; but 
it i» not so, because LBED=ievery other angle ' in the same segmenC 
(62 Cor).] 

EXERCISES B. 

(1) Are all diameters of the same circle equal to one 
another? Shew that the diameter is greater than any 
other straight line drawn in the circle and terminated by 
the circumference. 

(2) Does the chord of an arc increase as the arc in- 
creases ? State the limitations. 

(3) Can a circle be made up of segments f If so, of 
how many ? 

(4) Can a circle be made up of sectors f If so, of 
how many ? In what case will a sector become a seg- 
ment? 

(5) Shew that the circumferences of circles which 
have the same centre cannot cut each other, 

(6) If the circumference of a circle be divided into 
four equal arcs, shew that the chords of any two of them» 
which are adjacent^ are at right angles to each other. 

(7) If the circumference of a circle be divided inta 
six equal parts, shew that the chord of each of them is 
equal to the radius. 

(8) If the radius of a given circle be equal to 8 
given straight line, find the centre of the circle. 

(9) Make a circle of given radius, whose circum- 
ference shall pass through, 1 st, one given point, 2ndly, 
info given points. 

(10) Can more than one circle be drawn whose cir* 
cumference shall pass through three given points ? 

(11) Shew that in particular cases a circle may be 
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drawil with itd circumference passine through ^tir, or a 
greater number of, given points. Exhibit such a case. 

(12) In a given circle draw a chord which shall be 
both equal and parallel to a given chord in the same 
circle. 

(13) If an arc or a segment of a circle be given, 
complete the circle. 

(14) Through a given point within a given circle 
draw the least chord. 

(15) Through a given point within a given circle 
draw a chord which shall be equal to a given line not 
greater than the diameter of the circle. 

(16) If one circle intersect another^ shew that the 
straight line joining the points of intersection is at right 
angles to the straight line joining their centres. 

(17) Shew that the two tangents, which can be 
drawn to a circle from a point without it, are equal to 
one another. 

(18) Shew that the straight line drawn through the 
middle point of an arc parallel to the chord of the arc is 
a tangent to the circle at that point. 

(19) Can two distinct straight lines touch a circle at 
the same point ? 

(20) Divide a given arc into^otir equal parts. 

(21) Have equal circles' equal circumferences or peri- 
meters ? Is this the case with equal squares, triangles, 
and other rectilineal equal plane figures ? 

(22) If AB^ CD be any two chords in a circle at 
right angles to each other, prove that the sum of the 
arcs AC^ BD is equal to half the circumference. 

(23) From two given points draw two straight lines 
which shall meet in a given straight line, and be at right 
kngles to each other. Within what limits only is this 
possible ? 

(24) Apply Prop. vi. to draw a straight line at right 
angles to a given straight line from one extremity of it, 
when the given line cannot be produced'. 

(25) Construct a square, when the diagonal only is 
given. 
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(26) If tangents be drawn to a circle from the ex* 
tremities of a diameter, shew that any line intercepted 
between them^ and touching the circle^ subtends at the 
centre a right angle. 

(27) Shew that about a given circle a certain num* 
ber of equal circles can be drawn touching it and each 
other ; and find the number. 

(28) If two circles touch each other internally , and 
the radius of one of them be half that of the other, shew 
that every straight line, drawn from the point of con- 
tact to meet the outer circumference^ is bisected by the 
inner one. 

. (29) A straight line touches a circle^ and from the 
point of contact A any chord AB is drawn ; BC is another 
chord parallel to the tangent, and BD a chord parallel 
to AC, Shew that the chords AB^ AC, CD are equal to 
one another. 

(30) If the circumferences of two circles intersect 
each other, and through one of the points of intersection 
the diameters be di*awn, shew that the other extremities 
of those diameters and the other point of intersection 
will be in one and the same straight line. 

(31) Three equal circles are given, in the same plane^ 
of which no two intersect each other, find the point from 
which if tangents be drawn to each circle, those tangents 
shall be equal to one another, 

(32) What is the angle which the arc of a quadrant 
subtends at any point in the remaining portion of the 
circumference ? Is it the same for all circles ? 

(33) In any two circles which have the same centre *, 
if a chord be drawn to the outer one and intersecting the 
inner one, shew that the parts of this chord intercepted 
between the two circumferences are always equal. 

(34) If two circles touch each other, either exter* 
nally or internally, and through the point of contact two 
Straight lines be drawn forming four chords, two in each 
circle, shew that the straight lines joining the extremities 
of these chords in each circle are parallel to one another. 

* Such circles are sometimes called 'concentric' circles. 
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PROPORTIONAL LINES AND AREAS. 

64. Definitiok. Ratio is the relation "which two 
or more things, or quantities of things, of the same kind 
bear to each other in respect of magnitude. And, for the 
purpose of this comparison, any two things are of the 
same kind only when the lesser of the two by multiplica- 
tion can be made to exceed the other. 

Thus a lineal foot can be multiplied (22) until it ex- 
ceed a lineal mile ; therefore these are things of the same 
kind^ and bear a certain ratio to each other. So likewise 
an oz. and a lb. in weight have a certain ratio; a quart 
and a gallon have a certain ratio; and so on. 

But an oz. and a mile are not things of the same kind. 
The one can never by multiplication be made to exceed 
the other ; and consequently they bear no relation to each 
other tit respect of magnitude, that is, they can have no 
ratio to each other. 

Similarly, a line may have ratio to a line, and an area 
to an area ; but a line can have no ratio to an area, be« 
cause by the multiplication of either we can never arrive 
at^ or exceed, the other. * 

65. Def. The measure of the ratio between any 
two magnitudes is, (not their difference^ but) the numbei^ 
of times the one contains, or is contained in^ the other. 

Thus, if the line AB, upon being multiplied three 
times (22), becomes equal to the line CD, that is, if CD 
contains AB exactly three times, then the measure of the 
ratio of CD to AB is S, that is, CD bears the same rela- 
tion to AB in magnitude which S does to 1. 

But in order that two magnitudes of the same kind 
may have a ratio to each other, it is not necessary that one 
should contain the other an exact integral number of times. 

Thus, for example, let uil be a magnitude which con- 
tains another magnitude taken as the unit of measure* 
ment, whatever that may be, 5 times; and let B be 
another magnitude, of the same kind^ containing the 
same unit S times ; then the ratio of J. to J? will be that 
of 5 to 3. In this case A may be said to contain B once 
and two-thirds of a time ; and the measure of the ratio of 
il to j9 is If, or the fraction §. Similarly in other qases. 

In the case here supposed, a certain multiple of A is 
equal to another certain multiple ofB, that is^ three times 
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A ^Jlve times B. Thus, if ^ be a line which contains 
a lineal foot 5 times^ and B another line which contains 
it 3 times> then A^5 feet, and B^S feet ; the ratio of 
AtoB is that of 5 feet to 3 feet^ that is, 5 to 3 ; and S 
times J = 15 feet = 5 times B*. 

Qd. Def. Pbopobtion is the equality of ratios^. 
Thus, if the ratio o£A to £ be equal to the ra^to of C to D^ 
then JL, B, C, D are said to be proportionals^ or in proportion* 

Observe, A, B, C, D, in order to be proportionals, 
need not be all of the same kind. It is only necessary 
that A and B be of the same kind, and likewise C and 
X) of the same kind ; but the one pair of magnitudes 
may be different from the other pair* Thus, one line, 
A, may have the same ratio to another line^ B, that one 
area, C, has to another area, X), in which case A, B, C^ 
JO are proportionals* 

The ratio of two magnitudes is oHen expressed by 
placing the symbol : between them ; thus A : B signi- 
fies the ratio of A to B. So then, if A^ B, C, D are 
proportionals, A \ B^C \ D; but this is generally writ- 
ten thus, A : B :: C : D; and is read * A is to B as C ta 
D\ which means that A has the same ratio to B which 
C has to D« 

67» Prop. I, If two straight lines he intersected htf 
any number of parallel lines, so that the parts of one of 
them intercepted between the parallels are equal to one 
another, the parts also, of the other line between the same 
parallels shall be equal to one another* 

Let ABCD be any straight line, such that AB=^BC 
fc= CD ; or similarly, whatever 
the number of parts may be of 
which it is composed. Through 
the points A^ B, C draw parallel 
lines Jaf , Bb^ Cc, Dd, meeting 
another straight line in the points 
«, b^ Cy d; then also abszbc^ cd* 

Through the point a draw ae 
parallel to AB, meeting Bb in e; 
and through b draw bf parallel 

* In this section single letters will often be used to denote lines and 
ether magtnititdes, to avoid iuperfluous writing, where it may be done 
without risk of error. 

t Thia is read ' A UttU a,* ' B littU V. &e. 
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to BC meeting Cc in Ji Then since ABea^ and BCfh 
are parallelograms^ ae^sAB, and bf^BC {4>0) ; hut AB 
t^BC, ••. aessbf. 

Again, because Bb is parallel to Cc^ zABe^^zBCf; 
and because ae is jparallel to AB, zABe^zaeb; also 
because hfis parallel to BC^ j:BC/^^b/c, /. z aeh = z b/c» 
And since ae, 6^ are parallel to the same line ABC, they 
are parallel to each other, and .*. 2 eab = z/bc. Hence in 
the two triangles aeb^ b/c, there are two angles in the 
one equal to two angles in the other, each to each, and 
the side common to those angles in the one equal to the 
side which is common to the two angles, equal to them, in 
the other, .*. the triangles are equal in all respects, and 
the side ab ^ the side be (39)* Similarly it may be shewn, 
by drawing eg parallel to CDj that bc^ed; .*. ab^bc^ed^ 
And the proof may be extended to any number of parts* 

CoR. 1. The proof here given is independent of the 
length of the line A a, and will therefore hold when A 
and a coincide in the same point, that is, when the two 
given lines meet in A. 

Cob. 2. Conversely if two straight lines be com« 
posed of the same number of equal parts, the straight 
lines Aa, Bb^ Cc^ &c., joining corresponding points in 
them, will be paraUeL 

68. Prop. II. To divide a given straight line into 
4inff number of equal parts ^ 

Let AB he the given straight line, which is to be 
divided into any proposed number of equal parts, three 
suppose, as the process is the same whatever the number 
may be. 




From A draw any other indefinite line A b, forming 
an angle with AB ; in ^6 take any point D conveni- 
ently near to A^ and with centre D and radius DA 
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describe a circle cutting Ab in E; then with centre E 
and the same radius as before describe a circle cutting 
Ab in C; so that AD = DE ::=£€. Join CB, and 
through JS and D draw EG and DF parallel to J5C, 
cutting AB in G and F. Then since AD^DE^ EC^ 
and CB, EG, DF are parallels, .-. also AF^FG^ GB, 
that is, ^^ is divided into three equal parts in the points 
JFandG, (67Cor.l.) 

69. Prop. III. If any two straight lines be cut by 
three parallel straight lines, the parts intercepted between 
the parallels shall be * proportionals'^ 

Let ABGi DEF be any two straight lines, and AD, 
BE, CF, three parallel straight 
lines intersecting the former in A, 
By C, and D, E, F. Then AB, 
BC, DE, EF shall be 'proportion- 
als'y that is^ AB shall have the same 
ratio to BC that DE has to EF. 

Let AB contain the line which 
is the unit of measurement three 
times> and BO the same unit SiVe 
times, (the same proof will hold for any numbers)^ and 
divide AB into three equal parts^ and BC into five (68), 
and through the points of division draw lines parallel 
to BE intersecting DE, and EF: then DE will be di- 
vided by these parallels into the same number of equal 
parts as AB, and EF into the same number as BO (67), 
that is, DE will contain a certain line three times, and 
EF the same line five times ; or the ratio of DE to EF 
is three to five, which is the same ratio &8 AB to BC$ 
♦•. AB, BC, DE, EF are proportionals {66). 

Observe^ it may be that a specified unit of measure- 
ment will not exactly divide AB^ and BC, in which case 
the unit must be reduced, until this can take place. 
For example, if there be not an exact number object in 
AB, and BC, there may be an exact number of inches; 
or^ if not inches, there may be an exact number of 
tenths of an inch; and so on. And whatever be the 
reduced unit which will exactly divide both AB and 
JBCy the proof above given then holds. 
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70. Prop. IV. If two sides of a iriangk be tn- 
iersected hy a straight line parallel to the third side^ the 
two sides are divid^ proportionally. 

Taking the preceding ^g. in (fi9)'i through A draw 
Aha parallel to BEFy cutting BE in h, and CF in c. 
Then ACc will represent any triangle having its two 
sides AC, Ac, intersected in B^ &, bj Bb which is pa- 
rallel to Co ; and it is required to prove that AB is to 
BC as Ab is to 6c. 

Since ADEb is a parallelogram, Ab^sDE. Simi- 
larly be s EF ; and, by {69% it is proved that AB is to 
BC as D£ is to EF, .-. JJB is to BO as ^6 is to be ; 
that is^ J.C, J.C are divided proportionally in ^, b. 

Cor. 7if foUows that AB is to AC as Ab is to Ac. 

For since AB is to BC as ^6 is to be, this means that 
AB contains^ or is contained in, BC, the same number 
of times that Ab contains, or is contained in, be. Now 
it is plain that, whatever be the number of times AB 
contains, or is contained in, BC, it is contained in, 
AB + BC, or AC, exactly once more. Also whatever 
be the number of times A b contains, or is contained in, 
he, it is contained in, Ab-hbe, or Ac^ exactly once 
more. But, if each of two equal numbers be increased 
by 1, they will remain equal ; .*. AB is contained in ^C 
the same number of times that Ab is in Ac ; that is, the 
ratio of AB to AC is equal to the ratio o£ Ab to Ac. 

The common mode of writing the two last results is, 

AB: BCiiAb : bcy and AB : AC :: Ab : Ac. 

71. Prop. V. Similar triangles have the sides form-^ 
ing the equal angles proportionals. 

i'DBT. Similar triangles are such as have their 
- o M equal, each to each."] 

Let ABC, abc, be similar triangles, that is, ^A^ za, 

C 

c 
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£B^ ^b, and zC^ ^c; it is required to shew that 

ab : AB :: ac : ACy 

ah : AB :: he : BG, 

and 6c : BC :: ac : AC. 

With centre ^ and radius a& describe a circle cutting 
AB in D, and another circle with the same centre and 
radius ac cutting JC in £, and join ED. Then in the 
two triangles ADE, abc, the two sides AD, AE^ are 
equal to the two sides ah^ ac, each to each, and zDAE 
■^zhac,*\ the triangles are equal in all respects (24), 
and .; j^ADE=i^ahc. But zahc= zABC^ .•. z ADE 
= z ^ jBC, and .*. 2>^ is parallel to J?(7 (34). Hence by 
(70 Cor.) AD : iiJ5 :: AE i AC; .but ^D = a5, and 
^.B = <ic, 

A ah : JB :: ac : AC. 

In the same way^ by making B the centre of the 
circles^ it may be shewn, that 

ah : AB :: be : BC; 

and by making C the centre^ that 

be : BC :: ac : ilC. 

Cor. 1. Conversely, if two triangles have an angle 
of one equal to an angle of the other, and the sides 
forming the equal angles proporlionaUy the triangles 
will be similar. 

Cor. 2. Hence, also, if a triangle be cut oiF from 
a larger triangle by a line parallel to one of the sides, 
the two triangles will be similar, and have the sides 
about equal angles proportionals, 

CoR. 3. If CD be drawn perpendicular to AB, and 
cd to ab, it will also easily appear^ that 

CD : cd :: AC : ac, or :: AB : ab, or :: BC : be. 

72. Prop. VI. If a right-angled triangle be di- 
vided into two other right-angled triangles by a straight 
Une drawn from the vertex of the right angle perpendi" 
cular to the opposite side, each of these two triangles shall 
be similar to the whole triangle and to one another. 

Let ABC he a right-angled triangle having iBAC the 
right angle. From A draw AD perpendicular to BC ; 
then the triangles ABD^ ADC shall be similar to the 
triangle ABC, and to each other. 
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Because z BAC^& right angle— z^^D^j and JiS i» 
common to the two triangles 

ADB, ABC ; and since the three 
angles of every triangle are to- 
gether equal to two right angles, 

(37)* ••• the remaining z BAD 

of die one triangle is equal to the -^ -21 4/ 

remaining z ACB of the other, that is, the triangles ilD^, 
ABC^ are equiangular, and •*. similar. 

In the same way it may be shewn, that the triangles 

ADC, ABC^ are equiangular, and .*. similar. Hence 
also the triangles ADB, ADC are equiangular and 
similar^ 

Cob. 1. Since in similar triangles the sides forming 
equal angles are proportionals (70 ; and since the trian- 
gles ADBy ADC are similar, /. BD : AD :: AD : DC. 

Again, since ABD and ABC are similar triangles^ 

BD : AB :: AB : BC 
Also, since ADC and ABC are similar, 

CD : AC :: AC : BC, 

^Dbf. When of four magnitudes which are pro« 
portionals the second and third are the same, this latter 
magnitude is said to be a mean proportional between the 
pther two. 

Thus, in this Cor. AD is a mean proportional between 
BD and DC. Also AB is & mean proportional between 
BD and BC; and AG is sl mean proportional between 
BC and CD.^ 

CoR. 2. Hence to find a mean proportional between 
two given straight lines^ AB, BC^ place AB^ BC so 
as to form one straight line AC. 
Upon AC describe a semicircle; 
through B draw BD at right 
angles to AC meeting the cir- 
cumference in D; and join AD, 
CD. Then, since z ADC is a right 
angle, and DB is perpendicular Xjo AC, hy Cor. 1, AB : 
BD :: BD : BC; .*. nD is a mean proportional between 
AB and BC. 
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73. Prop. VII. The areas of parallelograms or 
triangles between the same parallels are proportional to 
their bases, 

(1) Let ABCD, BEFC be two parallelograms be- 
tween the same parallels ABE, JD C T 
DCF^ and upon the bases AB, 
BE, respectively. 

Let such a lineal unit of 
measurement be taken as will 

exactly divide both AB^ and 

BE; and divide AB and BE ^ J) :B 

into as many equal parts as they contain the unit (68). 
Through the several points of division draw lines pa- 
rallel to AD or BC, dividing ABCD into as many pa- 
rallelograms as the unit is contained in AB, and BEFC 
into as many as the unit is contained in BE* Then 
since parallelograms upon equal bases and between the 
same parallels are equal to one another (41 Cor. I), the 
smaller parallelograms which make up ABCD, and 
BEFCy are all equal. Therefore the ratio of ABCD 
to BEFC will be the ratio of the sum of these equal 
parallelograms in the one to the sum of them in the 
other, that is^ as the number of them in the one to the 
number in the other, (since they are all equal) or as the 
number of units in ^j^ is to the number of units in 
BE, that is, as AB is to BE. 

(2) Again, since a parallelogram is double of the 
triangle upon the same base and between the same pa- 
rallels (40), and the halves of two magnitudes will plainly 
bear the same ratio to each other that the whole magni- 
tudes do, .*. joining BD, ECy the triangle ABD, which 
is half of the parallelogram ABCD, will have the same 
ratio to the triangle BEC, which is half of BEFC, that 
AB has to BE. 

Cor. It follows also, that the areas of triangles or 
parallelograms of equal altitudes, however situated^ are 
proportional to their bases ; the altitude being the per- 
pendicular ]et fall from the vertex of one of the angles 
upon the opposite side considered as the base. 

74. Prop. VIII. If four straight lines taken in 
order be 'proportionals', the rectangle contained by the 
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Jirsi and fourth is equal to the rectangle contained by the 
second and third.* 

Let A, B, C, D be four straight lines^ ^proportionals', 
that is, ^ is to ^ as C7 to _j_ 

JD. The rectangle con- — — — ^— 

tained by A and D shall j 

be equal to the rectangle 
contained by B and C. ^ 

Draw the straight line 
EF equal to ii ; produce 
it to G making FG equal ^ 
toJB; through f draw JP/T, 
jP^ at right angles to EF, 
making FH^C, and FK 
= 2>; through E and 6 
draw JEM, LGN parallel 
to H£^; and through H, 
and £ draw HL, and 
3fX-y parallel to EFG. 
Then JSFXM, i^GiV^^, 
and FHLG are all rect- 
angular parallelograms, 
as will easily appear. Now since EFKM and FGNK 
are parallelograms between the same parallels, 

EFKM : FGNK :: EF : JPG (73), that \s :: A : B. 

But ^ : B^C : 2>, since -4, jB, Ci D are proporr 
tionals, 

.-. JEZJ'^M : FGNK :: (7 : D. 

Again, FHLG : -FGiSTX :: FH : i^iT, that is :: G : D, 
.-. EFXM : FGNK :: -FiJLG : J^'GiSTiT, 

which signifies that EFKM is the same multiple, part, 
or parts of FGNK that FHLG is of the same magni- 
tude FGNK, .-. it is plain that EFKM ^ FHLG. But 
EFKM is the rectangle contained by EF, FK, that is, 
A and D; also FHLG is the rectangle contained by 
FG, FH, that is, 5 and C; .•. the rectangle contained 
by A and D is equal to the rectangle contained by B 
and C. 

* This is sometimes expressed by saying, <if four straight lines be 
proportionals, the rectangle contained by the extremes is equal to the 
rectangle contained by the means\ 
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Cor. 1. Conversely if A, B, C, D be any foUr 
straight lines^ such that the rectangle contained by A 
and D is equal to the rectangle contained by B and C, 
then A, B, C> D are proportionals. 

Cor. 2. If A, JB, C, D be proportionals, since the 
rectangle B, (7 = the rectangle -4, D, it follows, from 
Cor. 1, that B, A, X), C are proportionals, that is, 

B : A :: D : a 

This change of position in the different members of a 
proportion is called * invertendo\ or * hif inversion'. 

Cor. 3. Since the rectangle contained by C and £ 
is equal to the rectangle contained by B and O, if A, 
By C, D are proportionals, it follows that the rectangle 
Ay D =the rectangle (7, B, and .*. A, C, B, D are pro- 
portionals, that is, ^ : C :: B : D* This is called *aUer'- 
nando\ or ^ alternately*. 

CoR. 4. Since the measure of the ratio of one area 
to another is simply the number of times the one contains 
or is contained in the other, this ratio may always be 
represented by the ratio of one line to another. Hence 
the two preceding Corollaries hold also for areas as well 
as lines y that is, if A and B be two areas, and C and D 
two lineSy or if A, B, C, D be four areas, such that 
A : B :: C : D, then inversely B : A :: D : C. Also 
if A, B, C, D he four areas proportionals, such that 
A : B :: C : D, then, alternately, A : C :: B : D. 

75. Prop. IX. The areas of parallelograms^ or 
triangles^ on the same base, are proportional io their 
*' altitudes'. 

(1) Let ABCI), ABEF be two parallelograms, 
on the same base AB; 
ifrom any point G in 
AB draw GIH at right 
angles to AB^ meeting' 
CZ)inff,andJBFin/. 
Then GH is the alti- 
tude of the parallelo- 
gram ABCD, and Gf 

the altitude of ABEF. ^^ X €^ 3 
And ABCD shall be to ABEF as GH is to GI. 
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Let such a lineal unit of measurement be taken as 
>Nrill exactly divide both GH and GI; and divide GH 
and GI into as many equal parts as they contain Ais 
unit. Through the several points of division draw lines 
parallel to AB, dividing ABCD into as many parallelo- 
grams as the unit is contained in GH^ and AbEF into 
as many as the unit is contained in GI. These smaller 
parallelograms are obviously all equal to one another ; 
and therefore the area ABCD will be to the area ABEF 
in. the same ratio as the number of them in the former 
area is to the number in the latter, that is, as the number 
of units in GH is to the number in GI, that is, as GH 
18 to G/, 

(2) Again, join BD, BF; then ABD, ABF will 
represent any two triangles on the same base AB, From 
X) and F draw DK, FL perpendiculars to AB; then 
BK, FL are the 'allitudes' of the triangles ABD, ABF. 
Also DK^ GH, and FL = GI |(S5 Cor.) Now ABD is 
half of the parallelogram ABCD; and ABF is half of 
ABEF; and the halves of two magnitudes must ob- 
viously have the same ratio to one another which the 
whole magnitudes have ; .*. the triangle ABD : the tri- 
angle ABF :: GH : GI, that is, :: DK :FL; or the tri- 
angles are proportional to their * altitudes'. 

Cor. It follows also that parallelograms, or triangles, 
upon equal bases are proportional to their altitudes. 

76. Prop. X. The areas of similar triangles are 
proportional to the squares of any two corresponding sides* , 
that is, sides opposite to equal angles f. 

Let ABC, ahc be similar triangles, in which lA^ca, 
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* Sometimes called * homologous sides*. 

-f* Euclid's enunciation of this is : ' Sifnilar triangles are to one 
another in the duplicate ratio of their homologous sides*. 
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zj&"= zft, zC= L c; then AB, ah being anti two corre- 
sponding, or homologous^ sides^ the triangle ABC shall 
b#to the triangle aoc as the square o£ AB is to the 
square of ab. 

Upon AB describe the square AEFB, and upon ab 
the square aefb. From O draw CD perpendicular to 
AB, and from c draw cd perpendicular to ab. Through 
C draw GCH parallel to AB, and through c draw gck 
parallel to ab, Then^ since a triangle is always equal 
to half the parallelogram upon the same base and be- 
tween the same parallels, 

trianglci^BC: triangle a5r :: •p&ral^,AGHB:'paTai^.aghb» 

Now paral". AGHB : square o£AB \:AG\ AE^ 

I. e. :: CD : AB, (73), 

and paral"*. aghb : square of ah :: ag : ae, 

i, e. :: cd : ab; 

but CD : AB^cd : ab (71, Cor. 3, and 74, Cor. 3), since 
ABC, abc, are similar triangles, 

.'. paral". AGHB : square o£ AB :: paral". aghb 

: square of ai ; 
and^ aUernateltf, 

paral"*. AGHB : paral". agkb :: square of ^JB 

: square of od, 

.*• triangle ABC : triangle abc :: square o£AB 

: square of a6. 

(^This is one of the most important Theorems in 
Geometry.] 

77- Prop. XI. Tojind a fourth proportional to three 
given straight lines, that is, a fourth line such that the 
four lines shall be proportionals. 

Let A, B, C be the three given ji 

straight lines; it is required to find 
another X, such that A : B :: C : X. jB 

Draw any indefinite straight line 

DEF, in which take DE equal to A, — £ 

and JSF equal to B, From D draw 
DGH making any angle with DF, in which take DG 
equal to C. Join EG, and through F draw FH parallel 
to EG, meeting the line DGH in H. 
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Then since DFH is a triangle, and 
EG is parallel to FH, BE : EF :: DG 
: GH (70), But X)£ = ^, EF=B, 
DG^C; .-. A :B::C: GH, that is, 
GH^X, the straight line required. 

Cor. By the same method a third 
proportional may be found to two given 
straight lines, that is^ a third line O 
such, that A : B :: B : C. The only dif- 
ference is, that DG is taken equal to EF 
and equal to B. Then 

DE : EF :: DG : GH, 

that is, A: B::B: GH, .-. GJET- C. 

78. Def. Four^sided figures are similar, when they 
have their angles equal, each to each, and the sides form* 
ing equal angles proportionals. 

Hence all squares are similar figures, since the angles 
of any one are equal to the angles of any other, each to 
each, and the sides about equal angles (being equal) are 
proportionals. 

But neither two rectangles, nor two parallelograms 
with angles equal each to each, are necessarily similar. In 
addition to the equality of angles, the sides about the 
equal angles must be proportionals; and although, in 
the case of triangles, it follows as a consequence of the 
equality of angles, that the sides about equal angles are 
proportionals (71), yet it is not so with any other recti- 
linear figures, except squares, as may easily be shewn. 
For instance, if a part be cut off from A parallelogram 
by a straight line parallel to one of the sides, the new 
parallelogram will have its angles equal to those of the 
original one, each to each; but it is obvious that the 
sides about equal angles in each are not proportionals ; 
and therefore the parallelograms are not similar, 

79. Prop. XII. If the squares described upon four 
straight lines be proportionals, the straight lines themselves 
are proportionals; and conversely. 

Let A, B,C,D* represent four squares, proportionals, 
that is, A : B ::0: D. 

* In this proposition a single letter is used to designate a square or 
a rectangle, contrary to rule, merely to avoid unnecessary writing. This 
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Let Ay and 2>, be so placed that 
two sides of one sqaare may be in 
the same straight lines with two sides 
of the other, each to each; and pro- 
dace the other sides of ^ and D until 
they meet. The resulting fig. will 
be a square, composed of the two 
squares A and D, ti^ether with two 
equal rectangles, E, E. Then since 
A and E are parallelograms of the same altitude, 
A : E :: base of A : base of E. 

Also E : D:: base of ^ : base of E; 
.-. A:E :: E : D. 

The same construction being 
made with B and C9 as in the an- 
nexed fig., it may be shewn in the 
same manner that B : F :: F : C. 

Now let a, b, c, rf, e,/ represent 
straight lines having the same ratio 
to each other as the areas A^ B, Cj 
JD, E, F, Then, since A: B::a:b, 
0: D:: c : d^ and A : B :: C : D, 
,\ a: b :: c : d; and therefore the rectangle contained by 
a and d « the rectangle contained by 6 and c. Similarly, 
a : e :: e : d, and b :/::/: c; .*. rectangle c, <^ = square 
of Cy and rectangle b, c^ square of /; .*. square of e 
« square of/, and .-. e «/(42 Cor. S). But E:F :: e:f^ 
.\E = F. 

Now. JEJ is the rectangle contained by a side of A and 
a side of D; and F is the rectangle contained by a side 
of B and a side of C; and rectangle £ = rectangle F; 
therefore (74 Cor. 1), 

side of A : side of B :: side of C : side of D. 

Cor. 1. Hence also the converse is easily shewn, 
viz. that, if four straight lines are proportionals, the 
squares described upon them are proportionals. 

Cor. 2. In (76) it was proved that the areas of simi- 
lar triangles are to one another as the squares of corre- 

may be done here without inconvenience, because we are not much con* 
remed with the magnitude of the sides until we arrive at the last stage 
proof. 
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spending^ or ' homologous', sides. It may now be shewn 
that the areas are proportional to the squares of the a//i- 
iudes also of the triangles, or to the squares of any cor- 
responding lines within the triangles. For (see fig. in 76) 
CD : cd = BC : be = -45 : fl6, .•. square of CD : square 
of cd= square ofAB : square of aft ; and .*. triangle ABO 
: triangle cUfc :: square of CD : square cd, 

80. Prop. XIII. If there he any number of magni^ 
tudesy which, taken two and two, have a certain^fixed ratio 
to each other, the sum of the first terms of the several pairs 
of magnitudes shall be to the sum of their second terms in 
that same ratio. 

Let A, B, C, D be four magnitudes such that A : B 
:: E:F^ and C : D v. E : i\ then also 

A^C\B^D\\E:F. 

For suppose a, 6, c, rf, e,/ to represent six straight 
lines haying the same ratio to each other that A, B, C, 
D, E, F, have. Then since a : b :: e :f, the rectangle 
a, /= the rectangle b, e (74). Similarly^ the rectangle 
c,/= the rectangle d, e. 

,\ rectangle a,f+ rectangle c,/=s rectangle b, e 

+ rectangle d^ e. 

Now^ constructing each of these rectangles^ as in the 
annexed figs, by making 
AB^a,BC^c, CD = f; 
j^soEF=^b,FG^d, GH 
=.e; it is obvious that the 
rectangle a,/ 4- rectangle 
c^/'as rectangle contained 
by AB+BC, and CD, 
that is, rectangle a-^c^f. 
Also rectangle b, e + rectangle d, e — rectangle contained 
by EF + FG, and GH, that is, rectangle b+d^e. 

.'. rectangle a + c,/— rectangle b + d, e^ 

and .*. o + c : 5 + rf :: e :/ (74 Cor. 1). 

But a + cib-^d:: A-^B : B-i-D, 

and e :/:: B: F, by supposition, 

.\A + C:B-^D\:E:F. 

5—2 
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If there be another proportion G : H :: E : F, then 
it follows, from what has been proved^ considering A + C^ 
as a single magnitude, and likewise B-^D^ that 

A -¥ C + G : B + D + H :: B : F; 

and so on, whatever be the number of proportions having 
the same two last terms in each. 

Cob. Hence, since two similar paralUlograms are 
composed of two pairs of similar triangles, which are to 
each other as the squares of corresponding sides or lines 
within them (76), therefore the parallelograms also are 
proportional to the squares of their homologous sides or 
other corresponding lines within them. 

81. Prop. XIV. If any two chords he drawn in the 
same circle intersecting each other, the rectangles contained 
hy the parts into which each is divided by the point of 
intersection are equal to one another. 

Let AB, CD be two chords of a given circle inter- 
secting in E. Then the rectangle 
AE, EB shall be equal to the 
rectangle CE, ED. 

Join A C, BD. Then ^ACD 
= z ABD, being angles in the 
same segment (52 Cor.), that is, 
z A CE^z EBD. Similarly, ^CAE 
= z BDE, Also ^AEC= zBED 
(31) ; .-. the triangles ABC, BED, 
are similar; and .*. the sides about equal angles are pro- 
portionals ; that is, 

AE:EC:: ED : EB (71), 

and .'. the rectangle AE, EB » the rectangle CE, ED (74). 

Cor. 1. If one of the chords, AB^ bisect the other 
CD, in the point B, then it follows that the rectangle 
AEy EB is equal to the square of CE. 

CoR. 2. If AB bisect CD at right angles^ AB will 
be a diameter^ and then also the rectangle AE, EB = the 
square of CE. 

82. Prop. XV. If any two chords of the same circle 
be produced to meet in a point without the circle^ the rect^ 
angles contained by the whole line and the part produced, 

for each chord, shall be equal to one another. 
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Let AB, CD be two chords of the same circle, which 
produced meet in the point P; 
the rectangle PA^ PB shall be 
equal to the rectangle PC^ PD. 

Join ACy BD; then since 
ABDC is a quadrilateral 'in- 
scribed' in a circle, i ABD 
+ z ^CD=« two right angles (53), 
= zACP-^zACD (30X /. ^ABD 
« / ACP. And angle at P is 
common to the two triangles 
PBD, PAC\ .'. remaining angle 
PAC = remaining angle PDB ; 
and .•. the triangles PBD, PAC jp 
are similar^ and the sides about 
equal angles proportionals (71), •'. T^A : PC :: PD : PB, 
and .•. the rectangle PA, PB = the rectangle PC, PD 
(74). 

CoR. If one of the chords, AB^ be a diameter ^ the 
proposition holds true, viz. that the rectangle PA > PB 
= the rectangle PC^ PD. 

83. Prop. XVI. If any chord and tangent of the 
same circle he produced until they meet, the rectangle con^ 
tained by the whole chord thus produced and the part pro^ 
duced shall be equal to the square of the tangent^ that is, 
of the line between its point (^intersection tvith the chord 
produced and the point where it touches the circle. 

Let AB be a chord, and PC a tangent at the point C^ 
of the circle ABCy whose 
centre is 0; and let BA 
produced meet PC in the 
point P. Then the rect- 
angle PA, PB shall be equal 
to the square of PC. 

Join PO, and produce it 
to the circumference of the 
circle, so that it meets the 
circumference in £ and F, 
making JSFa. diameter. With 
centre O and radius OP de- 
scribe another circle, that is, concentric with the former; 
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join OC^ and produce it both ways to meet the outer 
circumference in G and fT, so that GH is a diameter; 
and produce PC to meet this circumference in D, so that 
PD is a chord of the outer circle. 

Then, since GH is a diameter at right angles {55 Cor. 1) 
to the chord PD, PD is bisected in C (49 Cor.); and .*. 
(81 Cor. 2) the rectangle GC^ CH = the square of PC. 
But GC = PF, and CH = PE; .-. the rectangle P£, PP 
= the square of PC. But the rectangle PJ5, PF = the 
rectangle P^, PB (82), 

.'. the rectangle PAy PB = the square of PC, 

84. Pkop. XVII. In the same circle, or in equal 
circles, any two arcs are proportional to the angles which 
they subtend at the centre. 

Let ABy CD be any arcs of two equal circles; find 
the centres JB, P, and join EA, EB, FC, FD. Then 
arc AB : arc CD :: z AEB : z CFD. 





A. 

For, assuming that there is some small arc which, 
taken as the unit of measurement, is contained an exact 
number of times both in AB and CD, let Aa be such 
arc, and suppose it to be contained 5 times in AB, and 
S times in CD, (the proof is the same whatever the num- 
bers be) ; draw the radii, as Ea, and Fc^ to the several 
points of division in AB and CD, so that the arc AB is 
divided into 5 equal parts, CD into 3 equal parts, and 
also the angles AED, CFD, into 5 and 3 equal angles , 
respectively, since equal arcs in the same circle, or in equal 
circles, subtend equal angles at the centre (59)* Then, 
since arc AB contains a certain unit 5 times, and arc CD 
the same unit 3 times, arc AB : arc CD \\ 5 \ S, Again 
z AED contains z AEa 5 times, and z CFD contains 
z CFc, which is equal to z AEa^ 3 times, 

.-, z AEB : z CFD :: 5 : 3. 

And .'. arc AB : arc CD :; z AEB : z CFD. 



^fm^^^ 



NOTE. 71 



NOTE. 

It will have been noticed, that, in the preceding 
Theory of Ratio and Proportion, the magnitudes com- 
pared are assumed to be, what is called, ' commensurable', 
that is, to have a * common measure', or common unit of 
measurement. Now two or more magnitudes are said 
to have a ^common measure\ when each of them contains 
the unit of measurement a certain number of times ex- 
actly without remainder. 

Thus two lines, which are 5^ yards and 7| yards in 
length respectively, are commensurable, because, taking 
the foot as the measure, the first line contains it 16 times, 
and the second 23 times, exactly. Similarly, two lines 
which are 2^ yards and 1-^ yards in length respectively, 
are commensurable, because the first contains an inch QO 
times, and the second 54 times, exactly. 

But it does not follow, (and in fact it is not true,) 
that aU lines are of this kind, that is, commensurable. 
Lines, and also areas^ have sometimes to be compared, 
which have no common measure, and are called tncom" 
mensurable. To these the preceding Theory does not 
with perfect mathematical accuracy apply, as it does to 
commensurable magnitudes; although m all such cases a 
measure may be found which shall approach as nearly 
as we please to a common measure, and thus render the 
precedmg Theory applicable by approximation, and to all 
practical purposes sufficiently true. 

Eucliis method of treating ratios and proportion, 
which applies strictly and equally to all magnitudes, 
commensurable and incommensurable, has not been adopted, 
simply because it does not admit of being presented in a 
form sufiiciently intelligible to those for whom this little 
work is designed. It seemed better to employ a method, 
which, with admitted imperfections, would allure the 
learner, than to aim at a perfectness of theory, which 
might lead him either to pass over the subject entirely, 
or to read it and not understand it 
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EXERCISES C. 

(1) Define 'ratio*; between what sort of magnitudes 
can it exist? Is there any *' ratio' between ten shillings 
and two miles? If not^ why not? 

(2) What is the test by which you determine whe- 
ther, or not, two proposed magnitudes are ^ of the same 
kind' ? Apply it to the case of a triangle and one of its 
sides. Also to the case of a triangle and a square. 

(3) Is there any ratio between an angle and a tri" 
angle ? Or between a right angle and a square ? 

(4) Define the measure of a ratio ; and express the 
ratio o^ 8l parallelogram to the triangle* on the same base 
and between the same parallels'. 

(5) What is the ratio of a lineal inch to a lineal 
yard? 

(6) What is the ratio of the square of AB to the 
square of the half of AB} 

(7) Is it necessary, when two lines or magnitudes 
have a ratio to each other, that the one should contain 
the other an exact integral number of times? Explain 
fully. 

(8) When is one line^ or area, said to be a multiple 
of another ? If 5 times J. « 7 times By what is the ratio 
of A to B} 

(9) Define ^proportion', and ^proportional'. How 
many magnitudes are concerned in a proportion ? May 
they be aJl of one kind? Must they be so? 

(10) Can two lines and two triangles be in propor^ 
lion f Can two angles, a triangle, and a parallelogram, 
be in proportion f 

(11) If there be two triangles of equal altitudes^ 
and the base of one be double the base of the other, 
what is the proportion between the bases and triangles ? 
And what is the ratio of the two triangles ? 

(12) Shew that, if any two sides of a triangle be 
bisected, the line joining the points of bisection is jE>a-> 
rallel to the third side, and equal to half of it. 
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(13) Define similar triangles ; can triangles be similar 
and not equal ? Can they be equal and not similar ? Ex- 
plain fully. 

(14) Are all equilateral triangles similar? Are two 
isosceles triangles necessarily similar ? 

(15) If tach of the sides of a triangle be bisected, 
shew that the lines joining the points of bisection will 
divide the triangle into four equal triangles similar to 
the whole triangle and to each other. 

(16) If through the vertex of each angle of a tri- 
angle a straight line be drawn parallel to the opp>site 
side, shew that these lines will form a triangle similar 
to the given triangle ; and find the ratio of this triangle 
to the given triangle. 

(17) If the sides of any quadrilateral figure be bi- 
sected^ shew that the lines joining the points of bisection 
will form a parallelogram, 

(18) Shew that any triangle cut off from an equi- 
lateral triangle by a line parallel to one of its sides is 
equilateral. 

(19) Through a given point draw a straight line, 
terminated by two given straight lines^ so that it shall 
be bisected in that point. 

(20) Through a given point draw a straight line, 
terminated by two other given straight lines, so that it 
shall be divided by that point in a given ratio. 

(21) Of all triangles with two given sides shew that 
that is the greatest m which the two sides form a right 
angle. 

(22) If an angle of a triangle be bisected by a 
straight line which also cuts the opposite side, shew that 
the two parts into which this side is divided will be in 
the same ratio as the other two sides are to one another. 

(23) Shew that any two right-angled triangles are 
similar, if two of their acute angles^ one in each triangle, 
are equal. 

(24) If two triangles have the sides of the one, or 
sides produced^ respectively at right angles to those of 
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the Other, each to each, shew that the triangles are 
similar. 

(25) If each of the sides of a triangle be bisected, 
and straight lines be drawn from the points of bisection 
to the vertex of the opposite angle, shew that these three 
lines will intersect in one point, and that* the point of 
intersection divides each line into two parts of which 
one is double the other. 

(26) In the last problem shew that the three lines 
from tne point of intersection to the vertices of the three 
angles divide the given triangle into three equal tri- 
angles. 

(27) Shew that two isosceles triangles will be similar, 
if any angle of the one be equal to the corresponding 
angle of the other. 

(28) Find the greatest ^ mean proportional' between 
any two lines of given sum. 

(29) If two circles touch each other, either internally 
or externally, and two straight lines be drawn through 
the point of contact ; so as to form four chords, two in 
each circle, shew that the four chords are proportionals. 

(30) If two circles touch each other externally, and 
a straight line be drawn touching both and terminating 
at the points of contact, shew that this line is a mean 
proportional between the diameters. 

(31) Shew that the parts into which the diagonals 
of a trapezium are divided by their point of intersection 
are proportionals. 

(32) Shew that any rectangle is a mean proportional 
between the squares of two of its adjacent sides. 

(S3) Shew geometrically that a side of a square and 
its diagonal are ^incommensurable'. 

(34) If on the sides of a right-angled triangle, taken 
as bases, three similar rectangles be described, shew that 
the rectangle on the side opposite to the right angle is 
equal to the sum of the other two. 
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85. Definition. A PotvooN* is a plane Bur&ce 
bounded by more than four straight lines, which are 
called its tides. 

A plane lurface with thro tidtt hu alimlf leceiTcd Ihe name of 
triangle, and wilh /our gidea ' paralletogrma'y *iquar»\ 'guadrila- 
IrraV, or 'irapemmn', u the cue mmj be; therefore polygoat begin 
with jCtw sideSp and maj have anj greater number. 

An angU of a polygon means an angle formed by 
tiro adjacent sides of the polygon. And the number of 
the angles is obviously equal to the number of the sides. 

Def. a Polygon of 5 sides is called a Pentagon^, 

€ Hexagon^, 

8 Oclagon\^i 

and soon. 

Dbf. a Regular Polvgoa ia a polygon which has 
all its angles equal and all its sides equal. 

Thus a regular Pentagon, Hexagon, and Octagon 
will respectively present the following appearance as to 
form: 




Qlt does not t/el appear that a regular polygon, as 
here defined, is a possible construction. All that is 
meant is, that, if such be possible, these are the dis- 
tjoctive names of such polygons ^.^ 

Dbf. The sum of all the sides of a polygon is called 
its perimeter. 

• Polygon, derived ftom two Gieek worda, liteiallr means a figure 
which liM many cornen. 

■f- Pentagon, that ig, xfive-eamertd figure. 

± Hexagon, [hat \t, a tuc-comered Houre. 

u Octagon, that in. an eight ■comeredigtn, 

§ A aimilai obserialioa mighl hate been made, when the Uefini. 
tioDB of efuilaleral triangle, and of a square, were given. We were 
not then able to aay, that luch conatiuctioai were pmiible. 
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Def. a Straight line, drawn from the vertex of any 
angle to the vertex of any other 
angle not adjacent to the former, is 
called a diagonal. 

Thus, in the annexed fig. AB-{- 
BC'¥CD-^I>E + EA is the peru 
meter, and each of the straight lines 
AC, AD, BE, BD, EC, is a diago- 
nal, of the pdygon ABCDE. 

N. B. Throughout this section all those polygons 
are excluded "which have what are called ^re-entrant 
angles', such as the polygons annexed : 






where A, B, C are re-entrant angles. They are called 
re-entrant angles, because if the lines forming them be 
produced through the vertex, these lines enter within 
the polygon, which is not the case with ordinary poly- 
gons. 

86. Prop. I. All the angles of a polygon are toge- 
ther equal to twice as many right angles as the polygon 
has sides, diminished hyfour right angles. 

For every polygon, as ABCDEF, may be divided 
into triangles by taking any point -gj 

O within the polygon, and joming 
OA, OB, OC, OD, OE, OF ; and 
the number of triangles will ob- F\ 
viously be the same as the num- 
ber of the sides of the polygon. 
But the three angles of each tri- 
angle are together equal to two 
right angles ; /. the angles of all -^ ^ 

the triangles are together equal to twice as many right 
angles as the polygon has sides ; that is, all the angles of 
the polygon, togemer with the angles having the com- 
mon vertex 0, are equal to twice as many right angles 
as the polygon has sides. But the angles at are 
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equal to four right angles (SO Cor.); .'. all the angles 
of the polygon are equal to twice as many right angles 
as the polygon has sides, diminished by four right angles. 

GoR. 1 . Hence^ all the angles of a pentagon » 6 right angles ; 

hexagons 8 ; 

octagon -112 ; 

and so on^ whatever be the number of sides of the poly- 
gon*. 

Hence, also, since all the angles are equal to one 
another in a regular polygon, 

each angle of a regular pentagon = - of a right angle ; 

o 

4 

hexagon* g ; 



3 
octagon-- ; 

and so on. 

Cor. 2. If ABCDEF be a portion of the perimeter 
of any polygon ; and if the sides 
AB, BCy CI)^ &C., be produced 
to 6, c, d^ &C., since each inte- 
rior angle, as z ABC, + its exte- 
rior angle, as zbBC,^ two right 
angles, •*. all the interior angles 
+ all the exterior angles « twice 
as many riffht angles as the po- 
lygon has sides^; and .*., by wnat 
has been proved, all the exterior 
angles of a polvgon are together 
equal to four right angles. 

The same result may also be made to appear from 
a very simple consideration. From B draw Bz parallel 
to CD, By parallel to DB, Bx parallel to EF, &c., taking 
every side of the polygon in succession. Then a DCc » 
^CBb^ zEDd=4ifBz, iFEe^LxBy, &c.; and the last 
of the lines Bz^ By^ Bx^ &C., will be Bh ; .*. the sum of 

* The triangle, and auadrilateral, as we might expect, hoth follow 
the same rule. Thus ail the angles of a triangle are equal to 6 right 
angles diminished by 4 right angles, that is, are equal to 2 right angles. 
And all the aneles of a quadrilateral are equal to 8 right angles dimi» 
nisbed by 4 ri{^t angles, that is, are equal to 4 right angles. 
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the exterior angles will be equal to the sum of the angles 
occupying the whole space round ^ as a common vertex, 
that is, four right angles (30 Cor.). 

Cor. 3. Since the magnitude of each angle in a 
regular polygon depends only on the number, and not 
the length, of the sides, therefore all regular polygons 
of ike same name have precisely the same angles, how«- 
ever much they may differ in their other dimensions. 
Hence all regular polygons of the same name are similar, 
in the sense in which certain triangles were defined to 
be similar, for besides equal angles, each to each, such 
polygons having equal sides throughout each, will, of 
course, have the sides about equal angles proportionals* 

87- Prop. II. In every regular polygon if lines he 
drawn severally bisecting the angles^ these lines will all 
meet in the same point within the polygon ; and that point 
will be equidistant from all the angular points in the peri^ 
meter of the polygon. 

Let ABCD be a portion of the perimeter of a re- 
gular polygon. Bisect the angles 
at A and B by the straight lines 
OA, OB, meeting in 0; and Join 
OC. Then, since z OAB = half z A, 
and zOBA=^hal£ zB, and the an- 
gles of the polygon at A and B are 
equal, .•. zOAB— zOBA, and .•. 

OA = OB. Again, since AB = BC, 

and BO is common to the two tri- JL ^ 

angles OAB, OBC, and zOBC^iOBA, .-. OC--OA, 
and z OCB = z OB A (24). But z OB A - half z B « half 
z C, .-. OC bisects z C. Hence OA=^OB = OC, and OA, 
OB, OC, bisect the angles at A, B, C. The same may 
be proved in the same manner for all the remaining 
angles of the polygon. 

Cor. 1. Hence, if with centre and radius OA a, 
circle be described, its circumference will pass through 
all the angular points in the perimeter of the polygon. 

In this case the circle is said to be ' described about' 
the polygon, or the polygon to be ^inscribed in' the 
circle. 

CoR. 2. Since AB and BC are given chords of this 
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circle, it is obvious also (50)^ that the centre may 
easily be determined by bisecting AB, and BCy and 
through the points of bisection drawing lines at right 
angles to AB^ BC, and meetings as they will do, in 0. 

Cob. 3. If a circle be described with centre O and 
radius equal to the perpendicular from O upon AB^ 
every side of the polygon will be a tangent to this circle. 

In this case the polygon is said to be 'described 
about' the circle, or the circle to be ' inscribed in' the 
polygon. 

CoR. 4. Hence every regular polygon may be in- 
scribed in a given circle, or describea about a given circle. 

88L Prop. III. In every regular polygon of an even 
number of sides to each side there is another opposite side 
parallel to it ; and to each angle there is an opposite angle 
such that the vertices of the two are in the same diameter 
of the circumscribing circle^ 

Let ABCDEF be a regular polygon of six sides^ 
(the proof will be the same for 
eight sides, ten sides, &c.) Find 
O the centre of the circum- 
scribing circle (87)9 and join 
OA, OB, OC, OD, OE, OF. 
Then since one haj^ of all the 
sides will be equal to the other 
half, and AB = BC ^ CD ^ &c., 
and equal chords in the same 
circle cut off equal arcs (58), the three arcs ABy BC, CD 
are together equal to the three arcs DE, EF, FA, that 
is, ABCD is a semicircle, and .•. AOD is a straight line 
and a diameter. Similarly BOE is a diameter, and FOC 
a diameter, of the circumscribing circle. 

Again, since OA = OB = OB=^ OD, and aAOB ^ 
jlDOE (31), .-. the triangles AOB, DOE are equal in 
all respects, and zOAB^^ODE, .-. AB is parallel to 
ED (34). SimUarly BC is parallel to £F; and CD to 
AF. 

CoR. 1. Hence, in the case of a hexagon, AOB is 
an equilateral triangle. For, since AOD is a straight 
line, and /^OJB= zBOC « zCOD, .-. z AOB :=^ one-third 
of two right angles (30 Cor.), and .*. jlOAB-^t^OBA » 
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two-thirds of two right angles (37). But zOAB^z OB A, 
.'. each of them is one-third of two right angles ; and .•. 
the triangle AOB is equiangular; and because it is equi-^ 
angular it is also equilateral (26 Cor.). 

Cor. 2. Hence^ also, to construct a hexagon upon 
a given straight line AB^ that is^ having the given 
straight line for a side, it is only necessary to describe 
an equilateral triangle on the given line, as AOB ; then 
produce A 0, BO to D and jB^, making OD^OA=OE, which 
will determine the angular points D and E; then with 
centres B and D and radius OA describe two arcs inter- 
secting in (7, and with centres A and £J and the same 
radius two arcs intersecting in F; join BC, CD, DE, 
EF, FA, and the required hexagon ABCDEF is con- 
structed. 

89. Prop. IV. Two similar polygons may he divided 
into the same number of similar triangles, each to each^ 
and similarly situated. 

[]Def. Two polygons are similar, when they have 
the same number of sides, and all the angles of the one 
are separately equal to all the angles of the other, each 
to each, and the sides also about equal angles propor- 
tionals.^ 





Let ABCDEF, ahcdef, be two similar polygons, the 
angles at A, B, C, D, E, Fy being equal to the angles at 
a, b, c, d, e,f, each to each. From A draw the diagonals 
AC, AD, AE ; and from a draw the diagonals ac, ad, ae. 
Then since /ABC^ zabc, and also AB : ab :: BC : be, 
by Definition, .*. the triangles ABC^ abcy are similar 
(71 Cor. 1), .•. also zACB=sj:acb, and AC : ac :: BC : be. 
Bnt I BCD=^£bcd,.\ zACD^^acd; andBC:bc:: CDicd, 



i 
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by supposition, .*. AC : ac :: CD : cd. Hence again the 
trian^e ACD is similar to the triangle acd. And in the 
same way it may be shewn that the triangles ADE, ode, 
are similar : ana also that the remaining triangles AEF^ 
aefare similar. 

N. B. It is not enough in polygons, as in triaf^leSy 
to make them similar^ that the angUs a£ the one are re- 
iq>ectively equal to those of the other, because two trim 
angles cannot have their angles respectively equal without 
having the sides about equal angles proportional; 
whereas this does not hold for polygons, seeing that we 
can alter the sides in an almost encQess number of ways, 
without altering any angle. For instance^ suppose we 
cut off a large part of the polygon ABCDEF by a line 
parallel to BC and near to AD^ the angles of Uie new 
polygon will be the same as those of ABCDEF, but it 
IS obvious that the new polygon is not simUar to abcdef, 
jiot having its sides in the same proportion. 

CoR. The converse will easily follow, viz. that, if 
two polygons are composed of the same number of 
similar triangles, arranged in the same order in each 
pdygon, the polygons shall be similar, 

90. Prop. V. Upon a given straight line to con* 
struct a polygon similar to a given polygon^ 




Let ABCDEF be the given polygon, and G the 
grven straight line ; it is required to construct upon G, 
that is, upon a beise equal to G, a polygon similar to 
ABCDEF. 

(1) Suppose G less than AB; with centre A and 
radius equal to G describe a circle cutting AB in h, making 
Ab equiu to G ; join AC^ AD, AE; through b draw be 
paraUel to BC meeting AC in c; through c draw cd 

6 
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parallel to CD meeting AD in d ; through d draw de 
parallel to DB meeting AE in e ; and through e draw 
^parallel to IJF meeting AF in /. Then Abcde/ shall 
be ntnilar to ABCDEF, and it stands upon the base Ab 
equal to G. 

For> since be is parallel to BC, the triangles AbCy 
ABC are similar. So also Acd is similar to ACD; Ade 
toADE; and ^icf to AEF, .-. ij^ffcc-Zil^C; zJc6 = 
Zi<CJ5; zAcd^zACD, and .-. z6ci=: zBCD. Simi- 
larly zcde^zCDE, tdef^LDEF, and /efA^EFA. 
Hence Abcdef and ABCuEF are equiangular, 

Again^ by similarity of /rtang/e^, AB '. Ab :: BC : be; 
AC:Ae::CD:ed,sndAC:Ac::BC:be,.\BC:bc::CD:cd. 
Similarly CD : cd :: DE : de ; and DE : de :: EF : ef; 
and EF \ef\\ AF : Af\ •*• the sides about the equal 
angles are proportionals. 

Hence ABCDEF and Abcdef are similar polygons. 

(2) If G be greater than AB, produee AB^AC^ AD^ 
AE, AF indefinitely, and in AB produced take Ab equal 
to Gy and proceed as before. 

91. Pbop. VI. The perimeters of regular polygons 
(f the same number of sides are proportional to the radii 
of their inscribed or circumscribing circles; and their 
areas are proportional to the squares of those radii, 

(1) Let AB, ab be sides of two regular polygons of 
the same name, that is, of the same number of sides ; 





0, Oy the centres of their inscribed and circumscribing 
circles*. Join OA, OB, oa, ob; and draw CD perpen- 
dicular to AB, and od perpendicular to a5. Tnen OA 
a= OB s radius of circumscribing circle to one of th(t 
polygons, and oa^^ob^ radius of circumscribing circle to 
the other polygon ; OD ■> radius of inscribed circle to 

* That the Inscribed and circumscribing circles in the same regUp* 
lar polygon haye the same centre appears from (80). 
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one of the polygons, od » radius of inscribed circle to 
the other polygon (84). 

Again, since each side of a regular polygon subtends 
the same angle at the centre of the inscribed and circum- 
scribing circle^ ^AOB^^ l cuib^ being angles which are 
the same 'pari of 4 right angles. 

Also^ since AO^ BO, and ao^bo, z OAB » z OB A, 
and zoab^z. oba ; but z OAB + z OBA + / AOB = two 
right angles » / oab + l oba + z ao6, .*. z OAB = z oab, and 
z OBA = z o^tfj •-. Oi^B and oab are similar triangles. 
Hence AB : a5 :: O^ : oa, or :: OD : od ; and every pain 
of sides is In the same ratio; therefore (80) 

sum of the sides of one polygon : sum of the sides of the 
other :: OA : oa, or :: 02) : od, that is^ the perimeters of 
the polygons are as the radii of the inscribed or circum- 
scribing circles. 

(2) Again, since the polygons are made up of the 
same number of similar triangles, as AOB, aob; and 
since AOB : a(^ :: square of AO : square of ao^ 

or :: square of OD : square ofod, 

•*. sum of these triangles in one polygon : sum of them 
in the other :: square of ^0 : square of ao, 
or :: square of OD : square ofod; 

that is^ the areas of the polygons are as the squares of 
the radii of the inscribed or circumscribing circles. 

92. Prop. VII. The areas of similar polygons are 
to one another as the squares of any homologous sides, or 
corresponding lines within the polygons. 

Let ABCDEF, abcdef be two similar polygons^ of 
which AB, ah are any two corresponding sides; then 

area ABCDEF : abcdef:: square of AB : square of ah. 

From A^ a, draw the diagonals AC^ AD, AE, ac^ ad, 
ae. These will divide the polygons into the same num- 
ber of triangles^ similar and similarly situated, each to 
each^ see fig. (89). 

^ .-. by (76), 
triangle ABC : triangle etc :: square of AB : square of ai, 

ACD : acd :: square of CD : square of C(f, 

* ADE : ade :: square of DE : square ofde^ 

AEF : aef :: square of EF : square ofef» 
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But AB:ab::BC:her.CD:cd:iDE:de::EF:rf{7\), 
•\ square of CD : square of of :: square a£AB : square atab, 

square of D£ : square of Je :: 

square c^EF : square ofef *: 

.\(S0)ABC'i-ACD-i-ADE+AEF:a6c'hacd + ade+aef 

:: square of AB : square of ofr, 

or sretiABCDEF : ahcdef :: square ciAB : square ofab. 

Again, since AB : ab :: AC : ac :: AD : ad :: AE : off, 

•% aenABCDEF : a5c^ :: square of ^C; or AD, or ^J^ 

: square of ac> or ad, or ae, respectively. 

93. Prop. VIIL Hie circumferences of circks are 
to one another as their radiij or diameters; and their areas 
are proportional to the squares of those radii, or diameters* 

Suppose any two similar regular polygons to have 
their circumscribing circles drawn about them; these 
circles will represent any two circles. Bisect each of 
the arcs subtended by eadi of the sides of the two poly- 
gons, and join the points of bisection with the adjacent 
angular points of the polygons; then two polygons of 
double the number of sides will be formed, while the 
circumscribing circles remain the same; and the peri- 
meters and areas of these latter polygons will obviously 
approach nearer to the perimeters and areas of the circles 
than those of the former polygons. Again the arcs sub- 
tended by the sides of these polygons may be bisected, 
and other polygons described with double the number of 
sides, while the circles remain the same ; and so on with- 
out limit, until the polygons are made to approach as near 
4U we please to the circles. 

Now the perimeters of similar regular polygons are 
as the radii of their circumscribing circles, and &e areas 
TBS the squares of those radii, whatever be the number of 
sides^ and therefore when that number, as above, is sup- 
posed to be indefinitely increased. But, by ^us in- 
creasing the number of sides the polygons may be made 
to differ from the circles by less than any assignable 
ma^itude, both as to perimeter and area. Hence the 
perimeters, that is, the circumferetices of the circles will 
be as their radii, and the areas as the squares of those 
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Ako, since the diameters will obviously have the same 
ratio to each other as the radii, the drcumferences of 
circles will be as their diameters^ and the areas as the 
squares of those diameters. 

Cor. Since drcumf. of one circle : circumf. of an- 
other :: diameter of the former : diameter of the latter, 
.-. altematehfi circumf. of one : its diameter :: circumf. of 
the other : tis diameter; that is, the ratio of the eircumm 
ference ifetenf circle to its diameter is the same. 



EXERCISES D. 

(1) Define * hexagon/ and ^diagonaV of a polygon* 
How many different atagonals has the hexagon ? 

(9) De^tne^ angle of a polygon'; and shew that in 
every polygon the sum of all the angles is a multiple of a 
rigkt angle. 

(3) Shew that the angle of a regular polygon js 
always greater than a right angle; and that it increases 
as the number of sides increases. 

(4) Shew that the angle of a reffular octagon is 
equal to one right angle and a half. Ilence construct a 
regular octagon upon a given straight line. 

(5) Shew that the side of a regular hexagon is equal 
to the radius of the circumscribing circle. 

(6) What is the number o£ diagonals which may be 
drawn in a polygon of ten sides ? 

(7) Dividing a polygon by means of certain diagonals 
into the triangles of which it may be supposed to be 
made up, shew that the number of these triangles will 
always be less by 2 than the number of sides of the 
polygon. 

(8) Shew that in a regular pentagon each diagonal 
is parallel to a side; and that, if all the diagonals be 
drawn another regular pentagon will be formed by their 
intersections withm the former one. 
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(9) Shew that every regular polygon may be divided 
into equal isosceles triangles. For what polygon are 
these triangles equilateral ? 

(10) Shew that the sum of all the angles of a polygon 
is not altered by altering the sides either in magnitude 
or relative position, as long as their number remains the 
Same. 

(11) Having given a regular polygon of any num- 
ber of sides, shew how a regular polygon of double the 
number of sides may be constructed. 

(12) State the process by which the area of any 
polygon may be converted into an equivalent rectangle. 

(13) Shew that two similar polygons are equal to 
one another, if a side of the one be equal to the corre- 
sponding side of the other. 

(14) If two similar polygons be constructed such 
that a side of the one is ten times the corresponding side 
of the other, what proportion will the areas of the two 
polygons have to each other ? 

(15) If you wished to increase a garden, which is 
in the form of a polygon, so as to become exactly four 
times as large as it is, but to retain its present shape, 
how would you proceed to lay out the boundary ? 

(16) Can a circle be made which shall have its cir- 
cumference exactly equal to the circumferences of two 
other given circles taken together ? If so, shew how it 
may be done. 

(17) If the area of one circle be nine times that of 
another, what is the ratio of their diameters ? 

(18) Describe a circle whose circumference shall be 
exactly twice the circumference of a given circle. 

(19) Describe a circle whose area shall be exactly 
twice the area of a given circle. 

(20) Shew that the areas of circles are to one an- 
other as the squares inscribed in them. 

(21) Shew that all regular polygons of the same 
name are necessarily similar. 
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(22) The corresponding sides of two similar poly- 
gons are in the ratio of a side of a square to its diagoniu; 
find the ratio of the areas of the polygons. 

(23) If in any circle four radii be drawn at right 
angles to one another, and with each of these four radii 
as diameters circles be described within the former, shew 
that the areas of the four circles are together equal to 
that of the original circle. 

(24) From a given polygon cut off a similar polygon 
whose area shall be one-fourth of the original one. 

(25) Shew how the square may be found which is 
equal to any given polygon. 



END OF PART I. 



ADVERTISEMENT TO PAI 



In the following Part I have Turther prosei 
sign of separating the Art from the Science 
It should not be forgotten, however, that tl: 
is merely a matter o( arrangemenl, with a vii 
the learner's course more precise than he 
aflbrding him a better footing as he proceec 
the practice baa been, for the most part, in 
to teach the Science to one class, and the Art 
so that, whilst the Students of our Univ 
cared little for the Art, the pupils of oui 
Schools have cared less for the Science, 
me, that this divorcement of practice ani 
both unsatisfactory and unnecessary ; and 
reason can be alleged, why either the Ur 
dent's excellent knowledge should fail, as ii 
fix a distinct impress upon practical Art, oi 
skilled workmanship be constantly marred b 
done to the true principles of Science. My 
been, therefore, to do something towards 
and Science together again, so far as tc 
better friends, not by jumbling the two tog 
assigning to each its distinct duty, and so 
that they mngl mutually assist each other, 
although admitting the value of good ins 
a dexterous handling of them, I have nev( 
instance in the following Fart supposed t 



id. How far I may be able, in the 
lesign, to effect a breach in the 
liar education, fortified as it is by 
!, I know not ; but perhaps it may 
)r8 at least to a wholesome jealousy 
every book published in England 
ara, combining Art and Science for 
lass and artisans, not less, I believe, 
ave been published both in France 

T. L. 
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PABTn. 
GEOMETRY AS AN ART. 



94. Geometby as an art is the practical app1ica« 
tion of * Geometry as a Science'^ and is sometimes called 
* Practical Geometry*, by 'which is meant Geometry in 
Practice. 

This practical application consists in dcnng those 
thinj^s, -which in Part L it has been shewn mojf be done, 
according to strictly defined geometrical notions and prin* 
ciples. For example^ in the former Part a square was 
defined to be ^ a parallelogram, ivhich has all its sides 
equal and all its angles right angles"; in this Part such 
a construction is required to be aciwdly made under cer« 
tain given circumstances. Also^ generally^ the Proposi- 
tions demonstr^ed in the former Part are in this required 
to be Iknown, and put to use^for purposes of Construction 
and Design ; and that without any respect to order or 
precedence^ such Proposition being always taken, wherever 
It may stand in the former Part, as we judge will most 
readily and efficiently serve our purpose in this. 

95. In stiict Geometry, be it remembered, a point 
has no magnitude, neither length, nor breadth, nor thicks 
ness. A line also has length only, and neither breadth, 
nor thickness. And, in practice, tne nearer we can bring 
oar points and tines to tnese definitions the more strictly 
correct will be the work depending upon them. For, if 
tiiat, which should be a fine point, be in fact a cirde oC 
considerable sase, then in measuring from sudi a point, 
or in joining two such points by a line, it is obvious that- 
we diould be liable to considerable err<Nr. In like man* 

PART II. I 
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net, if we make lines broad and coarse instead of fine^ 
then, in the case of such lines intersecting each other, the 
j)oints of intersection cannot be accurately marked, and 
therefore plainly any measurements from such points will 
be subject to error. And so in other cases, where poinU 
and lines require to be actually traced. 

Hence, although perfect accuracy is really unattaina* 
ble, it is plain, that, in the application of Geometry to 
practical art or design, correctness of construction is mof/ 
nearly attained where the precision of the Geometrical 
Definitions is most closely regarded. 

96. But before Geometry can be put in practice, 
certain Tools or Instruments are required, of which 
we will here give a short description :— 

(1) The Pointed Pencil, or Pen, or other marker^ 
is used to trace out lines and to mark points on paper, or 
1[)oard, or other surface. It is only requisite for accurate 
workmanship that the marking point be kept d&Jlne as 
possible. 

(2) The Flat-Ruler, or Straight-edgs, is used 
for drawing straight lines on a given plane surface; and 
for determining whether lines already drawn be straight; 
and for some other purposes. It is made of various 
substances, but generally of wood, the only essential 
requisite being that it shall have one edge^ or boundary, 
throughout its whole lengthy perfectly straight. This 
being the case, it is clear that a straight line may be 
drawn on any given plane surface by placing the «^ra^^- 
edge in contact with the surface, and drawing the pencil 
or other marker carefully along it. And a given straight 
line may be tested as to its straightness, by placing the 
straight-edge close along-side the line, and observing 
whether the two coincide or not with each other. 

Of course, if the ruler itself be not perfectly straight^ 
;t cannot be used to any good purpose, where accuracy 
of construction is required. But this fault, if it exist, is 
easily detected by the following simple method :-~ 

Place the straight-edge in close contact with any 
plane surface, as paper or board, and draw a straight line 
alon^ it in the usual way» to the whole extent of the 
straight-edge. Then turn the straight-edge round so 
that its extremities exactly change places^ and draw a 
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straight line along it again. If the two lines thns drawn 
coincide throughout their whole extent the rtder is correct; 
hut otherwise not 

(3) The Compasses consist of two equal legs con« 
nected together bv a hinge or joint at one end of each, 
and having the other ends worked down to fine points, 
which meet closely when the leg* are brought into con* 
tact> that is^ when the compasses are shut. The hinge- 
joint works rather stiffli^, so that the legs, when left to 
themselves^ may remain fixed at any angle by which we 
may choose to separate them. 

This instrument is used for measuring off short dis« 
tances, that is> straight linet ; and 
also, when a portion of one leg is 
moveable, and replaced by a pen 
or pencil, for drawing small cir* 
des. It is obvious, that with 
such an instrument a circle of 
any given radius, within certain 
limits, may be traced. For, if the 
legs be separated so that the dis-; 
tance between their extreme 
points is equal to the given radius/ 
then hj Jtxing one point in the 
paper or board and causing th^ 
compasses to revolve round it,t 
the other point, being kept in 
contact with the paper or board, will evidently trace out 
the required circle. 

(4) The Square consists of two JUU^rulers firmly 
connected together in such a 
manner that both their inner 
and outer edges are at right 
angles to each other. 

This instrument is used 
chiefiy by masons and carpenters 
for constructing right angles, 
and for testing the correctness 
of angles which ought to be right angles. 

Whether the square itself be correct or not, may 




«aul]r be determined by the foHowing metiiod: 
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lit. To try the outer edge ; 
trace, by means of it, 
the angle SAO; ex- 
tend BA in the same 
straight line to J). 
Then turn the iquare 
round the point A, so 
that the outer edge 
which before coin- 
cided with AC now 
coincides with J D. If | 



1 any plane sur&ce 



then the outer edge jj 
of the other limb ex- 
actly coincides with AC, the tipitire is correct as to its 
outer edge ; otherwise not. 

2nd. To try the inner edge; proceed in the same 
manner, only making use of the inner edge where before 
the outer was used. 

By this method, also, the amwnt and quality of the 
error, if any, is ascer- 
tained. For, if the error 

be in defect, that is, if ; 

its angle be lett than a 
right angle, the tqvare 
will appear, in the two 
positions above men* 
tioned, as in the annexed 

fig,, where the angles , 

BAG, DAE are equal, and together fall short of fwo 
right angles by the antfle CAE. Therefore the error of 
the square is equal to half tlie sngle CAE. 

Similarly, if the error be m excen, tJiat is, if H» 
angle of the square be 
greater than a risnt angle, H Ix 

the angles drawn in the two I I 

positions of the square wilt I | 

over-lap each other, as in i I ' 

the angles BAC, DAE in l[ 

the annexed fig.; so that the [ 

two angles leather exceed jj \j_ 3 ' 

two ri((ht angles by the 
angle ' CAE ; and since they are eqnal to each atfa«v> 
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therefore, in this case also^ the error of the square is 
equal to half the angle CAE. 

(5) The draughtsman's Triangle is simply a thin 
angular piece of wood or ivory, with 
its sides accurately and smoothly 
made, so that any one of them may be 
used as a ruler, and two of them, as 
AB, BC^ forming a right angle. 

A small hole is cut through the 
instrument, that it may be handled 
and moved i^ong the surface of the 
fiaper or board more easily. 

This instrument is used, as it 
obviously may be> for drawing lines 
2& right ansles^ or perpaidicular^ to other lines ; and 
for some other purposes, aa will appear hereafter, 

(6) The Parai<I/BL-Rulb r consists of twojlat-mlers, 
similar and equal in all respects, as AB, CD which are 
so connected 
tSQgether by 
means of two 
equal pieces 
of brass, EF, 
GHy working 
loosely round 

fixed pins in the rulers at the points E^ F, G, H, that, 
when the rulers are separated, both their outer and inner 
edges are parallel to each other. 

It is reqiiisite, not only that EF should be equal to 
GH, but also that the distance EH between the pins in 
one ruler be equal to FG the distance between the pins 
in the other. In which case the lines joining the points 
R, F, Gi H always form a parallelogram (40) ; and as 
these points are equidistant from both the outer and 
inner edges in each ruler> those edges will always be 
poralleu 

Hence it is plain^ this instrument may be used for 
drawing any number of parallel straight Unety or for 
drawing one or more straight lines parallel to a straight 
Mne already drawn. 

(7) A ScALB OF Equal Parts is mostly a Flat;^ 
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ruler which has its whole length divided into a certaiit 
number of equal parts, and each of these parts again sub<» 
divided into smaller equal parts^ the several points of 
division being marked by lines across the Jace of the 
Yuler. 

The common foot-rule is an example of a Scale of 
Equal Parts, its length being divided into 12 equal parta 
called inches, and each inch into parts of an inch. 

This instrument is used for comparing one length or 
straight line with another. 

97* The above are the instruments which are in 
most common use for Geometrical purposes. Others, 
more complex, will be described hereatW. 

It seems only necessary to observe here, that the 
Workman or draughtsman is much to be blamed, who i^ 
content to work with faulty tools or instruments, when 
^e is able to procure better; seeing that very small 
errors, will often, by multiplication^ produce seriously 
defective results. In such instruments as the foot-rule,, 
and square, this will be obvious to the most common 
understanding. 

N.B. The Definitions and Propositions of Part ll 
are all assumed in this Part. * 



98. Proposition I. To draw a straight line on a 
plane surface between any two given points, 

(1) This is mostly done, if the given points be not 
too widely apart, by means of a ftat^tuler, or straight* 
edge. The ruler is placed so as to have the same edge 
exactly on both the points, and a fine pen, or pencil, is 
drawn carefully along it in contact with both the straight 
edge and the surface on which the line is required to be 
drawn. See (96). 

(2]) But, if the given points be so far apart that the 
ruler is insufficient, uien otner modes^ are adopted accord- 
ing to circumstances. Thus, it is known that light 
always travels, if uninterrupted^ in a straight; line from 
one point to another, and consequently any workman is 
readily able to determine a point a c b 
V intermediate to A and J?, 
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the two given points, which shall be in the same straigbt 
line with A and B. He places his eye at i^, so as to 
aee B, and marks a point C which appears to eclipse, or 
eoincide with, B. Then he can join A and C, and also B 
and Cy by means of his ruler, or straight-edge ; and the 
tiling required is done. 

(3) In some cases where the given points A and B 
are very distant, it may be necessaiy to lay down, by the 
eye, several intermediate points, C, D, £, &c,, and by- 
joining each contiguous pair, one continuous straight line 
will be traced from A to B. 

(4) Another mode, adopted niostly by sawyers, for 
marking out the course of the saw, is to stretch tightly 
between the points a thin cord which has been chalkea 
throughout its whole length or dipped in some marking 
materia], and then, while the ends are kept fixed, the 
cord is drawn a little from the surface of the wood and 
aUowed to recoil with, force, back again, whereby a dis- 
tinct line is tca^f^ between the two ends and sufficiently 
straight &r practical purposes. 

Gardeners, bricklayers, and others also, make use of 
^'^litly stretched cord for determining the straight line 
-which lies between any two given points. 

But in all cases where a cord is used it must lie along 
the plane surface, on which the straight line it to be 
drawn, throughout its whole extent, otherwise its own 
meighi will cause it to deviate from the straight line 
joining its extremities. 

99, Pbop. !!• To dram a circle on a plane surface^ 
about a given point in it as its centre,, and with a radius 
equal to a given straight line, 

(I) This may easily be done, within certain limits; 
by means of the ordinary compasses. Open the legs 
until their extreme points exactly coincide with the ex-« 
tremities of the given line ; then fix the foot of one leg 
on the point which is to be the centre, and by making 
the compasses to revolve round this point while the foot 
of the other leg is kept in contact with the surface on 
which the circle is to be drawn, the latter will trace out 
the circle required. 

The main thing to be attended to in this operation is» 
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that the angle by which the legs of the compasses aire 
separated does not vary throughout it ; for any change ia 
this angle will obviously profluce a corresponding change 
in the radius of the circle. Such an error^ if it existed^ 
"vould generally be discovered ^m the fact of the cir- 
cumference not returning into itsdf ; but especial care 19 
needed in this respect, whenever^ as is often the case^ 
only arcs are drawn, instead of the whole ctrcum" 
ferences. 

(2) When the radius of the circle is greater than the 
distance by which the points of the ordinary compasseM 
can conveniently be separated, another instrument is 
used called Beam-Compasses^ This instrument consists 
of a beam or 
bar, AB, in 2 

thelowerside i I 1 I i I I t L I 1 Q I 1 11 
ofwhich^near y. "s^ M 

one extremi- 

^ is Jixed a steel poifit, as ^ ; and another point, C, ia 
fixed to a clamp which slides along AB, and may be held 
tight by means of the screw D at any proposed distance 
from A, The beam beginning from the fixed point A is 
usually graduated into inches and parts of an inch. 

In using the instrument, ^C is first made equal to 
the given radius, ami the screw D made tight ; then the 
stee] point A is placed upon the point which is given for 
the centre of the circle ; and while A is kept upon that 
point, the beam is made to travel round it, having C in 
contact with the surface on which the circle is to be 
traced. It is plain, that the circle thus traced by Cis 
the circle required. 

The advantages of having the beam graduided is ob- 
vioua, because we are thus enabled, without the aid of any 
other instrument, to describe a circle of any proposed 
radius^ not exceeding the length of the beam, expressed 
in inches and parts of an inch. 

(8) When the radius of the circle la sdll greater and 
beycNid the power of the Beam^Compasses^ the circle may 
be traced by means of a cord, having a small loop at eadi 
end, and equal in length to the given radius. A pin, or 
nail, or peg, according to circumstances, is passed 
trough one loop and fixed firmly on the surface on 
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which the circle is to be traced. A mark^ ia then 
passed through the other loapy and made to trayel round 
in contact with the surface, while the cord is kept per- 
fectly tight 

100. Prop. Ill, From a given strengki Rne to cut off 
a part equal to another given straight line. 

(1) If the smaller of the two lines be within the 
range of ordinary compasses, this is readily done. It is 
only necessary to open the compasses, until they exactly 
embrace the lesser line> and then to transfer it to the 
greater line by placing one foot of the compasses, at one 
extremity of the greater line and marking the point 
where the other foot meets it. 

(2) If the smaller line exceed the range of the com* 
passes, its length may be marked by placing along it a 
straight rod, or rule, or tight cord, and then applying 
this measure of the smaller line to the greater, a part may 
be readily cut off from the latter equal to that measure^ 
that is, equal to the smaller line. 

101. Prop. IV. To bisect a given straight line^ thai 
is^ to divide it into two equal parts. 

This is done with theoretical exactness in (27) ; but 
in practice such a method would never be adopted. The 
«ame thing may be readily done thus : 

(1) I^t AB be the given line; with centres A and B^ 
and radius as great as is con- ^^^Cy^ 

Tenient^ draw two pairs of P\ 

intersecting arcs at C and 
D, on opposite sides of AB. 
Then join CD cutting AB 
in E; and AB is bisected 
in E. Or, if it be incon- 
venient to form intersecting 
arcs on two sides of AB^ di- ^ 
minnh the opening of the 
compasses, and draw both 
pairs on the same side, as at 
C and F. Join CF, and pro* 
4mc€ it to meet AB in E. 

{^ot only does CE bisect 
ABinE^ but it is also at the 
flame time at right angles to ABSJ 
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(2) The following method will serve for most purposes: 
AB the given line; place one foot of the compassear 

on the point A. and the •: ■ i i ■ ■ 

other on a pJint C in ^ ^^ ^^^ 

AB as nearly half«way between A and B as you can 
guess; turn the compasses round C, and if the foot 
which was at wd is found to fall exactly on B, the thing 
is done> because in this case AC= CB. But if not, mark, 
the point Z> in AB or AB produced, where the first foot 
meets it, so that AC^ CD; and while the other foot is 
held firmly at C extend the former to E^ the middle 
point, as near as you can guess, o£BD. With this open- 
ing of the compasses mark off BF ^ CE. And if E has 
been correctly taken the middle point of BD^ F will be 
the middle point ofAB^ as will easily be seen. 

If^ however^ the middle point o€BD has not been 
correctly marked (as it generally may be without any 
sensible error in very short lines), the process will have 
lb Ibe repeated with a still smaller line, representing the 
diffiesisioe between AF and BF ; and so on^ the line to be 
bisected ol «%&/ continually growing less. But with 
tolerable care apeiSDn who wishes to bisect a given line^ 
will, by this method^ speedSy do it,^ 

(3) Another method very commmSjwmd^bat'^fat&j^ 
arithmetical^ is as follows :-— 

To the given line apply a Scale of equal PartSy and 
note the number of its divisions over which the whole 
line extends. (This will, of course^ be most easily done 
by making the beginning of the scale to coincide with 
one extremity of the line). Divide this number by 2^ 
and mark the point where the resulting quotient is found 
on the scale in contact with the line; that point will 
bisect the given line as required. 

According to this metfao4 the Carpenter, or Builder^^ 
divides any straight line or length into two equal parts 
by means of his Foot-Rule, or Tape, The method is 
especially applicable to long lines extending beyond the 
span of the ordinary compasses* 

102. Pbop. V. To draw a straight line at right 
angles to a given straight line from a given point in it. 

This is done with theoretical exactness in (28) ; but 
the method there employed is not practically applicable 
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in every case ; for exstttfie, it cannot be used when the 
given point is at, or very near to, the end of the given 
une, and the line from its position cannot be * produced'* 

(1) In such a case, (and ^ «ame method is gene^ 
rally applicable) let AB be the 
given straight line, and C the 
given point in it^ from which 
It is required to draw a straight 
line at right ansles to AB, 
Take a point D about equidis- 
tant, at sight, from AC and the 
required line; with centre D j^ 
and radius DC describe a circle 
meeting AC in E; join ED, and produce ED to meet the 
circle in jF ; then join FC; FC is at right angles to AB^ 

For, since EF is a diameter, ECF is a semi-circle^ 
and the ^ angle in' a semi-circle is a right angle (54), 
•% zECF is a right angle. 

The Draughtsman will generally employ a more 
expeditious method than the preceding. 

(2) Either he will use his * Triangle' as a ruler (p6); 
placing it so that its side AB coincides with the given 
line, and the point B is on the given point from which 
the line at right angles to the given line is required 
to be drawn ; and then draw from the point B a straight 
line along BC^ which will be the line required. 

(3) Or,4 provided with a thin Flat-^rtder, which has a 
line accurately marked across one of its faces at right 
angles to both its parallel edges, he will place the ruler 
so that that line lies exactly over the given line, and with 
4>ne extremity on the given point. He will then draw a 
line along that edge of the ruler, and it will be the straight 
line required. 

In practice this is, perhaps, with a correct ruler> the 
most accurate of all methods ; and, if the line, as given, 
be shorter than the cross line traced on the ruler, it may 
easily be ^ produced' to begin with, until it is of sufficient 
length to shew itself on opposite edges of the ruler. 

(4) The Carpenter and Mason will generally apply 
the ' Square' for tnis purpose in a way which needs no ex* 
planation, when the 'Square' itself is understood. See (96), 

Another method, requiring a knowledge of Mensura-m 
iion, will be given in Part III. 
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103. Pbop. VI. To draw a HToighl liiu perpen- 
dicular to a given straight Un* tkrvugk a. gwe* point 
without it. 

Let AB be the given straight line ; C the given point 
without it, from which it is required to draw a straight 
line perpendicular to AB. 

(1) With centre A, and radius AC, describe a short 
arc on the other side of AB, 
and as nearly opposite as yoa 
can guess, to C. With centre 
B, and radius BC, describe 
another arc ii^tersecting the 
former in the point D. Then 
join CD meeting AB in E, 
and CE is the perpendicular 
required. 

For, joining AC, AD, BC, 
BD, the triangles ABC, ABD 
are equal in all respects; 
.: lCAE - X.DAE. Also ^ACE = iADE, since AC= 
AD (26); .'■ the remaining ^AEC =• the remaining 
iAED (37), and .-. iAEC is a ri^t angle, that is, CE ia 
perpendicular to AB. 

(2) Another Method. See the fig. in (102) ; let AB 
be the );iven line, and F the giren point without it^ 
Draw FE to any prnnt E, taken at random, in AB. 
Bisect FE in D ; with centre D and radius DE describe 
the semicircle ECF cutting AB in C. Join FC, and it 
ia the perpendicular required. 

(3) The draughtsman wilt generally use his * Tri- 
an^le', or 'Flat-ruler' with cross line, as in (108), for 
this purpose. 

He will place the Trian^ so that one of the sides 
f&niang the right angle ties 
along AB ; slide it towards the 
siven point C, keeping the 
former, side carefully on AB^ 
and when the other side passes 
through C, draw the tine CD 
along it to meet ^B in i>. CD 
it the perpendiculsr rec|aired. 

Or, if (7 be too far distant 
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Atm AB for the Triatigle, he will make nse of the 
fiat-ruler with cross line, precisely as in (102), 

{4) The Carpenter and Mason will apply the 'Square 
in a similar numner. 

104. Pkop. VII. Through a given point to dntm a 
straight line which ihall be parajlel io a given tlraight Une. 

(1) Thia is done in two ways in (36) ; and ihe latter 
method ia sufficiently practical with no other instrument 
than the ordinary ' Square, or ' Triangle. 

(S) But the same thing is most readily done by 
means of the ' PaTalUWRuler' , made for the purpose, 
unless the given point be at a greater distance from the 
given line titan the extreme width of the rvler when 
opened to its fullest extent. 

If the given prant be nearer to the line than the 
width of the ruler when elated, place the whole rider on 
ihe other nde of the given line with one edge exactly 
along the line ; then move this edge, while the other 
half of the ruler is held light, until it exactly passes 
through the given point, and draw the required lina 
along this edge in that position. 

If the point be at a distance from the line somewhat 
greater than the width of the ruler when dosed, place 
the dosed ruler helneen the point and the line, with one 
outer edge coinciding with the line ; htdd tkit light, and 
move the other outer edge until it passes through the 
point; then draw along it the line required. 

(3) Another meUutd is by means of the ' Triangle 
and ' Flttl-ruUr'. 
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Let AB be the given straight line, and C the given 
point 

Place the Triangle on the opposite side of A B to C« 
so as to have one of the sides forming the right angle 
exactly on AB* Then lay the Ruler along the hypothe- 
nuse of the Triangle^ as DE in the annexed figo^ and 
while the Ruler is held tight in that position^ slide the 
Triangle along it^ until the same side which was on 
AB passes through C* Then draw. FCG along that 
side^ and it shall be parallel to AB, and may he.produced 
both ways from F and G as required. 

FCG is parallel to AB^ because they are two straight 
lines intersected by another straight line DE, making 
the exterior angle AHD equal to the interior and opposite 
angle FGH on the same side of it (54 Cor. 1). 

(4) Another Method, With centre B, any point in 
the given line distant 
from A^ and radius 
BC, describe the arc 
CD cutting AB in D. 
With centre D, and 
the same radius as be- 
fore, describe the arc 

BE on the same side -4. J> -B 

^f AB% and ^om BE measure off, with the compasses 
or otherwise, BF equal to CD, remembering that in 
circles of the same radius equal chords subtend equal 
arcs (5S). Join CF, and it is parallel to AB, 

For CD, BF being equal arcs of equal circles, they 
subtend equal angles at the centre (59), that is, the 
alternate angles CBD, BCF are equal, .-. CF is parallel 
to AB (34). 

(5) Another Method. From the point C draw any 
straignt line CE meeting AB in ^ . ^ 
D ; and make DB^ CD. From 
E draw another line EG cutting 
AB in F, and make FG^EF. 
Join CG, and CG is the line re- 
quired. 

For the two sides EC^ EG of 
the triangle ECG are divided pro^ 
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Sriionally in the points D and JP, .*. CG is parallel to 
F(70)i 

(6) The Carpenter or Mason will employ a method 
Istill more simple >— 

By means of his ' Square* he will draw CD perpen* 
dicidar to AB; and from any other ^ 

point £ in AB he will draw £F 
id right angles to ^^, making 

EF^CB. Then join CF, and CF 

is para^/ to ilJ? (35 Cor.) ± B 

It is upon this principle of equidistance of parallel 
lines that the instrument called a joiners' Gauge is con- 
structed. 

105. Pbop. VIII. Frcm a given point in a given 
straight line to dram another straight line making with 
the firmer an angle equal to a given angle, 

(1) Let AB be the given straight line; C the given 
point in it; and JSDF the 
given angle. (The angle is 
here supposed to be giveti by 
being traced on the same plane 
as that on which the other 
angle is to be drawn.) With 
centre D and any convenient 
radius, the greater the better, 
describe the arc EF, With 

centre C, and the same radius, - ■■ 

describe the arc ijJT. Then ^ ^ ^ Jl 

with centre G and radius equal to the chord EF, describe 
an arc cutting GH In H, Join CHy and it shaQ be the 
straight line required. 

For, if EF, GH be joined, they are equal chords of 
equal circles, •*• the arcs EF^ GH are equaL and •*• 
xGCH^aEBF{59). 

(2) If either of the lines which form the given 
imgle, EDFy be in the same straight line with> or parallel 
to^ the given line, AB, then it will only be necessary to 
draw through C, (by means of the ParaUd-Ruler or 
otherwise), a straight line j9ara//e/ to the other side of the 
angle EDF. 
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106. Prop. IX. Through a gwn poin* without « 
^ven straight line to draw another straight line making 
with the former an angle equal to a given angle. 

Let ABhe the given straight line, and C the giren 
point. Through C draw CD 
parallel to AB* From C draw 
CE making with CD the angle 

DCE equ^ to the given angle gt/ JD 

(1 05). Produce JBC to meet A B 
m F, and EF is the line required. 

For the straight line BF j — ^ 
meets the parallel Snes AB, CD; 
.-. z BFC= z DCE "the given angle (34). 

107. Prop. X. To construct an equilateral triangle 
having each of its sides equal to a given straight line. 

This is done in (23) ; and no belter method can be 
adopted in practice. 

106. Prop. XL To construct a triangle with its- 
sides respectively equal to three given straight lines. 

Let A, By C, be the three given straight lines. Take 
DE equal to A. With centre 
D and radius equal to B describe 
an arc of a circle, on that side 
of DE on which the triangle is ^ 
to be drawn; and with centre 
£/ and radius equal to C de- 
scribe another arc on the same 
side of DE intersecting the 
fonner arc in F. Join DF, 
EF; and DEF is plainly the triangle requured. 

N.B. Since in every triangle any two sides are toge-^ 
ther greater than the third side (38), the given strught 
lines must be sudi that any two of them Are greater 
thum the third. 

Cob. l£A*iBsaCf the same construetion will hold, 
and the triangle is equilateral. If jB«C, the triangle i^ 
isosceles, 

109. Prop. XII. To construct a triangle i^ith tm& 
sides respectively equal to two given straight lines and an 
angle eqtial to a given angle. 
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Let A, B, be the given straight lines, and C the given 
angle. 

(1) In the case when the angle C is to be between 
the given sides, draw X)J?= A ; 
at the point D make -z BDF= z C 
(1 05), and DF^ B. Join BF, and 
DEF is the triangle required. 

(2) In the case when the 
angle C is to be opposite to one of 
the given sides, as B, proceed as 
before, but instead of cutting off 
J)F equal to B, with centre E 
and radius B describe an arc cutting DF in F* Then 
join EF, and DBF is the triangle required. 

110. Prop. XIII. To construct u triangle with two 
angles respectivelif equal to two given angles, and one side 
equal to a given straight line. 

Let A be the given straight line, and J?, C, the two 
given angles. 

(1) In the case when the 
given side is to be adjacent to 
both the given angles, take 
DB-^A; make z EBF^B (105), A 
and JL DEF=^ C. Then DEF is 
the triangle required. 

(2) In the case when the 
given side is to be opposite to one 

of the given angles, take DB^A^ jF ^ 

make z DEF^ JB : through E draw "^ 
EG making zGEF=:^ C; then through 
D draw DF parallel to BG^ and 
J)EF is the triangle required. For 
^ BFE^L FEG^zC{3i>y 

Obs. In every triangle there are six parts, three 
sides and three angles ; and of these six if Oni/ three be 
given, except three angles, the triangle is determined. 
But, it is plain that a triangle is not known, when its 
angles only are known, because an infinite number of 
difi^rent triangles may have the same or equal angles, 
as ivill easily appear by drawing tvithin any given tri- 
an^rle straight lines parallel to the sides. 

PART U« 2 
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111. Prop. XIV. To construct A right-angled tri- 
angle fvith given parts, 

l8t. When each of the two sides formuig the right 
angle are given. The construction in this case is too 
obvious to require even to be stated. 

2nd. When one side, and the adjacent acute angU^ 
are given. From one end of the given side, draw a 
straight line at right angles to it, and from the other end, 
draw another straight line making with the given side 
an angle equal to the given angle (105). These two 
lines, with the given line, will form the required triangle. 

3rd. When one side, and the opposite angle is given. 
See fig. 2 in (110); let DB be the given side; from D 
and E draw DF, EG at right angles to DB; make z GEF 
« the given angle ; DEF is the req uired triangle. For DF 
is parallel to EG, .'. zBFE- zFEG^ the given angle. 

4th. When one side^ and the hypothenuse, are given. 
Upon the hypothenuse as a diameter describe a semi- 
circle. From one end draw a chord equal to the given 
side ; and join the other end with the end of that chord. 

112. Prop. XV, From the vertex of one of the angles 
of a given triangle to draw a perpendicular upon the op- 
posite side. 

Let ABC be the given triangle. It is required to 
draw from the point C a per- 
pendicular to AB, 

Bisect AC in D; with cen- 
tre D and radius DA or DG 
describe the semi-circle AEO^ 
intersecting AB in E. Join 
CE, and it is the perpendicular 
required. 

For z CEA is an ^ angle in a semi^circle', and is there- 
fore a right angle (54). 

The same thing may, of course, be done by any of the 
methods given in (103) for drawing a straight Hne perpen- 
dicular to a given straight line from a given point with- 
out it. 

113. ^ Prop. XVI. To bisect a given angle, that is, to 
divide it into two equal angles. 

(1) Let JB^Cbe the given angle. With centre Jl, and 
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any convenient radius (the 
greater the better) describe 
an arc cutting AB in D, and 
AC in E; join DEy bisect 
DE in F^ and join AF. 
Then AF bisects the z BAC. 
For it may easily be shewn 
that z EAF^ z Di4F (24). 

(2) Most persons, in practice, knowing that in the 
same circle equal arcs subtend equal angles at the centre, 
' instead of bisecting the chord DE, would bisect the arc 
DE, and join the point of bisection and the point A, 
And the arc DE would mostly be bisected by trial with 
the compasses, since equal chords subtend equal arcs, 

(S) The following is an expeditious method of bi- 
jsectmg an angle :— 

With centre A and any convenient radius describe the 
arc DE; then with the ^ 

9ame radius and centres D 
and E describe arcs inter- 
secting in F; and join AF, 
AF bisects the angle BAC, 

The accuracy of the 
work may also readily be 

tested. For, diminishing the m -n tt 

opening of the compasses, -^ -D Jl 

if with centres D and E another pair of intersecting arcs 
be drawn, their point of intersection ought to be in AF* 

(4) Another Method by means of the ParaUel-Euler, 
Take any point D in AB ; through D draw a straight 
line DF parallel to AC, and make DF-AD, and join 
AF. The angle BAG is bisected by AF (26 and 34). 

114. Prop. XVII. To bisect the angle between tfoo 
given straight lines, when the vertex of the angle is not 
given, and cannot conveniently be determined. 

Let AB, CD be the two given straight lines, which 
cannot conveniently be produced to meet. From any 
point E in one of them, CD, draw EF parallel to the 
other, AB. Bisect z DEF by the straight line EG (1 13), 
meeting AB in G. With centres E and G, and any radius, 

2—2 
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draw two pairs of Intersecting arcs, and draw HI joining 
the points of intersection; £> 

then HI is the line required. 

For, by construction, zD^G y 
« z FEG. Also Ji FEG=^z EGB, 
since jPJ^is parallel to AB (34); 
.•. z BEG^^ EGB, and .-. the 
triangle which would be form- 
ed by producing the given 

lines to meet would be mo*- A ^ B 

celes upon base EG, Also HI bisects that base at right 
angles (101), and every straight line which bisects the 
base of an isosceles triangle at right angles will, if pro- 
duced, pass through the vertex of the opposite angle, as 
may easily be proved. 

115. Pbop. XVIII. To trisect a right angle, thdt 
is, to divide it into three equal angles. 

Let BAC be the given right angle; with centre A, 
and any radius AD, a part of yj 
AB, (the larger the better), de- 
scribe an arc of a circle meeting J? 
AB in D, and AC in E; with 
centre D, and the same radius 
as before, draw a small arc to 
intersect the former in F ; and, 
again, with centre E, and radius 
as before, another small arc to 

intersect the first in G. Join A !S~~S 

AF, AG; and the thing required is done. 

For, joining DF, and EG, AFD, and AEG are both 
equilateral tnang\e» ; .% ^ DAF^ one-third of two right 
angles (26 Cor. and 37,) that is, two-thirds of one right 
angle, and .*. z EAF, which makes up the right angle^ 
must be one-third of a right angle. Similarly, since 
AEG is an equilateral triangle, z EAG^ two-thirds of a 
right angle, and .*. z DAG ^one-third of a right angle* 
Hence z FAG which, added to these two, makes up the 
right angle, must also be one-third of a right angle. 

CoR. Hence also a quadrant, or the arc of a quadrant^ 
may be divided into three equal parts. 
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. 116. Prop. XIX. To Jind the poini which is at 
certain given distances from two given straight lines in 
the same plane. 

Ijet 'AB, and CD be the two given straight lines. 
Take any point B in AB; 
draw EF at right angles to 
AB, and equal to the given 
distance from AB. Also from 
any point G in CD draw GH 
at right angles to CD, and 
equal to the other given dis- 
tance. Through F draw FT __^^__ 
parallel to AB, and through ^ X M 

H draw HI parallel to CD ; and the point of inter- 
section, /, of these parallels is the point required. 

For, drawing through / two straight lines parallel to 
EFy GH, the proof is obvious by (40). 

117- Prop* XX. To construct a square with each 
of its sides equal to a given straight line. 

This is done in (42); but in practice it will most 
frequently be done thus : — Take AB ^ 
equal to the given length or line; ~ 
from A and B, hy means of the 
^Square', or tlie *Tnangle', draw ACy 
BD, at right angles XjoAB', and make 
each of them equal to AB. Then join 
CD; and ACDB is the square re- 
quired. 

The correctness of the work may 
always be easily tested by applying the compasses or rule 
to the opposite comers, for m a true square the diagonals 
must be equal to one another^ as well as the sides. 

118. Prop. XXI. To construct a square with its 
diagonal equal to a given straight 
line or length. 

Let ABhe taken equal to the 
given straight line ; with centres 
A and B, and any convenient 
radius greater than the half of 
AB^ draw two pairs of intersect- 
ing arcs on opposite sides o^ AB; 
join the points of intersection by 
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a straight line cutting AB in C. In this line take CU;^ 
CE, each equal to CA or CB; join ABy BD, AE, BE^ 
and ADBE is the square required. 

For, if with centre C and radius CA a circle be- 
described, it will pass through the points A^ D, B^ E; 
and each of the angles of the fig. A DEB will be the 
' angle in a semi-circle', and .-. a right angle (54). Also 
the sides will be the chords of equal arcs, and .*. will be 
equal (58). 

119. Prop* XXII. To construct a square which 
shall he equal to the sum of two given squares. 

Draw the straight line AB equal to a side of one of 
the given squares, and BC, at right 
angles to AB^ equal to a side of 
the other ; and join AC, Then con- 
struct a square whose side is equal 
to AC (117), and it will be the 
square required. 

For, since 1 ABC is a right an- _ 
gle, the square of ulC = square of A 
AB + square of BC (43). 

120. Prop. XXIII. To construct a square which 
shall be equal to the difference of two given squares. 

Draw the straight line AB equal to a side of the greater 
of the given squares ; bisect it in 
C; with centre C and radius CA ^,^-^ — -^ 

describe a semi-circle. With centre 
By and radius equal to a side of the 
other square, describe a small arc 
intersecting the semi-circle in D. '^ 
Join AD. Then construct a square 
whose side is equal to ^D (11 7), and it will be the square 
required. 

For, joining BD, ADB is a ri^t-angled triangle (54),. 
•'. square of ^i? = square of AD + square o£BD; and 
taking from these equals the square of BD, we have> 
the difference of the squares o£AB and BD^s the square^ 
of AD. 

121. Prop. XXIV. To construct a square which 
shall he half of a given square. 
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'LetABCD be the given square. 
Draw the diagonals AC^ BD, in* 
tersecting in JS. Through A draw 
AF parallel to BE; and through 
^ draw 5F parallel to il^. Then 
AJEBF is the square required. 

For, by construction it is a 
paraUelogram ; and one of its an- 
gles, viz. z AEB^ is a right angle, -^ 
since the triangles AEB^AED are 
equal In all respects ; also AE=EB ; 
.*. all its angles are righi angles, 
(4@ Cor. 2) and all its sides equal 
(40). It is also equal to the two triangles AEB, A ED, 
which are together half the square A BCD, 

122. Prop. XXV. To construct a square which 
shall be any multiple of a given square. 

Let ABCD be the given square; produce AB, AD, 
indefinitely towards B 
and D, jcvn BD; in AB 
produced take AE^BD; 
and in AD produced AF 
^BD. Draw JPG parallel 
to AB, and EG parallel to 
AD. Th&x A£GF is a 
square, and it is double of 
the square ABCD. 

Again,join£jP; take 
AH^BF, mdiAl=BF; 
complete the square 
AHKI, and it is three times the square ABCD;' and so 
on for succeeding multiplies. 

For, AEGF ^ square of ^4 JE; 
= square of JBD, 

:= square of ^j^+square of AD (43), 
■» twice the square oi AB, 
= twice ABCD. 
Also, AHKI = square of AH^ 

« square of BF, 

= square of AB + square of A F, 
= square ot AB -^^ twice square ofAB, 
» three times the square of AB ; 
and so on for succeeding multiples* 
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123. Prop. XXVI. To construct a rectangle with 
sides equal to given straight lines. 

Since the opposite sides of every rectangle are equal 
to one another (15), two straight lines only are needed 
to be given in this case. 

Draw the straight line AB equal to one of the given 
lines, and from the extreme 
points in it draw AC axtd BD 
at right angles to AB, making 
each of them equal to the other 
given line ; and join CD. Then 
ACDB is obviously the rect« 
angle required. 

The correctness of the work may be tested, as in the 
square, by measuring the diagonals AD^ BC, which 
ought to be equal to one another. 

124. Prop. XXVII. To construct a rectangle which 
shall be equal to a given parallelogram* 

Let ABCD be the given parallelogram ; produce the 
side DC ; and from the ex- j} ;g c JP 

treme points of the base AB, 
draw AE, BF perpendicular 
to DC, and DC produced.. 

Then ABFJS is the rectangle 

required. A. J5 

For ABFE is a parallelogram, and ABFE, ABCD 
are upon the same base AB, and betwem the same par- 
allels (41). 

125. Prop. XXVIII. To construct a rectangle which 
shall be equal to a given triangle. 

Let ABC be the given triangle; through C draw 
DCE parallel to AB; and 
througn A and B draw AD, 
BE at right angles Xjo AB; 
hisectAB in F, and through 
P draw FG at right angles 
to AB; AFGD, or BFGE, 
IS the rectangle required. 
, For the triangle ABCyand 
the paralUlogram ABED, 
are on the same base AB, and between the same parallels^ 
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.% the triangle is equal to half the parallelogram (41 
Cor. 2). Also, since AF = BF, the parallelograms ADGF, 
BEGF are equal to one another (41 Cor. 1), that is, each 
of them is Iialf of ABED ; •*• each of tliem is equal to 
the triangle ABC. 

126. Prop. XXIX. To construct a square which 
shall be equal to a given rectangle. 

Let ABCD be the given rectangle ; produce one side 
AB to E, making BE^BC^ 
the other side of the rect- 
angle : bisect AE mF; with 
centre F^ and radius AF^ 
describe a semi-circle AGE, 
producing CB to meet the 
circumference in 0. The 
square of BG is the square 
required. 

For, joining AG, EG, 
^ AGE is a right angle, 
being the * angle m a semi-circle\ .*. BG is a ^rnean pro» 
portional * between AB, and BE, that is^ between AB and 
BO (72 Cor. 2) ; and .-. the rectangle AB^ J8C = the 
square of BO (74). 

127. Pbop. XXX. To construct a lozenge with its 
side equal to a given straight line. 

Let A be the given straight line; take any straight 
line BC, less than twice A ; 
with centres B and Cy and 
radius eoual to A, describe 
intersectmg arcs at D and 
E, on opposite sides of BC* 
Join BD, BE, CD, CE; • 
and BDCE is the lojsenge 
required. 

The proof is obvious ; 
and there will be various 
forms, all satisfying the conditions of the question^ accord- 
ing to the assumed magnitude of BC. 

It is to be remembered) however, that the case is ex* 
dttded, in which the diagonals BC, DE are equal, 
because then the figure BDCE. will be a square, and 
not a lozenge* 
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It may also be worth remembering, that besides the' 
eommon property of equal sides, the square and lozenge- 
have another property in common, viz. that the diagonals^ 
are in every case at right angles to one another^ as may 
easily be proved. 

128. Prop. XXXI. To construct a lozenge rvith- 
given diagonals, that is, with diagonals equal respectively to- 
two given straight lines. 

Take AB equal to one of the given lines ; bisect AR 
in C; from C draw CD, and 
CE, on opposite sides of AB^ 
and at right angles to AB ; and 
make CD'^CB^^ half of the 
other given straight line. Join 
AD, AB, BD, BE, and ADBE 
is the lozenge required. 

That it is a lozenge will 
easily be shewn by (24); and 
the dia&mals are equal ta the 
given lines hy construction* 

129. Prop. XXXII. To construct a lozenge which 
shall he double of a given lozenge, and have one diagonal 
the same. 

Let ABCD be the given lozenge^ and AC the given, 
diagonal. Join ^i>, meeting ^0 in f, 

E; and produce it both ways to F 
and G, making DF = DE^BG. 
Join AF,AG, CF, CG, and AFCG 
is the lozenge required. 

For^ since the triangles DEA, 
FDA are upon ecmal bases J)E, DF, A{ 
and 'between tlie same parallels V 
they are equal to one another (41 
Cor. 2) ; .*. the triangle AEF is 
double of the triangle A ED. But 
AEF is one-f&urth of the lozenge 
AFCG; and AED is one fourth 
of the given lozenge ; .•. AFCG is 
double of ABCD. 
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130. Prop. XXXIIL To explain the T square, and 
the Dramng'Board, 

(1) The Draming'-Board is a smooth board, as ABCD, 
very accurately rectangular, with 
its edges quite smooth. Upon tliis jl 
board drawing-paper is usually ~~ 
fixed, and evenly stretched, by 
means of glue or paste applied to 
a small strip of the paper all 
round, which it is not intended to 
retain in the drawing* 

(2) The T square is an in- 
strument consisting of two parts, 

one called the stock, as J5!F, into which the other, 
called the blade, is .fixed, near the middle of it, at right 
angles to BF. The blade is a thin flat-ruler, and the 
slock is somewhat thicker ; so that there is a projecting 
edge of the stock, which enables the draughtsman to slide 
the square backwards or forwards along the drarving^ 
board, keeping EF in close contact with AB^ while the 
blade continues to lie flat, in every position of the square, 
upon the drawing-paper. Thus, the blade being a ruler 
which is always at right angles to AB, it is evident that 
any number of parallel lines may be drawn along it 
on the paper which is fixed upon the Drawing-Board. 
And, again, by removing the square to one of the adjacent 
sides of the board, as AD, it is also evident that any num- 
ber of lines may be drawn at pleasure at right angles ixy 
the former, and parallel to one another. 

It is scarcely necessary to point out the advantage of 
the above combination to architectural draughtsmen, or 
to any others, who are required in the same drawing to 
trace a series of lines parallel to each other. Of course, 
for accurate work both the Dramng^Board and the. 
Square must be accurately constructed. The former 
may be tested by measuring its opposite sides, and its 
diasimals. For, in a true rectangle ABCD, ABmmCD,' 
AJD^BC, and AC^BD, the whole three conditions 
must be satisfied. Also the T square may be tested 
in the manner pointed out for the ordinary square in 
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131. Trop. XXXIV. To find the radius, and the 
centre^ of a given circle. 

Sometimes a circle is said to be given, whea the raditu is known, 
because the raditu alone is sufficient to fix the magnitude of the circle. 
It is not, however, in such case fullg given, unless the poHiion of the 
centre be also known. Here the circle is supposed to be given by 
being simply presented befoee our eyes, without either centre or radiiu 
marked upon it. 

(1) Two methods of finding the centre are given in 
(50)y both sufficiently practical. The first method may 
be applied to any arc, or segment, of a circle^ as well as 
to a whole circle* 

(2) Of coarse, when the centre is found, any straight 
line drawn from it and terminated by the circumference 
is the radius. 

(3) If the given circle be such, that no straight lines 
can be drawn within it, as a circular fish-pond or the 
mouth of a coal-pit, the radius may still be found by 
taking certain measurements^ as will be shewn in Part 
III. on Mensuration. 

132. Prop. XXXV. From a given arc of a circle to 
cut off a part equal to another given smaller arc of the same 
circle, or of a circle with the same radius. 

Let ABhes, given arc from which it is required to cut 
off a part equal 
to Ci>, another 
given arc with 

the same radius. ,//^ \ ^ 21 

Join the chord 
CD; then with 
the centre A^ and radius equal to the chord CD, describe 
a small arc cutting the otq AB m E ; the arc AE is the 
arc required. 

For, drawing the chord AB, the chord AE^^ chord 
AB ; and equal chords in the same circle, or in circles of 
equal radii, subtend equal arcs (58); .*. arc AE — arc CD* 

133. Prop. XXXVI. To bisect a given arc of a 
circle. 

Let A and B be the extreme points of the arc which, 
it is required to bisect. With centres A and B^ and any 
convenient radius greater than half the chord AB, de- 
scribe two pairs of intersecting arcs on opposite sides of 
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the chord AB^ and let C, 2> be the 
points of intersection. Join CDy 
meeting the arc AB in E; the arc 
AB is bisected in E» 

For, joining AB^ AE, BE, let ^ 
CD meet the chord AB in F; then, 
by (101), CD bisects AB in F^ and 
is at right angles also to it ; •*. the 
triangles AFE^ BFE, are eaual in 
all respects (24); and .*. the side AE-ihe side BE. 
But equal chords in the same circle subtend equal arcs 
(58); .•. arc AE- arc BE. 

If the point C fall on the same side of the arc AB as 
D, then CD being joined, DC must be produced to meet 
the arc in E. 

Or, if for want of room, or other cause, the tmo pairft 
of intersecting arcs cannot be drawn on opposite sides of 
the chord AB^ they may be drawn on the same side in 
the manner pointed out in (101). 

134. Prop. XXX VIL To construct a circle whose 
circumference shall pass through, 1st, two given points, and 
2nd, three given points. 

(1) Let A and B be two given points. With centres A 
and B, and any convenient radius 
describe two pairs of intersecting 
arcs ; join the points of intersec- 
tion, D, E, and any point in DE^ 
or DE produced, bemg taken for //^ \ / ^^ 
the centre, if a circle be described 
to pass through A, it will also 
pass through B. 

For DE bisects AB at right 
angles (101), and therefore passes 
through the centre of any circle 
of -which A B is a chord (4g). 

(2) Let C7 be a third given point; proceed as before 
•with the two points B, C, drawing FG to bisect the line 
DC at right angles* Produce FG and DE, if necessary, 
till they intersect in O. With centre O, and radius OA^ 
describe a circle, and it shall pass through A, B, and C. 

For the centre of every circle, which can be made to 
pass through A and B, is in DEy or DE produced ; and 
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the centre of every circle, 'which can be made to pass 
through B and (7, is in -FG, or FG produced. And the 
only point which these lines have in common is their 
point of intersection ; that is, the only circle which can 
at the same time pass through A and B^ as well as B 
and C, is that which has for its centre. 

N. B. The only case in which this construction will 
fail is^ when the three given points are in one and the 
same straight line. In that case the lines DE, FG will 
be parallel^ and .% will never meet in a point O. 

C OR. 1 . Any number of circles * can be drawn through 

one given point, or two; but no more than one distinct 

circle can be drawn through three given points. Hence 

three points , given in the circumference of a circle, are suf^ 

Jicient tojix both the magnitude and position of the circle. 

Cor. 2. Hence, also, no two distinct circles can cut 
one another in more than two points. For, if they could 
cut one another in three points, then assuming those 
points for the three given points of the Proposition, two 
distinct circles would be drawn through them, which, by 
Cor. 1, is impossible. 

135. Prop. XXXVIII. To draw a straight line 
* touching* a given circle^ 1st, from a given point in the 
circumference, and ^nd^from a given point without it. 

(1) Let be the centre of the given circlet, and J. 
the given point in the circum- 
ference. Join OA, and draw AB at 
right angles to OA ; AB touches 
the circle at the point A. 

The proof is given in (55). 

(2) When the given point is 
without the circumference, apply 
the method ^iven in (56). 

N. B« The application of this 
Prop, is of constant occurrence in Mechanical Drawing ; 
and requires to be strongly impressed upon the beginner, 
because it appears, at first sight, so easy a matter, with- 
out any theory, to draw a straight line touching a given 
circle; whereas, out of the numberless straight lines, 

* Here, and in numerous other places, we use the word cirofe, for 
shortness, when we really mean the circumference of the circle (19). 
^ The centre is either at once given, or may be found by (pO). 

f 

* 

\ 
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^hich may be drawn through the giveu point, only one 
in the 1st case^ and two in the Snd case^ will really touch 
the circle ; and, so far from being etisy, it is barely jsof^ 
ble, to guess at a true tangent of a cirde by the eye. 

136. Prop. XXXIX. To draw a tangent to a given 
-circle which shall also be parallel to a given straight line. 

Let AB be the given straight line ; and find O the 
•centre of the given circle. 
Draw OC perpendicular to 
AB, meeting AB in C, and 
the circumference of the cir- 
cle in 2); through X) draw 
jB'i>J^parallel to^ Aand JS'DF 
shall be the line required. 

Or, produce Di) to meet 
the circumference in G^ and 
through G draw HGI paral- 
lel to AB^ or at right angles 
to BG; then HI is the line 
required. 

For, since z ACO is a right angle, and ED is parallel 
to AC, .-. j^BDO is a right angle (34 Cor. 4); and 
.•. BD touches the circle at D {55). Similarly, HG 
touches the circle at (r, and is parallel to AB. 

137- Prop. XL. To draw a tangent to a given 
-circle which shall also make with a given straight line an 
Mngle equal to a given angle. 

Let ^^ be the given straight line; take any point C 
in ABy and from C draw 

CI> making with AB an -4 € H B 

^ angle equal to the given 
angle (105). Find O the 
centre of the given circle, 
and draw OE perpen- 
dicular to (72>, meeting the 
circumference of the circle 
in F. Through F draw 
GFH parallel to CD, or at 
Tight angles to OF; then 
OFH is the tangent required* 
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For, it touches the circle at F^ since ^ OFG is a right 
angle {55), and, since it is parallel to CD, c AHG ^ 
z ACD (34) = the given angle. 

138* Prop. XLI. To draw a'straight line nhkh shall 
touch each of two given circles. 

There will be two cases of this Prop. Ist, when the 
touching line is wholly on one side of the line joining the 
centres of the circles ; and 2nd, when it crosses that line. 

Let 0, o, be the centres of the two given circles, of 
which the greater has 
O for its centre, and, 
for the 1st case, with 
centre O, and radius 
equal to the difference 
of tlie two given radii, 
describe a circle, and 
draw from the point o a 
straight line oA touching 
this circle in the point 
A {56) ; through A draw OAB meeting the circumference 
of the larger circle in B ; through B draw Bh^ parallel 
to oA^ meeting the smaller circle in h; then Bo is the- 
straight line required. 

For, since z OAo is a right angle {56), and Bb is- 
parallel to oA, •*. also / OBh is a right angle ; and 
•*• Bh touches the larger circle at the point B (55). 

Again, joining oB and oh, since Bh is parallel to oA,. 
and AB—oh, the triangles ABOy oBh are equal in all 
respects, and v. z o6^ = z o^B» a right angle, •*. Bb 
touches the smaller circle at h {55), 

In the same manner another straight line may be 
drawn on the opposite side of Oo touching the two given 
circles, as Cc. 

2nd case, when 
the common tan- 
gent is required 
to cross the line 
joining the cen- 
tres of the circles. 

With centre o, 
and radius equal 
to the sum of the 



tf',.'" 




* 






OQNfirntucnoNs. 121 

given radii^ describe a cirde, and draw from a straight 
line Oa touching this circle in the point a (56), Join oa, 
intersecting the circumference of the smaller circle inb; 
through b draw bB, parallel to Oa, meeting the larger 
circle in ^ ; then Bb is the straight line required. 

The proof is similar to that in the first case. Also a 
second tangent may be drawn comn^on to the two given 
circles, as Cc, by drawing the second tangent from to 
the circle whose radius is oa. 

N. B. These constructions are of great practical 
value, seeing that they are the exact representations of 
the modes employed in machinery for communicating 
motion by means of pulleys and cords, or drums and 
bands. 

139. Prop. XLIL To draw a circle of given radius 
touching each of two given straight lines. 

Let AB, CD be the two given straight lines. From 
any points JS, and G, in AB and 
CD draw EF, GH at right 
angles to AB and CD respec- 
tively, making £!F = HG=^the 
given radius. Through ^and 
H draw FI, HI parallel to AB 
and CD respectively, intersect- 
ing one another in /. Then 
with centre /, and the given 

radius, describe a circle, and it shall touch both AB and 
CD. 

By drawing from / straight lines parallel to EF^ and 
GH, the proof is obvious (40). 

If the given strwght lines be parallel, the problem is 
not possible except in the particular case when the given 
radius is equal to half the perpendicular distance between 
the parallels. 

The given lines may be at right angles to each other, 
and the above construction still holds. 

140. Prop. XLIII. To draw a circle which shall 
touch each of three given straight lines. 

(I) Let the three given straight lines be produced 
until they meet in A, B, and C, forming the triangle 
PART n. 3 
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!Ct the angles BAC, ABC by the stxsigbt linei 

itersectin); in J). From ^ 

S perpendicular to AB; 

entre D and radius HE 

circle. This circle shall 

le required. 

■ DF, DG be drawn 

liar to BC. AC respec- 

)ay easily be shewn that DE—DF = DG, and 

at E, F, and G are right angles by construction ; 

?, AC touch the circle at the points E, F, G 

aother case. If it be inconvenient to produce 
lines to their points of intersection, so as to 
.ngle, or if two of them be parallel, so that they 
tt, nearly the same methoa may be applied as 

t, BC, CD be the three given straight lines, of 

meets the other two 

, forming the angles 

D. Bisect the angles 

■D by the straight 

CO, intersecting in 

O draw OE perpen- 

tB. Then with cen- 

radius OE, describe 




id it shall be the circle required. 

rawing OF, OG perpendicular to BO, CD 

ly, and joining OB, OC, it will easily be shewn 

0F=^ OG, and the angles at E, F, G are right 

construction. 

It case is Euclid's Proposition "To inscribe* a 

given triangle". 

Paop. XLIV, To draw a circle whote circum' 
U pats through a given point, and touch a given 
le at a given point in it. 
t be the given straight line ; C the given point 

A circle ii 'iiucriied' iu a rectiliDeal S^re (not Dierdf 
ivn wulAin die Bgaie, but) when eocA ude of (be figure 
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in it; D the other given point 
through which the circle is to 
pass. Join CD ; bisect it in £ ; 
draw EO at right angles to CD, 
and CO at right angles to JB. 
With centre 0, and radius OC, 
describe a circle^ and it shall be 
the circle required. 

For, since CE^ED, and t 
z CEO is a right angle, EO 
must contain the centre of every circle of which CD is a 
chord (49 Cor.). Also, since CO is at right angles to AB^ 
the circle, whose centre is and radius OC, touches AB 
in the point C (55). 

142. Prop. XLV. To dram a circle whose drcum" 
ference shall touch each of two given parallel straight lines, 
and pass through a given point between them. 

Let AB^ CD be the two given parallel straight lines; 
and ^ the given point 

between them. In AB ^ ^ ^l 1> 

take any point F^ and 
draw FG at right an- 
gles to AB, meeting 
CD in G. Bisect BG 
in H. With centre 
H, and radius HF, 
describe a circle, which will touch AB, CD in jF and 
G {55). Through E draw EI parallel to AB or CD, 
meeting the circumference of this circle in /. Join FI ; 
draw EK parallel to FI, meeting AB in K. Through K 
draw KL at right angles to AB* Bisect KL in M; 
and with centre M, and radius MK describe a circle. 
This shall be the circle required. 

For, joining HI, ME, it may easily be shewn that 
ME » MK, and .*. the circle passes through E. Also the 
angles at K and L with AB and CD are right angles «* 
•'. the circle touches AB and CD. 

143. Prop. XLVI. To draw a circle of given radius 
touching another given circle. 

Let A be the centre of the given circle (see figs. 62); 
draw any radius iiC in it, and 
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1st If the required circle is to touch the other 
externaUi/y produce AC^ until the part CB produced is 
equal to the given radius of the circle to be drawn. With 
centre B, and radius BC^ describe a circle^ and it shall be 
the circle required. 

2nd. If the required circle is to touch the other 
internally^ in CA take CB equal to the given radius ; 
then with centre J5, and radius J5C, describe a circle, and 
it shall be the circle required. 

The proof in each case is obvious. 

N. B. The point of contact between two circles, which 
touch each other, is always in the straight line joining 
their centres; and the distance between the centres is 
always either the sum or difference of the radii, accord- 
ing as they touch externally or internally. 

Also, at the point of contact the circles have a com^ 
mon tangent. 

The construction in this problem represents a common 
case in mechanical drawing, the circles representing two 
toothed wheels, of which one communicates motion to the 
other. 

144. Prop. XL VI I. To draw a circle of given 
radius touching each of two given circles. 

Let 0, be the centres of the two given circles. Along 
an indefinite straight line 
mark off AB, AC equal 
to the radii of these cir- 
cles ; then mark off BD^ 
CE^ each equal to the 
radius of the required 
circle. With centre 0, 
and radius AD describe 
a small arc towards the 
point, as near as you can 
guess, where the centre 

of the required circle will J] ^J| jJJ 

lie; and with centre o, 

and radius AE, describe another arc intersecting the 
former arc in F, Join OF, meeting the circumference 
in G. Then with centre F, and radius F6, describe a 
circle, and it shall be the circle required. 

For, joining oF, meeting the circumference of the 
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other circle in H, OF = AD^AB^BD^OG + BD; 
.-. FG = BD. Also, oF^AE=^AC-^CE^oH-^BD; 
.•. FH^BD; and BX) = the fpven radius. Also the 
circles touch each other at G and H^ by (62). 

N. B. This problem requires the centres 0, o to be so 
situated, and the radii of the several circles to be such, 
that OF+oF shall not be less than Oo (38), that is, that 
the sum of the radii of the two given circles, added to the 
diameter of the required circle, be not less than the distance 
between the centres of the given circles. For otherwise 
the small arcs which determine the point F will not meet 
at all. 

If OF^oF^ Oo, F will be in the line Oo, and wQl 
be found at once by bisecting that part of Oo which lies 
externally between the circumferences of the two given 
circles. 

145. Prop. XLVIII. To draw a circle of given 
radius so as to be touched internally by two other smaller 
given circles. 

Let the straight line AB he equal to the given radius 
of the required circle ; and let 
the two given smaller circles be 
those in the annexed fig. with 
centres 0, o. Mark off BC 
equal to the radius of the former, 
and BD equal to the radius of 
the latter. With centre O, and 
radius AC, describe a small arc, 
as near as you can guess to the 
centre of the required circle, 
and with centre o, and radius 

AD, describe another arc inter- ^ ' * -^ 

secting the former arc in the 

point B. Join EO, and produce it to meet the circum- 
ference again in F. Then with centre JS, and radius .SF, 
describe a circle, and it shall be the circle required. 

For, JSF=^JSO-^OF = AC-hBC = AB; and similarly, 
EG^AB; also the circles touch one another at F and 
G, by (62). 

N.B. A similar restriction to that in (144) belongs 
to this Problem also, viz. OE + oE must not be less than 
Oo; that is, the sum of the radii of the two given circles, 
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rubtracted from the diameter of the required circle, must 
not be less than the distance between the centres of the 
given circles. 

146. Prop. XLIX. To draw an arc of a circle 
passing through three given points (not in the same straight 
line), without finding or using the centre of the circle. 

f This is required to be done in drawing the parallels 
of latitude for maps, and also in laying down railway- 
curves ; in both which cases, as well as in some others, 
the centre is often inconveniently remote.]] 

Let A, B^ C be the three given points, of which B 



lies between the other two. Through A and C fix two 
pins, pegs, or nails, in the plane surface on which the arc 
is to be drawn. Take two ' straight-edges' or 'fat-rulers', 
and lay them fiat on the surface with the edge of one 
resting on A, and of the other on C; and bring them toge- 
ther, until the same straight edges, which pass through 
A and C, intersect in the point B. When that is the 
case, fasten the rulers tightly together at their junction, 
80 that afterwards, during the operation, the angle be- 
tween them cannot vary. Then place a marker at J5, in 
contact with the surface, and while this marker retains a 
fixed position with respect to the instrument, slide the 
whole instrument on the pins at A and C, so as to bring 
the junction of the straight edges, which was at B, first 
to A and then to C, and the marker during this operation 
will trace out the arc required. 

For the curved line, whatever it be, certainly passes 
through Ay By and d and, i£ AC he joined, AC sub- 
tends the same angle at every point in the curved line, 
which is a well-known property of a segment of a circle 
(52 Cor.). 

There is an instrument called a Bevel commonly use'l 
for the above purpose by those who have frequent occa- 
sion to draw such arcs. 
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147. Prop. L. An arc, or a segment, of a circle 
being given, to complete the circle of which it ii a part. 

Let ABC be the given arc, or segment ; if the former, 
join A and C, the extreme points, 
by the chord AC. In either case 
bisect ^C in D by the straight line Ay 
BE at right angles to AC (101). 
Join AB^B being any point in the 
given arc, and bisect AB in like 
manner by the straight line FO at 
right angles to AB, meeting DE in 
O. Then with centre 0, and radius 
OA, describe a circle, and it will be the circle required. 

For, it may easily be shewn, that OA = OC = OB, 
and B is any point in the given arc ; .*. the whole arc is 
a part of the circumference thus drawn. 

148. Prop. LI. From a given circle to cut off a 
segmenty which shall contain an angle equal to a given 
afigle*. 

Let ABC be the given circle, A and B being any 
points in its circumference; 
through B draw BD touching the 
circle (135) ; and draw the chord 
BC such that z DBC= the given 
angle (105). Then BAC is the 
required segment. ( \ yj<7 

For, loining AB, AC^ i BAC 
in the alternate segment {6S) — 
JL DBC « the given angle. 

Cor. If the given angle be a 
right angle, the segment will be a semi^nrcle, which of 
course, may be cut off the given circle by drawing any 
diameter of the circle. 

If the given angle be acute, the segment will be 
^eater than a semi-circle. 

And, if the given angle be obtuse, the segment will be 
less than a semi-circle (54). 

* The learner must bear in mind the Definition of 'angle m a 
segment*; see (62 Cor.). 
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149. Prop. LII. Upon a given straight line* to con^ 
struct a segment of a circle which shall contain an angle 
equal to a given angle. 

Let ABhe the given straight line; and through the 
point A draw the straight line A C 
making with AB the angle BAC 
equal to the given angle (105). 
From A draw AD at right angles 
to AC. Bisect AB in E, by the 
straight line £0 (101), intersect- 
ing AD in 0. With centre and 
radius OA describe a circle^ cut- 
ting AG produced in D; then 
ADB is the segment required. 

For, since AC is at right 
angles to OA the radius, .*. AC touches the circle at A 
(55). And the 'angle in the segment* ADBs^zBAC 
(63) s=the given angle. 

If the given angle be a right angle, it will then only 
be necessary to describe a semi-cimle on AB as a diameter, 
and that semi-circle will be the segment required. 




INSCRIBED AND CIRCUMSCRIBED FIGURES, AND 
CONSTRUCTION OF POLYGONS. 

150. Definition 1. A Rectilineal Figure is 
said to be ' inscribed' in another rectilineal figure, when 
all the anffular points of the inscribed figure are upon 
the sides of the figure in which it is inscribed, etich upon 
each. 

Thus, one triangle is ' inscribed' in another triangle, 
not merely when the one is situated within the other, as 
in the first or second of the annexed diagrams, but when 




* A segment of a circle is defined (48) to be a portion of the circle 
bounded by an arc and its chord. The chard is sometimes called the 
base of the seg^ment, that is, it is a straight line upon whUoh the segment 
u supposed to stand. 



INSCRIBED ANB dRCUMSCRIBED FIGURES. 129 

also each side of the outer triangle has upon it the vertex 
of each one of the angles of the inner triangle^ as in the 
3rd diagram. 

Def. St. A Rectilineal Figure is said to be 'ctrcttm- 
scribed' about another rectilineal figure, when all the 
sides of the circumscribed figure pass through the angular 
points of the figure about which it is circumscribed, each 
through each. 

Thus, in the preceding diagrams, the larger triangle 
ia not 'circumscribed^ about the lesser in the 1st and 2nd, 
but only in the 3rd. 

Def. 3. A Rectilineal Figure is said to be ^ inscribed 
in a circle', when all the angular points of the inscribed 
figure are upon the circumference of the circle. 

Def. 4. A Rectilineal Figure is said to be 'circum- 
scribed about a given circle', when each side of the circum- 
scribed figure touches the circle. 

Def. 5. A Circle is said to be ' inscribed' in a recti- 
lineal figure^ when it is so drawn as to totich each side of 
the figure. 

Def. 6. A Circle is said to be ' circumscribed' about 
a rectilineal figure, when its circumference passes through 
all the angular points of the figure. 

It is important for the learner to take good heed to 
these DeJinitionSy because the words 'inscribed' and 
'circumscribed' are allowed to have only the technical 
meanings here assigned to them, whereas the tendency is 
to give them a much wider meaning, which leads to serious 
error. For instance, the careless student would say, that 
the triangle in the annexed &g, (1), is inscribed in the 
circle, or the circle circumscribed about the triangle ; but 
it is not so, according to the Definition, which requires 
that each angle of the inscribed figure have its vertex in 
the circumference of the circle^ as shewn in ^g, (2). 
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In fact, to call the circle in fL\^. (l) the circumscribing 
circle of the triangle would be to define nothing, because 
there are an injinite number of such circles, having the 
common property of passing through two of the vertices 
of the triangle ; but when we speak of the circle drcum^ 
scribing the triangle according to Definition, as shewn in 
fig. (2), we speak of a particular well-defined circle, for 
there is one suck circle, and one only (134 Cor. l). 

151. Prop. LI 1 1. In a given circle to inscribe a tri* 
angle similar, that is, equiangular, to a given triangle. 

Let ABC he the given circle; and BEF the given 
triangle. Draw the 
straight line GAH touch- 
ing the circle in the point j^ 
A; and from A draw the 
chords AB, AC, such 
that / HAC^A DBF, 
and z GAB = z DFB 

(105). JoinBC; and ABC ___ 

is the triangle required. ^ 

That ^jBC is a triangle inscribed in the circle is plain, 
because it has the vertex of each of its angles on the cir- 
cumference. Also, by {63\ z ABC = z HAC^ z DBF; 
and z ACB= z GAB^z DFJS; .-. the remaining z BAC 
= z BDF (37); that is, the triangle ABC is equiangular, 
and .-. similar, to the triangle DBF. 

Obs. Since the point A was taken arbitrarily any 
where in the circumference, there may be any number of 
such triangles, as ABC, inscribed in the circle. But they 
will all be equal and similar to one another, being dif- 
ferent only in position. 

It is also to be noted, that in the above construction 
we have the solution of the following Problem : — 

' Out of a given circle to cut the greatest triangle similar 
to a given triangle'. 

152. Prop. LI V. ^^^ a given ctVc/e /o circumscribe 
a triangle similar, that isy equiangular, to a given triangle. 

Let ABC be the given circle; and DBF the given 
triangle. Produce BF both ways indefinitely to points 
G and H; find the centre of the given circle, and draw 
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in it any radius OA ; draw 
two other radii OB and 
OC, such that z AOB 
^aHEG, and lBOC ^ 
A DFH (105). Then 
through the points A,ByC, 
draw the straight lines 
KL, LMy MK^ touching 
the circle, and KLM is 
the triangle required. 

For, that the triangle KLM is circumtcrihed about 
the circle is plain from the construction, because each of 
its sides is made to t(mch the circle. It is also similar to 
DEF ; for, in the quadrilateral A OBL the angles at A 
and B are both right angles, but all the angles of a 
quadrilateral figure are together equal to four right 
angles, .'. z AOB-hz, ALB:= imo right angles s z DEG 
+ I DEF {S0\ But zAOB^ i DEG, .% ^ ALB, or 
z KLM= z DEF. Similarly z KML - z DFE, and /. 
z LKM= L EDF {37)y that is, the triangle jK:LM is equi- 
angular to the triangle DEF, 

153. Prop. L V. In a given triangle to inscribe a circle. 

Let ABC be the given triangle; see fig. (140.) Bi- 
sect the angles BAC, ABC by the straight lines AD, 
BD, intersecting in D. From D draw DE perpendicular 
ix} AB, With centre Z>, and radius DE, describe a circle, 
and it shall be the circle required. 

For, drawing DF perpendicular to BC, and DG per- 
pendicular to AC, it IS easily shewn that DE=DF=DG; 
.'. the circle described passes through E, F, and 6r. And 
the angles at those points are right angles, .*. AB, BC, 
and AC touch the circle. 

This construction contains the solution of the follow- 
ing Problem :— 

' To ciU the greatest circle out of a given triangle. 

154. Prop. LVI. About a given triangle to circum* 
scribe a circle. 

This is the same construction as that which occurs in 
(1S4) where we construct a circle to pass through three 
given points. Here the given points are the vertices of 
the three angles of the given triangle. 
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155. Prop. LVII. In a given circle to inscribe a 
square. 

Let ABCD be the given circle; the centre; draw 
two diameters AC, BD at right angles j^ 

to each other. Join AB, AD^ CB, CD, 
and ABCD is the square required. 

For, since A C, BD are diameters 3 
of the circle, each of the angles of the 
figure ABCD is the ' angle in a semi- 
circle', and is .*. a right angle (54). 
Also J. C BD divide the circumference 
into four equal parts, .*. AB^ AD, CB^ CD are chords of 
equal arcs, and .*. are equal to one another. 

CoR. If each of the arcs AB, BC, CD, DA be 
bisected (1 33)y and chords be drawn from the corners of 
the square to each point of division, a regular octagon will 
be inscribed in the circle. 

This construction shews us how ' to cut the greatest 
square, or octagon, out of a given circle'. 

166. Prop. LVIII. About a given circle to circum- 
scribe a square. 

Let ABCD be the given circle; the centre; draw 
two diameters A C, BD at right angles 
to each other ; through the points A, 

B, C, D draw FE, FG, GH, HE 
touching the circle; EFGH is the 
square required. 

For, by (55) the angles at A, JB, 

C, D are right angles ; also, by con- 
struction the angles at are right ^ 
angles ; and all the angles of any four-sided figure are 
together equal to four right angles : .*. each of the angles at 
B, F, G, H is a, right angle. Again, by (34 Cor. 2) 
FE is parallel to BJ), and to GH ; also FG is parallel to 
AC, and to FJH; .-. EFGH is a parallelogram, .-. ^F- 
GH=^BD (40); and FG^EH^AC; but AC^BD^ 
.'. EF^FG^ GH= HE; and .-. EFGH is a square. 
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157* Prop. LIX. In a given square to inscribe a circle. 

See fig. in last Prop. Let EFGH be the given square. 
Bisect each of the sides EF, FG in A and B ; through 
A draw AC parallel to FG ; and through B draw BD 
parallel to J5!F, intersecting kC in 0; then with centre 
0, and radius OA, describe a circle, and it shall be the 
circle required. 

For^ since each of the foursided figures are, by con- 
struction, parallelograms^ it may easily be shewn that 
OA = OB=OC^ OD, and that the angles at A, B, C, D 
are right angles. Then it follows, that the circle touches 
each of the sides of EFGH^ and is .*. ' inscribed' in it. 

This construction shews us how ^ to cut the greatest 
circle out of a square'. 

158. Prop. LX. About a given square to circumscribe 
a circle. 

See fig. in (155\ Let A BCD be the given square. 
Draw the diagonals AC^ BD^ intersecting in 0. With 
centre 0, and radius OA describe a circle, and it shall be 
the circle required. 

For, by (40 Cor. 2) AC, BD bisect each other in ; 
.-. since J C = BD, OA^OC^OB^ OD, and .-. the circle 
with centre 0, and radius OA, will pass through By C, D, 
as well as A. 

159. Prop. LXI. In a given circle to inscribe a 
regular pentagon. 

Let be the centre of the given circle ; draw OA any 
radius, and OB another radius at 
right angles to OA, so that AB is 
an arc of a quadrant of the given 
circle. Divide the arc AB into 
Jive equal parts * ; and let AC be 
the first of such parts, reckoned 
from A, Join BC; then draw the 
chords BD, CF, FE, each equal 
to BC; smdjoin ED. BDEFC 
shall be the pentagon required. 

For, by construction it is a^ve-sided figure; and ^bur 
of the sides are made equal to one another. Also, ED, 
the remaining side, is the chord of the arc, which remains 
after taking from the whole circumferenceybttr-^/^Aj of 

* This may be done by trial with the compuses ; see ( 169). 
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the arc of a quadrant^cwr times ; for BC isfour-^fihs of 
AB, by construction ; that is> the arc ED = the difference 
between four quadrants and 3^ quadrants ^four-Jiflhs of 
a quadrant = arc BC; .*. BDEFC is equilateroL It is 
also equiangular^ since each angle is the angle in one of 
five segments all of which are equal to one another. 

The accuracy of the work may be tested by observing 
whether the diagonals DF, DC, BE, BF are all equtd to 
one another, as they ought to be. 

CoR. If G be the third point of division from A, that 
is, the second from B, by joining BG and continuing equal 
chords round the circle, we inscribe a regular decagon in 
the circle. 

This construction shews us how ^ to cut the greatest 
regular pentagon or decagon out of a given circle', 

160. Prop. LXII. In a given circle to inscribe a 
regular hexagon. 

Let be the centre of the given circle; draw OA any 
radius ; and beginning from A, draw 
AB, BCy CD, DE, EF five conse- 
cutive chords each equal to OA; 
and join FA. ABCDEF is the 
hexagon required. 

For, hy construction it is a *f j?- 
sided figure, and^ve of its sides are 
made equal to one another. Also, -^ 
joining OB, OC, CD, OE, OF, it 
is plain that each of the triangles 
OAB, OBC, OCD, ODE, OEF is eauilaieral, and .-. each 
of the ^ve angles at is one^third of two right angles 
{SI), that is, one-sixth of four right angles; and .*. the 
sum of them is Jtve-sixths of four right angles. But 
A AOF makes up the whole four right angles about the 
common vertex (30 Cor. 2), .*. a AOF ^ one-sixth of 
four right angles; and .*. the chord AF^eaxh of the 
other chords ; and ABCDEF is equilateral. Again, it 
is equiangular, because all the angles are angles in equal 
segments of the same circle. 

CoR. If BD, BF, DF be joined, BDF is an e^i*i- 
lateral triangle ' inscribed* in the circle. 

This construction shews us how * to cut the greatest 
regular hexagon, or equilateral triangle^ out of a given 
circle'. 
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161. Prop. LXIII. In a given regular polygon of any 
number of sides to inscribe a circle. 

Let AB be a side of the given polygon ; and bisect 
each of its angles at A and B by 
the straight lines AO, BO^ intersect- 
ing in 0. Prom draw OCy per- 
pendicular to AB; with centre 0, and 
radius OC, describe a circle, and it 
shall be the circle required. 

For the proof of this, see (87 Cor. 3). 

162. Prop. LXIV. About a given regular polygon of 
any number of sides to circumscriSe a circle. 

Let AB be a side of the given polygon, as in (l6l) ; 
and bisect each of its angles at A and B by the straight 
lines AO, BO^ intersecting in 0. With centre 0, and 
radius OA describe a circle, and it shall be the circle 
required. 

For the proof of this, see (87 Cor. 1). 

163. Prop. LXV. To construct a regular pentagon 
with each of its sides equal to a given line or length. 

Let AB be the given straight line or length; with 
centres A and B^ and radius 
AB, describe two arcs, some- 
what greater than those of 
quadrants^ on that side of AB 
on which the pentagon is to 
lie^ and two small arcs on the 
other side intersecting in the 
point /. Draw the indefinite 
line ID, through the inter- 
sections of these arcs; and 
through B draw BH parallel 
to ID, and meeting the cir- 
cumference of one of the circles 
in H^ so that ABH is a quad^ 
rant. Divide the arc AH into 
Jive equal parts, marking the 
second division F, and the fourth G, reckoning from A. 
Make the arc HC, on the other side of H, equal to the 
arc HG (132). Join 5C, BG, BF; produce BF to meet 
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the arc^ whose centre is A,inE: and produce BG to meet 
ID in D. Then join CD, DEy E4 ; and ABODE is the 
pentagon required. 

For, joining AC, AD^ BE, each of the angles AEB, 
ADB^ ACB may easily be shewn to be two^fths of a 
right 'angle ; .'. these angles being on the same base AB, 
and equal to one another, they are * angles in the same 
segment', that is, A, B, C, D, E are points in the cir- 
cumference of die same circle. Supposing this circle 
drawn, since z EBD=tfvo^/lflhs of a right angle = z CBD 
8 z ADB, and since equal angles, whether at the centre 
or circumference, in the same circle are subtended by 
equal chords, .-. ED = CD = AB; and BC=AB^AE; 
/. ABCDE is equilateral. And it is also equiangular, 
for z ABC was made equal to six-fifths of a right angle 
(86 Cor. 1), and each of the other angles will easily be 
shewn to be equal to this. 

164. Prop. LXVI. To construct a regular hexagon 
with each of its sides equal to a given line or length. 

Let AB be the given line or length ; produce it both 
ways to a, and b, making Aa^ Bh 
^AB. Upon ab describe an equi- 
lateral triangle (23), on that side of 
it on which the hexagon is to lie ; 
and divide each of the sides be, ac, 
into three equal parts in the points 
Ci D, and E, F. Join AF, BC, 
DE, and ABCDEF shall be the 
hexagon required. 

For the triangles AFa, BCb, DEc being equilateral 
and equiangular, and equal to one another in all respects, 
the proof is obvious. 

This construction enables us to lay down a regular 
hexagon on the ground with remarkable ease and certainty. 
For it may be done evidently with any long staff, or 
tape, or chords only^ on which the given length of the 
side is marked. 

165. Prop. LXVII. To construct a regular octagon 
'vith each of its sides equal to a given line or length. 
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Let AB be the given line or length ; produce it in* 
definitely to b; from A and B 
draw AF, BE at right angles to 
AB, on that side of it on which 
the octagon is required. Bisect 
z JSBb by the straight line BO^ 
making BC equal toAB, (If the 
compasses from the first be set to jg||^ 

AB, they will need no change 
through the whole operation ; for 
the angle EBb may be bisected 
with that radius as well as any other.) Through C drawC D 
parallel to BE, and equal to AB ; with centre D describe 
an arc cutting BE in JS; through E draw EF parallel 
to AB ; through F draw FG parallel to £C, and equal 
to AB ; through G draw GH parallel to AF^ and equal 
to AB; and join AH. ABCDEFGH is the octagon 
required. 

For all the sides, except AH, are made equal to one 
another; and by joining HF, and BD, the triangles 
AFH, BED may easily be shewn to be equal in all 
respects (24); and .\ AH=^DE^AB. .\ ABCDEFGH, 
which has eight sides, is equUaieraL It is also equi-angu^ 
lor; for / ABC, by construction, is equal to one right 
angle and a half. Also, z DCc = d, EBC (34) = half a 
right angle, .*. jl BCD » one right angle and a half (30) 
«= z ABC, And the same may be proved of the other 
angles. (See 86 Cor. I). 

166. Prop. LXVIII. To cut the greatest regular 
octagon out of a given square. 

Let A BCD be the given square. Draw its diagonals 

AC, BD intersecting in E. With 
centred and radius AE, mark off -^ 
AF in AB; and i^G in AD; and 
do the same from each of the 
other comers, so that AE^AF 
= AG^BH^BJ= CK^ CL^DM 



^DN. JomFL,HN,KG,MI, ji 
and IFLHNKGM shall be the 
octagon required. 

For, since the sides of the i j 
square are equal, it is obvious 
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enough from the construction, that IF= HL = KN= GM. 
But it is not so obvious that the alternate sides are equal 
to these and to one another, for instance that GK^KN, 
To prove this, join EG, EK, EN. Then, since AG ==AE, 
zAGE^z AEG (26) ; and zEAG = half a right angle, 
.'. z AGE + z AEG^ one right angle and a half (37)» 
and .•, ^AGE= three-fourths of a right angle. But 
DG=DK, .-. zDGX=halfa right angle, .-. z EGK^ 
three-fourths of a right angle. In the same manner it may 
be shewn, that z EKG = z EKN^ three fourths of a right 
angle = z ENK ; .•. the two triangles EGK, EKN have 
two angles in one equal to two angles in the other, each 
to each, and one side common, .*. the triangles are 
equal, and the sides are equal which are opposite to equal 
angles (39), that is, GK^ KN, The same may be proved 
for any other two adjacent sides of the octagon ; .*. it is 
equilateral. It is also equi-angular, since each of its 
angles is obviously equal to one right angle and a half. 

167. Obs. Constructions have now been given for 
regular figures of 3, 4, 5, 6, 8, and 10, sides. Of course, 
by bisecting the arcs of the circumscribing circle sub- 
tended by these sides in any case, a regular polygon of 
double the number of sides is obtained, that is, we can 
add to the above other polygons of 12, l6, and 20 sides ; 
and again, by subdividing, we have polygons of 24, 32^ 
and 40 sides; and so on. It is to be observed, that, 
while we do this, we at the same time divide the circum* 
ference of a circle into as many equal parts as the polygon 
has sides ; and thus the whole circumference of any circle 
may be minutely and equally subdivided in a great vari<* 
ety of ways. But it is not true, that we can in this way 
divide the circumference of a circle into any proposed 
number of equal parts, because in attempting this we 
shall often find ourselves brought to the necessity of tri- 
secting an arc^ a problem for which no strictly geometri- 
cal solution has yet been discovered. We can trisect 
some particular arcs, as the arc of a quadrant, of a semi- 
circle, and of a whole circle, but not of any arc ; and so 
we are hindered from effecting with theoretical exactness 
that minute subdivision of the circle which is in common 
use for scientific purposes. The consequence is that, for 
most practical purposes, both whole circumferences of 
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^ven circles, and given arcs are divided into equal parts 
hi/ trial, either with the ordinary compasses alone, as in 
(169)9 or with the help of another circle which is itself 
already graduated, called a Protractor. Such an instru- 
ment, and its use^will be explained in Part III. 



PROPORTIONAL LINES AND AREAS. 

168. Prop. LXIX. To divide a given straight line 
into any proposed number of equal parts, 

« (1) This may be done, in most cases, by trial with 
the compasses alone without any appreciable error. Thus 
let AB be the given line, which is required to be divided, 
suppose, into 5 equal parts. Make a guess at the 5th part 
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o£AB ; take this distance in the compasses, and step along 
AB from Ato B. If in the 5th step the foot of the com- 
passes falls exactly upon B, then, by marking each step 
on the line, the thing required is done. — But it is more 
probable, that the given line will not be thus equaUy 
subdivided at the first trial* The 5th step of the com- 
passes will be more likely either to fall short, or pass 
beyond, the point J5, by the short length JBC. Then, if 
this short length be divided into 5 equal parts by the eye, 
(which may be done with sufficient accuracy for most 
practical purposes), and one of such parts be added to 
the distance in the compasses, or subtracted from it, as 
the case may be, then with the distance so corrected step 
along A By and it will divide AB into the required number 
of equal parts. 

(2) The theoretically exact method of doing the 
same thing is given in (68) ; and another method of a 
similar kind is as follows : — Let AB be the the given 
straight line which it is required to divide into 5 equal 
parts. From A draw A I making any acute angle with 
AB ; produce I A to any point C; through C draw an 
indefinite straight line parallel to AB ; and taking a 
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n the point /. Then join W, IE, IT, 
ingAB in the points d, eyf,g; andABshtSL 
y these points aa required. 
:e ICD.IAd are timilar triangles, by (71) 
Id : ID. Similarly de : DE :: Id : ID, .: 
e : DE; and, alternately, Ad: de :: CD: DE 
But CD = DE, .: Ad = de. In the same 
lay be shewn, that (fe=e/"=^=^B. 

)ther still more ingenious method, which 
ely the drawing of any parallel line, is u 

te extremity A of the given line draw an 
raight line, making any acute angle with 
't equal steps with the com- 




A B from either A or B, the given line is 

equired. 

ning BD, since ED = DC, and EB^BF, 

\EC, EF of the triangle ECF are divided 

ly in the points D and B; and .•. BD ii 

?F. Again, in the triangle ABD, since GC 

» BD, AG : AB ;: AC : AD (70 Cor.); but 
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AC is made four-fifths of AD, .\ AG \% four^jijlh* of 
AB; and .*. BG is one-Jifth o£ AB. 

169. Prop. LXX. To divide a given arc of a circle 
into any number of equal parts. 

Since equal chords in the same circle subtend equi^ 
arcs (58), this may be done by trial, with the compasses^ 
in the same manner as it was done for a straight line by 
the 1st method in (l68); and^ as was stated in (16*7}* 
there is no geometrical method theoretically exact^ and 
apph'cable in all cases. 

Obs. In all cases of subdividing a line^ whether 
curved or straight, by trials the operation is performed 
with the greatest exactness and the least trouble by 
using a particular form of compasses, called Hair-Comm 
passes^ or Hair-Dividers, This instrument differs from 
the ordinary compasses only in having a fine screw so 
connected with the lower half of one leg, that, by turning 
the screw, the foot of that leg is moved through a very 
small distance without disturbing the angle at which the 
legs are previously set By this contrivance, when the 
compasses have been opened so as nearly to embrace any 
required distance, we can bring the points nearer to, or 
farther from, each other at pleasure by the smallest pos* 
sible amount, with an ease and nicety, which is not 
attainable by moving the hinge of the compasses only. 

170. Prop. LXXI. To divide a given straight line 
into any number of parts which shall be to each other in 
given ratios. 

Let AB be the given 
straight line; and, as the 
process is the same what- 
ever be the numbers, let it 
be required to divide AB 

into S parts in the ratio of 

2,3,5. A T C 

From A draw an indefinite straight line making any 
acute angle with AB, With some small opening of the 
compasses set off 2-k-3-k-5^ that is, 10 equal distances 
along this line, beginning from A, Mark the 2nd point 
of division C; the 5th D; and the 10th E. Join EB; 
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and draw CF, DG both parallel to EB, meeting JB m 
F and G. Then AB is divided in the points F and G as 
required. 

For, by {69) AF : FG :: AC : CD :: 2 : 3, 

and ... FG: GB :: CD : BE :: 3:5; 

/. AF, FG, GB are in the ratio of 2, 3, 5. 

Or, if the ratios be given by straight lines, from A 
set oiF^C equal to the 1st of them, CD equal to the 2nd, 
and DE equal to the 3rd. Join EB; and draw CF, 
DG each parallel to EB, Then AB is divided as re* 
quired in the points F and G. 

Or, again, if the problem be to divide AB into the 
same number of parts, and having the same ratio to each 
other, as those into which another given line is divided, 
the process is obviously still very simple. It is only 
necessary to place the given line in the position AE, to 
join BE, and through the given points of division, C, D, 
&c. to draw lines parallel to BE,ineeimg AB in F, G, &c. 

N.B. In copying plans and drawings it often becomes necessarj 
to transfer a series of different lengths from one straight line to another, 
and, of course, this may be done with the compasses — ^bnt, in practice, 
the following method is to be preferred. Take a strip of paper, with 
one edge cut accurately straight, and of sufficient length, and lay its 
straight edge along the divided line; mark upon it with a finely 
pointed pencil the exact points which coincide with the points of divi* 
sion, and then lav the same edge along the other line to be divided, 
and it is evident tnat the required points of division may at once be 
marked upon it. 

171. Prop. LXXII. From a given straight line fo 
cut off any proposed part, as one-fifth, one^tentk, Spc, 

Let AB be the given straight line, see fig. (170); 
and through A draw a straight line making any acute 
angle with AB. In this line take a point C, not far 
from A, and make AE, on the same line, the same 
multiple oi AC, that AB is of the part to be cut off from 
it ; (that is, if the part required to be cut off from ^jB is 
one-tenth of it, make AE equal to ten times AC). Join 
EB ; and draw CF parallel to EB. Then AF is the part 
required. 

For, by (70 Cor.) AF : AB :: AC : AE, that is, AF 
is the same part of AB that ^C is of AE. Thus, if AC 
be made one-tenth oi AE, then AF is one-tenth of AB. 
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172. Prop. LXXIII. Tojind any proposed part of 
a given short straight line. 

This Problem might be supposed to be included in 
(168) ; but practically it is not so^ when the given line 
is a very short one. For neither can such a line be 
readily divided into a great number of equal parts by 
trial with the compasses, nor can a line be very correctly 
drawn parallel to it*, as required by the 2nd method. 
But the following method may be applied, however small 
the given line may be. The process being the same in 
all cases, let it be required to find the tenth part of the 
very short line AB. 

From A draw any indefinite straight line 
making any angle with AB; and with any 
convenient opening of the compasses make c\ 
ten successive steps, ACy CD, DE, EF, FG, 
GHy HI, IK, KL, LM. Join BM, and di- 
vide it into ten equal parts by the points c, d, 
^yfy g, ^. h ^y 1 1 a^d join (7c, Drf, Ee, Ff, Gg, 
Hh, li, Kk, LI Then LI shall be equal to 
the tenth part of AB, 

For, since ML is the tenth part of AM^ 
and Ml is the tenth part of BM, .*. the sides 
AM, BM of the triangle AMB are cut pro^ 
pwtionally by the straight line LI, and .*. 
AMB, LMl are similar triangles (71); and 
.-. LI : AB :: ML : MA :: 1 : 10. 




CoR. Not only do we thus determine the tenth part 
of AB, but Kk =x two-tenths, li = three-tenths, Hh = four- 
tenths, Gg =i Jive-tenths^ Ff= six-tenths, Ee = seven-tenths, 
Dd = eight-tenths, and Cc= nine-tenths, of AB, 

It is upon this principle that the 'Diagonal Scale', so 
much used in Mensuration, is constructed. The con- 
struction and use of that Scale will be explained in 
Part III. 

* Although it is one of our Postulates (20), that it, a truth to be 
granted without proof, that '^ a terminated straight line may he pro- 
duced, that is, extended, to any length in a straight line", yet in prac- 
tice a very short line cannot be ^produced* with any certain exactness 
by means of the^^ ruler, ot straight edge (a fact, which the draughts- 
man ought constantly to bear in mind); and on that account it is not an 
easy matter, when a given straight line is very short, to draw one or 
more other straight lines correctly parallel to it. 
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173. Prop. LXXIV. Tojind a fourth proportional 
to three given tlraighl linei. 

No more practical method of doing this can be given, 
than that which is found in (77). 

Also, ' to^find a third proportional to trvo given straight 
lines,' see Cor. (77). 

Again, 'tojind n mean proportional betnteen tno given 
ttraighl lines,' see Coh. 2 (72). 

Tnese constructions are of continual occnrrence. 

174. Prop. LXXV. Upon a given straight line a* 
a base to construct a triangle similar to a given triangle. 

Let ABC be the given triangle, and ab the given 



line, which is to be the base of the required triangle. 
From a draw ac making z bac = i. BAC ; and from 6 
draw ic making i abc = ^ ABC (_105). Then a6c is the 
triangle required. 

For tmo angles of the triangle abc being made equal 
to two angles of ABC, the remaining ^ac6= iACB (^37); 
.'. the triangle abc is equiangular, and .'. similar, to the 
triangle ABC. 

Or, if the straight line which is to be the base, be 
given in magnitude only, and not in position, set off on 
A.B the line AD equal to it, and through D draw DE 
parallel to BC. Then ADE is the triangle required 
(71 Cor. 2). 

This is the same Problem as that which requires us 
' Having a given triangle, to dram the same on a different 
scale'; and it is much used in that part of a Surveyor's 
business, called 'plotting', which consists in laying down 
on paper, on a small scale, the large triangles which he 
has actually measured on the Earth's surface. This will 
be further explained in Part III. on Mensuration. 

175, Prof. LXXVI. Upon a given straight line at 
a base to construct a rectangle similar to a given rectangle. 



t 



^Although it ia true, as stated 
in (TS), that all squares are timilar, 
and that triangles which are equi- 
angular are necessarily similar, it 
is not true that rectangles, though 
equiangular, are necessarily timi- 
lar; for this equality of angles 
may obviously exist without the 
sides beinjT proporlional.l 

Let ABCD be the given rect- i 

angle, and ab the given base for ^ 
the required rectangle. Draw ad, be, at rig 
to ii6 ; find a fourth proportional to AB, AD 
make ad, be each ecjual to it, and join dc. 1 
is the rectangle required. 

For, by construction, AB : AD :: ab : ad; 
opposite sides in each rectangle are equal, the si 
each of the other angles are proportional. 

176. Prop. LXXVII. Upon a given tfraig 
a base to comlruct a recliUneal figure similar 
rectilineal figure. 

Since, by (89), two similar rectilineal 




any namber of sides may be divided into 
number of similar triangles, each to each, and 
situated, let the given rectilineal figure, as A 
be divided into its component triangles by dri 
diagonals .i(7, AD,AE; and let ab be the g 
on which it is required to construct a figure t 
ABCDEF. Upon ab construct the triangle n. 
to ABC (1 74). Then upon ac construct the tri 
similar to ACD. Again upon ad the triangle ade 
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ADE; and upon ae the triangle aef similar to AEF, Then 
the whole figure abcdef shall be similar to ABCDEF ; 
and it is constructed upon the base ab. 

For^ since each of the triangles in abcdef is similar^ 
and .*. equiangular to the corresponding triangle in 
ABCDEF, it is easily seen that the rvhoU figures 
ABCDEF^ and abcdef are themselves equiangular. Also, 
the sides about equal angles are proportional, because 
these sides are the sides of similar triangles, and .*. as 
suck are proportional (71}* 

(2) Or, if the straight line, which is to be the base, 
be given in magnitude only, and not in position, draw 




b B 



the diagonals AGy AD, AE as before; in AB take Ab 
equal to the given base ; through b draw be parallel to 
BC meeting ^C in c ; draw cd parallel to CD meeting 
AD in d ; de parallel to DE meeting AE in e; and rf 
parallel to EF meeting AF inf. Then Abcdef is the 
figure required. 

The proof is obvious from (71 Cor. 2). 

177» Pbop. LXXVIII. To explain the construction 
and use of the Proportional Compasses. 

To facilitate the construction of similar figures a very 
useful instrument has been invented, called ' Propor* 
tional Compasses* . It consists of two parts exactly equals 
which are worked to a fine point at both ends, and are 
so fastened together, by means of a screw, (as seen in 
the annexed diagram) that they become a sort of double 
compasses, Aa being one of these parts, and Bb the other. 
Both limbs of the instrument have an equal groove or 
slit^ in which the screw C moves, and in any position of 
C within this groove it can be firmly tightened^ so a^ 
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to make the legs CA, CB invariable, 
and also Ca, Cb ; at the same time per- 
mitting motion round itself like the 
hinge of ordinary compasses. — C berog 
the centre of this screw or hinge, A Ca 
is a straight line, and so also is BCb, 
When the instrument is us^jed, the two 
limbs are first brought into exact juxta- 
position, so that Uie points A and B 
eoincide, and also a and 6. Then, ac- 
cording to the requirements of the pro- 
blem in hand, the centre C is fixed, 
making CA and CB bear a certain 
proportion to Ca and Ch, (This is done 
by means of k graduated scale on the 
instrument itself). Having thus fixed 
the legs in a certain proportion, any 
distance AB will bear the same propor- 
tion to ab, since ACB^ aCb are always 
similar triangles. So that, opening the 
one pair of legs to embrace any given A. JB 

length or line, we have the required length on the 
reduced scale at once determined by the other pair ; and 
the same may, of course, be done for any number of lines 
which are required to be in the same proportion. 

There are several other uses to which this valuable 
instrument is put. For instance, it has a graduated scale 
upon it called ^ circles'; and this enables us so to fix the 
point C, that the circumference of the circle, whose radius 
is A By shall be divided into any proposed number from 
6 to 20 inclusive, of equal parts by stepping round it 
with the opening ab. We can do this, because there 
exists an invariable proportion between the side of a 
regular polygon of a given number of sides and the radius 
of the circumscribed circle (91)- 

And, generally, whenever an invariable proportion is 
known to exist between two particular geometrical mag- 
nitudes of a class, it is obvious that the Proportional 
Compasses may in such case be usefully employed. 

Cor. If C be irremoveably fixed, so that CA and 
CB are each double of Ca and Cb ; then in all cases ab 
■will be half of AB, and we can bisect any given straight 
line^ not too long, with great ease and accuracy. Not 
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only SO, but. we can divide the line into any even number 
of equal parts, by successively taking the half of the last 
half, until the proposed number of parts is attained. 
There is such a simple form of the instrument, called 
' Wholes and Halves'. 

173. Prop. LXXIX. To explain the construction 
and use of the Pantaoraph. ' 

The Pantagraph is an instrument used by draughts- 
men for copying drawings, (that is, for constructing 
similar figures) upon the same scale, or a reduced scale, 
or an enlarged scale, as may be required ; and when we 
say that, in good hands, it performs its work in each 
case with all attainable accuracy, without the aid of 
either ruler or compasses^ the vaJue of the instrument 
will at once be admitted. It has also this great merits 
that it does not confine itself to straight lines and circles. 
Any curved line whatever presents no obstacle to its 
working So that the most crooked fence, once laid 
down on paper by the surveyor, can be copied exactly 
as it is, or on a smaller or larger scale, with ease and 
accuracy, at a single operation. 

The best way to get a satisfactory knowledge of the 
instrument (and the same may be said of most other 
instruments) is to see it, and to see it at work. But it 
may be tolerably well understood from the following 
description of it, and of the principle of its construction. 

AB, AC BTe two bars, ^ 

or rulers, and DF, JSFare 
two shorter ones, connect- 
ed together, as shewn in 
the annexed diagram, by 
means of hinges at A, 2>, 
J?, F, and so that the lines 
joining the centres of 
these hinges (the dotted 
lines) form a parallelo^ 
gram ADFE. Thus the 
limbs of the instrument 
have free motion round 
the points A,D,F, E, but 
under no circumstances 

can ADFE cease to be ^ C 

B 
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a parallelogram. When the instrument is used^ it is 
laid Jlat upon the drawing board (like the ordinary 
parallel ruler), and it moves upon small castors placed 
beneath the points A^B^C^ F, DB and DF are divided 
into the same number of parts, and the points of division 
are marked by figures to enable the draughtsman to set 
the sliding index, which is upon each of them, so as to 
produce the copy on the exact scale required. The 
sliding index is fixed by means of a clamped screw in 
each case, as at O and p ; OpP is a straight line. Then, 
if the drawing is to be made on a reduced scale, a tracer 
is placed in a socket at P in the ruler AC, and a pencil 
in like manner at p ; is made the fulcrum round which 
the whole instrument moves, and is the ordy Jixed point 
in it. The original drawing is then placed under the 
tracer P, and as this tracer is steadily made to traverse 
the outline of the drawing, the pencil p, which is in 
contact with the drawing-board, accurately traces out 
the required copy. If the copy is to be on a greater 
scale than the original drawing, it is only necessary for 
the tracer and pencil to exchange places. And if the 
copy is to be on the same scale, the pencil and the ful- 
crum exchange places. 

That p must trace out a figure similar to that gone 
over by P will appear thus : — 

ADFE is always a parallelogram ; .*. Dp is always 
parallel to AP ; and .-. Op : OP :: OD : OA. But 0, />, 
and A are fixed points, .*. OD : OA is a fixed ratio ; and 
.'. Op : OP is a fixed ratio, never varying throughout 
the operation. 

Suppose then the tracer, P, to move over a straight 
line PQ, during which time jl 

the pencil p traces out pa; 
then since Oq : OQ :: Op : OP, 
pq is parallel to PQ. Again 
let the tracer move over QR, 

while the pencil traces out 0^: — )s )^ 

qr; since Or : OR :: Op : OP 

:: Oq : OQ, .*. qr is parallel 

to QR. And so on to the 

end of the drawing ; .*. pqr, ^ 

&c. is similar to POM &c. (71) ; and it is on the proposed 
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scale, since each part of the perimeter pqr &c. : the cor- 
responding part of PQR &c. :: Op : OP. 

179. Prop. LXXX. To construct a triangle whose 
area shall he to that of a given triangle in a given ratio. 

Let ABC be the given triangle ; and a : b the given 
ratio. Find AD & fourth propor- 
tional to b, Oy and AB, so tnat AD € 
is to AB in the given ratio (77). 
Join CD; and the triangle ACD 
shall be the triangle required. 

For, since the areas of triangles 
between the same parallels, that is, ^ 
of the same altitude, are proportional A D E 3 
to their bases (73), the triangle ACD 
: triangle ABO :: AD : AB :: a : b. 

Or, if CE be drawn perpendicular to AB, and EF 
be taken a fourth proportional to 6, a, and CEy so that 
EF : EC in the given ratio, and AF, BF be joined, the 
triangle ABF is the required triangle. For 

EAF : CAE ::EF: CE, and EBF : CBE :: EF : CE (73), 

.-. ABF : ABC :: EF : EC :: a : b (80). 

180. Prop. LXXXI. To construct a square rvhose 
area shall be to that of a given square in a given ratio. 

Let abed be the given square, and e r^ the given 
ratio. Upon any straight 
line take AB equal to 
e, and BC equal to f. 
Upon AC, as a dia- 
meter, describe a semi- 
circle ; from B draw J^ 
BD at right angles to 

AB, meeting the cir- 
cumference in D. Join 
AD, CD. In DC take 
DE = ab, and through 
E draw EF parallel to 

AC. Then upon DF construct the square DFJH, 
and DFIH is the square required. 

For, if G be the point where EF meets BD, since 
I EDF is a right angle, DFG, DEG are similar tri- 
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angles (72), and DFG : DEG :: square of DF : square 
of DE (76). But DFG : DEG,:i FG : EG (73) :: AB 
: BC (168) ; .-. square of DF : square of DE :: AB : BC 

'* ^ • J* 

Cor. I. Since the areas of circles are proportional 
to the squares of their radii, or diameters (93), the same 
construction will serve to find a circle which shall be to 
a given circle in a given ratio ; DE being taken equal to 
the radius, or the diameter, of the given circle, DF will 
be the radius or diameter of the required circle. 

Cor. 2. So also a polygon of any number of sides 
may be made having a given ratio to a given similar 
polygon, because similar polygons have their areas pro- 
portional to the squares of homologous sides (92). DE 
being taken equal to any side of the given polygon, DF 
will be the corresponding side of the required polygon, 
on which, as a base, the polygon may be constructed 
by (176). 

N. B. When the copy of a drawing is said to be on 
a reduced, or an enlarged, scale^ the reference is always 
made to lineal dimensions, that is, corresponding lines in 
the original and in the copy are in the stated ratio. But 
in the above proposition a method is pointed out of 
reducing the area also of any rectilineal figure or circle 
tn ani/ given ratio. The learner should carefully observe 
this distinction. 

181. Prop. LXXXII. To construct a square which 
shall be any proposed multiple of a given square. 

This was done in (122); but the following method is 
also deserving of notice. 

Let AB be equal to a side of 
the given square ; produce it to C, 
making BC the same multiple of 
AB, that the required square is to 
be of the given square. Upon Ad 
as a diameter, describe a semi- -^ 
circle; and from B draw BD at right angles to AB, 
meeting the circumference in D. The square of BD is 
the square required. 

For, joining JD, CD, a ADC is a right angle (54), 
and .-. ABD, CBD are similar triangles (72); 
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■. ABD : CBD i: square of AB : square of BB (76). 

But ABD : CBD :: AB -. BC (73), 
.-. square of AB : square of BD :: AB : BC; 
'waa mode the proposed multiple of AB, .*. the 
:>ffiD is the required multiple of the square of ^fi. 
! fig. is here drawn so that the square of BD is 
) ikree timet the square of AB. 
. 1. Since the areas of circles are proportional to 
wes of their radii, or diameters, this constructioo 
ve to find the circle which is any proposed muU 
' a given circle. AB heing taken equal to the 
or diameter, of the given circle, BD wiJl be the 
or diameter, of the required circle. 
. 8. The same may be said of any two Hmlar 
ial fif^res ; AB being equal to a side of one, BD 

to the corresponding side of another, whose area 
ime multiple of the former that BC is of AB. 

Pbop. LXXXIII. To divide a given triangle 
parts, which shall be in a given ratio to each 
^ a ttraight line drawn from a given point in one 
\da. 

ABC be the given triangle ; P the given point 
side AB. Join PC ; and ^ 

iB in the point D, so that 
:s AD, DB are in the given 
70). Join CD; draw DE 

to PC, and '^oinPE. The 
! ABC is divided by the 

? into' the parts required, a dt x Jf 
, the triangle ACD -. triangle BCD :: AD : DB 
^Iso, the triangles EDC, EDP are equal to ooe 
, being upon the same base ED, and between th« 
arallels ED, PC, .-. the triangle ^P£ = the tri- 

CD, and the quadrilateral PBCE = the triangle 

.: APE : PBCE :: AD : DB. 
. If it be required to bisect the given triangle 
)e through P, bisect AB in D, and proceed ■• 
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183. Prop. LXXXIV. To divide a given triangle 
into any proposed number of parts, which shall he to each 
other in given ratios, by straight lines drawn from a given 
point in one of the sides. 

Let ABC be the given triangle ; P the given point 
in the side AB. Join PC; 
and divide AB into the given ^ 

nuilnber of parts^ and having 
to one another the given 
ratios (170). Suppose the 
number of parts to be four, 
(for the process is the same, 
whatever the number be), 

and let AD, Da, £F,FB he / i kJ f B 
the parts. Draw Da, Eb, Fc 

all parallel to PC ; and join Pa, Pb, Pc, The triangle 
ABC is divided into the required parts by the lines Pa, 
Pb, Pc. 

For, AaP : abP :: Aa : ab (73), 

:: AD : DE (70). 

Also, producing JSby BC to meet in G, join PG inter- 
secting AC in H. Then, since PGC^PbC (41), the 
part GHC = the part PbH ; .•. the triangle PGC = the 
quadrilateral PbCc, 

But PGc : PBc :: Gc : Be :: BF : FB, 
.-. PbCc : PBc :: JSF : FB. 

CoR. If it be required to divide the given triangle 
into a certain 'number of equal parts, divide AB into that 
number of equal parts, and proceed as before. 

184. Prop. LXXXV. To divide a given parallelo- 
gram into two parts, which shall be in a given ratio to each 
other, by a straight line drawn from a given point in one 
of the sides. 

Let ABCD be the given parallelogram ; P the given 
point in the side AB, Divide AB 
into two parts in the point E, such 
that AE : EB in the given ratio 
(1 70). Through E draw EF parallel 
to jiD or BC^ and .-. dividing ABCD 
into two parallelograms. Bisect EF 
in G, Join PG, and produce it to 

PART n. 
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meet the wde DC in H. PH is the atr^ght line re- 
quired. 

For PG^, FGH are equal trianpleB (39) ; .-. PADH 
-the parallelogram AEFD; and PBCH= the parallelo- 

%£FC. But^EFD : BEFC :: AE : £B (73), 

IDH : PBCH :: AE : EB. 

)R. If it be required to bisect ABCD by a straight 
tirough P, bisect AB in E, and proceed as before. 

(5. Pbop. LXXXVI. To divide any gitwi quai- 
ral Jigare into ttvo parts, tekich shall be tn a given 
to each other, Ay a tlraigkt line mlersecttng two 
He sides. 

et ABCD be the given area. Draw DE parallel to 
meeting BC in £. Divide ^B 
DE so that AF : FB in the 
1 ratio, and also DG : GE. 
FG, CG, FC. Draw GH 
lei to FC. meeting DC in H; 
|oin FH. FH is the straight 
required. . , a ■■ j> 

'or, if FH, GO intersect in /, ^ 
FD, FE be joined, 

CDG : CEG :: DG : GE {73), 
also FDG : FGE :: DG : GE, 
and FAD : FBE :: AF : FB :: DG : GE; 
.-. ADCGF : BCGF " DG : GE (80). 
But the part HCG = the part HFG (41) ; 
.-. ADHF^ADCGF, and BCHF = BCGF, 
.-. ADHF : BCHF :: DG : GE :: AF : FB. 

:>B. To bisect the area AF must be taken equal to 
, and DG equal to GE. 

186. Prop. LXXXVII. To cut out of the middU of 
ven circle a smaller circle which shall be to the former 
: given ratio. 
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Let be the centre, and OA any radius, of the given 
circle; a : h the given ratio. 
Find OB a fourth proportional 
to fl, h, and OA (77). Then 
find OC a mean proportional 
between 0-4, and OB (72 
Cor. 2). With centre O, and 
radias OC, describe a circle, 
and it shidl be the circle re- 
quired. 

For, since the areas of circles are proportional to the 
squares of their radii (93), the greater circle : the smaller 
:: the square of OA : the square of OC. But the square of 
00* the rectangle OA, OB (74); .*. the greater circle : 
the smaller :: the square of OA : the rectangle OA, OB. 
Now the square of OA, and the rectangle OA, OB, being 
upon the same base OA, will be proportional to their 
altitudes, and will .% be in the ratio OA : OB ; 

.*. the greater circle : the smaller :: OA : OB :: a :h, 

187. Prop. LXXXVIII. To construct a rectat^le 
which shall be equal to a given rectangle^ and have its sides 
in a given ratio to one another^ 

Let A BCD be the given rectangle ; and aihihe given 
ratio. In AB take AE a. fourth pro-- 
portional to a, b, and AT) (77) ; and 
AF SL mean proportional between 
-*tf B and ^£, (72 Cor. 2). Join 2)^, D 
and draw FG parallel to D£, meet- 
ing ^i> produced in G. Then the 
rectangle contained by AF^ AG is 
the rectangle required. 

For AB : AF :: AF : -4-^(72), 
and AF : AE :: AG : AD (70); 
.-. AB : AF :: AG : AD, 
and^ .*. the rectangle AB, AD=s the rectangle AF, AG (74). 
Also AG : AF :: AD : AE :: a : b, 

188. Prop. LXXXIX. To construct a triangle which 
shall be similar to one, and equal to another^ given triangle* 

5—2 
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Let ABC, DEF be the two given triangles ; and let 




similar to ABC, 



; the two given triangles so that their bases AB, 
in the same straight line. Through C draw CG 
to AD, meeting DF, or DF produced, in G. 
'■ i draw FH parallel to EG meeting DE, or DE 
i, in H; and join GH. Then in AB produced 
a mean proportional between AB and DH (72 

through a draw ac parallel to AC, and through 
V parallel to BC; abc is the triangle required, 
since AB, and ab are in the same straight line, 

be are respectively parallel Xo AC, BC, it is 
that ABC, and abc are equiangular, and there- 
lar, triangles. Also, to shew that abc is equal to 
ince EGF, EGH are equal triangles, being upon 
! base and between the same parallels (41), .'. the 
DHG = DEF. And JBC. DflG have the same 
since CG is parallel to AE ; 

C^.'ABC : ADHG :: AB : DH (IS). 
IBC : Aabc :: square of.<lB : square of aft (76). 
;he square of ab = the rectangle AB, DH (74), 
fC : Aabc r: square of AB : recUngle AB, DH. 

the square of AB and the rectangle AB, DH, 
rallelograms of the same altitude AB, are prt^ 
. to their bases, that is, 
aiAB : rectangle AB, DH :: AB : DH {13); 

.-. i:i.ABC : i^hc :: AB : DH, 
\ .: AABC : Aabc :: AABC : ADHG, 
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which means that A^ BC contains^ or is contained in, Aa6c, 
the same number of times that it contains^ or is contained 
in, /IDHG {65), Hence it follows, that 

Aabc = ADHG = ADEF. 

189. Prop. XC. To construct a triangle which shall 
be either equal to a given polygon^ or be in any proposed 
ratio to it. 

( 1 ) Let A BCDE be the given polygon ; (the number 
of sides is immaterial to the j^ 
process); produce AB indefi- ^ 
nitely both ways; join BD; j//!\ 
through C draw CF parallel to 1^^/ •' i 
BDy meeting AB, or AB pro- /V/ // 
duced, in JP, and join DF. Join //\ / 

AD; and through £ draw EG ^ ^' ' 

parallel to AD^ meeting AB, or ^ ^ J B F 

BA produced in G ; and join DG. The triangle DGF 
shall be equal to the polygon ABODE. 

Or, if the required triangle is to bear a certain ratio 
to the polygon A BCDE, divide GF in H, so that GH : 
FG is equal to that ratio (170), and join DH. Then 
DHG is the triangle required. 

For BDC, BDF, being triangles upon the same base 
and between the same parallels, are equal to one another 
(41). A\so AADE = AADG ; .'.adding to these equals 
the AABD, it is evident that ADGF = the polygon 
ABODE. 

Also ADHG : ADGF :: GH : FG (73), 

.-. ADHG : ABODE :: GH : -FG. 

(2) The same thing may be done, so as to retain one 
side and one angle of the polygon, thus ;— 

Proceed as before at first, but instead of joining AD^ 

join EFf and through jj 

X) draw DG parallel to >/^X"-v 

£Fy meeting AB pro- y^ ' \\^^- 

duced in G; and join i*^^^..,^^ ' \\/» \ 

£0, £^G^ is a triangle \^^^!J^^^A/^£^ "\^ 

equal to the polygon \ >:>Q^ "■"""^■**^"*^s. 

ABODE. And if ^G \_jZi^:^= ^^"^-^ 

be divided in ff, so that ^ ^ ^^ ^ 
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AH : AG in a proposed ratio, and JSH be joined^ then 
A^E/f : ABCBE in that ratio. 

For, as before, ABDF^ABDC, .'.AFDB== ABODE. 
Again, AEFD = AEFG, /. adding to these equals 
AAFE, it is obvious that AAEG = ^ JPD£ = ABODE. 

Also A^ J^H : AAEG, that is ABODE ::AH:AG (73). 

Obs. Since a triangle is the simplest of all recti*- 
lineal figures enclosing a space, it is clear that to be able 
to reduce any rectilineal figure 'whatever to an equivalent 
triangle, that is, of equal area, must be of considerable 
practical importance. Accordingly, the above construc- 
tion is constantly used by Survei/ors in converting irre- 
gular plots of land into triangles for the purpose of 
measurement, as will be explained more at length in 
Part III. It may be worth while however to observe 
here, that in practice it is not necessary actually to draw 
any of the dotted lines — ^but simply to mark the points 
F^ Gy &c. on the base AB produced. For example, the 
paralleUruler being placed with its outer edge to coin- 
cide with B and D, there is no need to dram the line 
BD^ or even OF parallel to it, but simply to mark the 
point F, where that parallel meets the base. And so on, 
until we arrive at the final triangle. 

Observe also, that this construction points out a cor- 
rect method of cutting off corners of land, by introducing 
one straight fence instead of two or more, while the area 
remains the same. Thus DF will replace DC, and CB, 
without altering the area of ABODE. 

190. Prop. XCI. To divide a given polygon of any 
number of sides into two parts, which shall be to one ano^ 
ther in a given ratio^ by a straight line drawn from the 
vertex of one of the angles. 

Let ABODE be the given polygon ; and E the given 
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vertex. Produce AB indefinitely ; and by the 2nd me* 
thod of (189) draw the triangle BAF equal to the poly- 
gon ABCDJS. Divide AF into two parts in the point 
G, so that AG : GF in the given ratio, and join EG, 
Then if G fall in AB, EG divides the polygon as 
required. 

For, l^EAG : £^EGF :: AG : GF(7S); 

and AEGF= EGBCD, since EAF^ABCDE; 

.-. BAG : EGBCD :: AG : GF. 

But, if in dividing AF in the given ratio, the point 
of division falls beyond By as at H, join EH^ EBy and 
through H draw HI parallel to EB, meeting BC in /, 
and join EL Then, if / fall between B and C, EI 
divides the polygon as required. For AEBI = AEBH 
(41), .-. EABI=AEAH; also AEHF'^EICD, .-. EABI 
: EICD :: AH : HF. 

Or, if in dividing AF in the given ratio, the point of 
division, as K^ fall so far beyond B^ that the parallel to 
£^By as KL, does not meet BCy but BC producedy as at 
Ly then join ECy and through X draw LM parallel to 
£0^ meeting CD in M, In that case EM divides the 
polygon as required. For AEBK^AEBL, .*. EABL 
^AEAK; also AECM^AECLy .-. EABCM^EABCL. 

.-. EABCM : J^MD :: Ai&^Ji: : A^iiTF :: AK : XF. 

CoR. By following the same method, any given 
polygon may be divided into any number of parts, either 
equal to one another, or in given ratios. Thus, the poly- 
gon above is divided by EG, EI, and EM into four 
parts, which have to each other the same ratios that AG, 
GH, HK, KF have. And if AG, GH, HK, KF are 
taken equal to each other, then the polygon ABODE is 
divided into four equal parts. 

191. Prop. XCII. From a given point to dram a 
straight line^ which mould, if produced^ pass through the 
point to mhich tmo given straight lines in the same plane 
converge, mhen the latter point is either inaccessible, or 
cannot be marked domn on the Draming^Board. 

Let AB, CD be the given straight lines ; and P the 
fiven point from which the required line is to be dravm. 
Through P draw a straight line making, as nearly as 
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you can guess, equal angles with the given lines, and 
meeting them in -B, and D; and draw another line AC 
parallel to BD^ and as near to the unknown point of 
convergence as is convenient. 

JL 




Join AD ; through P draw PE parallel to AB^ meet- 
ing JD, or AD produced in E» Through E draw Up 
parallel to CD, meeting AC, or AC produced, in p. 
Join Pp, and Pp shall be the line required. 

For, DP : PB :: DE : EA :: Cp : pA (70) 
/. since the parallellines BD, AC are divided propar- 
tionally in P, p, the line Pp will coincide with the line 
drawn to P from the vertex of the opposite angle of the 
triangle whose base is BD and sides BAy DC produced 
(168). 

Another Method, Instead of drawing BD through 




P, draw it at some short distance from P, and join PB, 
PD. Draw AC parallel to BD, Cp parallel to DP, and 
A p parallel to BP, the two last lines drawn intersecting 
each other in p. Join Pp, and it is the line required. 

For, \i BA, DC produced intersect at a point /, then 
AC : BD :; AI : BI (71). Also ACp, BDP are 
similar triangles, as may easily be shewn ; ,; Ap : BP 
:: AC : BD, and /. Ap : BP :: AI : BI, from which 
it follows, that Bp T h a, straight line. 

Either of the above constructions is sufficiently 
simple ; but in certain cases, in perspective drawings 
for instance, a great number of lines converging to a 
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point not within the drawing is required, and it would 
be troublesome to repeat the construction over and over 
again. Consequently an instrument has been invented, 
something after the fashion of a Par aUel- Ruler, to save 
all this trouble to the draughtsman. It is called the 
^ Cenirolinead*. 

192. Prop. XCIII. To explain the construction and 
nse of the Centrolinead. 

The CentroUnead is a ruler by which we are enabled 
to draw through any 1^ 

given point a straight _3^^^l2 

line which, if pro- y — -^ss^^^^^^'^ 

duced, shall certainly C-'^^^^^X I^^^'^"' M ir 

pass through the point j ^ M il. 

of intersection of any \l m~ 

two or more gtt?en h ^ ^ _^ 

straight lines, when -^ -* iw U 

the latter point is not determined. 

It consists of two flat-rulers AB, and CD, connected 
together by two bars EF^ GH^ moveable round joints at 
JS, F, 6r, and H. EF is of a fixed length, which never 
varies in the same instrument, as in the Parallel-ruler; 
but GH is made up of two parts, one sliding on the other 
by means of a groove, so that GH admits of different 
lengths, and is adjusted to some particular length by a 
screw at L, which clamps the two parts of GH together, 
-when required. G is a. Jixed point, but the point at H 
is carried in a groove, and slides on the ruler CI>. There 
is also another ruler IKy fixed as in the diagram, with 
joints at / and K, so that EGKI is always a parallel- 
ogram^ as shewn by the dotted lines. The centres of 
motion at E and G are equidistant from both edges of 
the ruler AB^ and the points where EG produced meets 
the ends of the ruler are marked on the ruler. But the 
centres at F and H are so made, that they are in a line 
with the edge of the ruler CD, 

In using the instrument, AB is first made to coincide 
-with one of the two given converging lines (not the edge 
of AB, remember, but the two marks on the ends o£ AB, 
mentioned before). The screw L is slackened, and hold- 
ing AB tight, CD is brought to coincide with the second 
^iven line. Then the screw is clamped tight; and while 
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AB is still held in its original position, the edge of CD 
can be made to pass through any proposed point within 



certain limits^ and all lines drawn along it will converge 
to the same point as the two given lines. 

For, suppose the instrument adjusted for a particular 
case; and suppose BA^ DC produced to meet in P, 
From F draw FM parallel to IKy meeting GH in 3f. 
Then since EGKI is always sl parallelogram^ i PEF is 
always equal to z FMH, and z EPF to z HFM ; .'. PEF, 
HFM are always similar triangles; and •*• PE : EF :: 
FM : HM. But EF is ^Jixed magnitude; FM^IK^ 
and is .*. fixed also ; HM = the difference between GH 
'and EF, and is .*. fixed, as long as the screw L is 
clamped. Hence, three out of four of the terms of the 
above proportion being ^xec^ magnitudes, it is obvious 
that the remaining one^ PE, must be fixed also; and 
.'. the point P is fixed ; that is, in every position of the 
ruler 6d, for the tame adjustment, the line DC produced 
will pass through the one point P. 

193. Prop. XCIV. Having given two straight lines 
converging to a point, to draw through any given point in 
the same plane a straight line which shaU make equal 
angles^ on the same side of it, with the two given straight 
lines, 

(1) Let AB, CD be the two 
converging lines; P the given 
point through which the required 
line is to be drawn. Through 
P draw PE parallel to AB, meet- 
ing CD in E. On CD set off j, ^ 

EF equal to EP ; join FP, and ^ ^ ^ 

produce it to meet AB in G. FPG or PEG is the 
line required. 
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For^ in the isosceles triangle 
PEF, L EPF = z EFP (26) ; but 
t EPF= z AGF, since PE is parallel 
to AG (34 Cor. 4). C[ 

.-. ^AGF^zCFG. 



(2) If the given point P be in one of the two con- 
verging lines, as CD, through P 
draw a line parallel to A By and 
in it take any convenient length 
PE, and on CD set off PF equal 
to PjE!. Through £ and F draw 
an indefinite straight line; and '^ 
through P draw PG parallel to 
that line, meeting AB m G. PG is the line required. 

For z PBF = z PFE (26); and z AGP = -^ GP^ 
= z Pj^F (34) ; also z CPG= z PP£ (34), 

.\ Z AGP ::^ Z CPG. 

CoR. The straight line PG or any straight line 
parallel to it within the range of the drawing, deter- 
mines also two points, one in each of the given lines, 
equidistant from the undetermined point of intersection 
of the two given lines. 

N. B. When the two given lines uiP, CD converge 
to a point verif distant^ that is, are nearly parallel, the 
above construction, although theoretically correct, will 
be attended practically with much risk ; and that for two 
reasons : — 1st. because the point E will not be well deter* 
mined by the intersection of two lines, which make a 
very small angle with each other ; and 2nd. because in 
this case FP will be very small, and no very short line 
can be produced^ or extended, in the ordinary way without 
chance of error. Hence in such a case some other method 
should be adopted, as the following: — 

From the given point P draw PE, PF perpendicular 
to ABy CD respectively, and 
at the same time produce each 
of these perpendiculars inde- 
finitely, if necessary ; and let 
PF, or FP produced, meet 
AB in H. Bisect z EPH by 
the straight line PG, meet- 
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ing AB in G, and CD in /. Then 6rP, or GP produced, 
is the line required. 

For, by construction, PFI^ PEG are similar triangles, 
.-. z PIF^ z EGP, that is, z AGI= i CIG. 

194. Prop. XCV. Having given the same as in the 
last Prop, to draw through the given point P a straight 
line meeting the two given lines AB, CD, in G and H, so 
that PG : PH is a given ratio, a : b. 

From P draw any straight 
Hne PU to AB ; and, if P lie 
between AB, and CD^ pro- 
duce EP, and in EP produced, 
(or in PJE, if P is without both 
AB and CD) take PF & fourth 
proportional to o, 6, and P^. j 
Through F draw PH parallel ^ 
to AB^ meeting CD in H, Join 
PH, and produce it to meet AB 
in G. GPH, or GHP, is the line 
required. 

For PHF, PEG are similar 
triangles, .-. PG : PH ;: P^ : PP 
(71); and PE : PF :: a : b, by X 
construction; .\ PG : PH :: a : b, 

195. Prop. XCVI. To ^produce* a given straight 
line beyond an obstacle which prevents the application of 
the ruler, tapcy chain, or other usual means by which straight 
lines are drawn, 

(1) Let ^P be the given straight line, terminated 
at B on account of an j. 

obstacle 0, but required 
to be continued, as CD, 
beyond the obstacle. 
Draw from A any inde- -^ 
finite straight line AG, 
which will clear the obstacle, and from B draw BE per- 
pendicular to AG, Then in AG take any two other 
points F and G beyond the obstacle, and draw FC, GD 
at right angles to AG, making FC Si fourth proportional 
to AE, BE, AF, and GD a fourth proportional to AE, 
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BE, A G. Join CD, and it shall be in the same straight 
line with AB, 

For, if BC be supposed to be joined by AB produced, 
since BE is parallel to CF, AE : BE :: AF : CF, the 
same proportion as in our construction, .*. the point C is 
the same in both, that is, C is in AB produced. The same 
may be proved of D; •*. both C and D being in AB 
produced, the straight line CD is in it. 

Obs. If AEFG can be conveniently drawn making 
half a right angle with AB, then the points C and D will 
be determined by simply making FC=AF, and GD=AG. 
For, in that case, each of the triangles is isosceles. 

(2) Or, if it be convenient, the following simple 
method may be adopted. 
From A and B draw Aa, Bb 
at right angles to AB, and 
equal to one another, and of ^ 
such length that ah produced ^ 
will clear the obstacle. In 
ah produced take two other 
points c, dy beyond the obstacle, and draw cC, dD at right 
angles, making Cc = Dd » Aa = Bh; and join CD, Then 
CD is the line required. 

For, since the points B and C are equidistant from 6c, 
.*. the straight line jBC, if drawn, would be parallel to 
he {35). Similarly AB is parallel to a6, and CD to cd. 
But ah, he, cd are in the same straight line, .*. also AB, 
BC, CD are in one straight line. 

(3) If the obstacle be such, that two points in AB, 
as A and B, are visihle from C and D, the proper position 
of C and D will be easily determined by the eye^ as ex- 
plained in (98). In which case CD being joined will be 
the line required ; that is, it will be in the same straight 
line with AB, 

196. Prop. XCVII. Through a given point to draw 
a straight line parallel to another straight /tite, m^ch 
latter line cannot be traced, but has two points in it only 
given. 
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Let A and B be the two given points in the untraced 
line ; P the given point through which 

a straight line is required to be drawn -4;- y 

parallel to the straight line joining 
A and B, 

Join PBy B being the more distant 
from P of the two given points, and 
divide BP in any convenient ratio in _ _ 

the point C. Join AC, and produce 
it to D, so that AC : CD :: BC : CP, and join PD. 
Then PD is the straight line required. 

For, the triangles ACB, PCB have zACB = ^ PCD 
(31), and the sides about these equal angles proportionals, 
.*. the triangles are similar (71 Cor. 1), and .'. equian- 
gular ;.\^ABC^JL BPD, and PD is parallel to AB (34). 

Or, if it be more convenient to bisect PB in C, CD 
must be taken equal to AC ^ and PD will be parallel to 
AB, as before. 



ARCHITECTURAL MOULDINOS, ARCHES, &c, 

197. The profile of all Architectural mouldings is 
made up of straight lines and arcs of circles*; and this 
profile traced upon paper is called the 'working drawins^ 
because by it the workman executes the design of the 
Architect. It is important therefore that these ^ working 
drarvings' be constructed upon right principles, whatever 
those principles may be ; and although it is no business 
of ours, as Geometricians, to discuss the fundamental 
principles of Architecture, yet there are two rules of con^ 
structton so often observed, (with however many excep- 
tions) that it seems desirable to point them out in tne 
following examples both of Mouldings and Arches. These 
rules are, 

I. When an arc of a circle runs into a straight line, 
at a certain point, so that the straight line is, as it were, 
a continuation of the arc, that straight line should be a 
tangent to the circle at that point And 

* For no other reason probably than the comparative ease with 
which straight lines and circles are put to use in constructive art. 



ABCHITEGTURAL MOULDINGS. 167 

II. When an arc of one circle runs into an arc of 
another, the two arcs should have the same tangent at the 
point of junction. 

It follows as a consequence of Rule II> that the centres 
of the circles and the point of junction fvHl be in the same 
straight line (143). 

As a simple instance of the former Rule either of the 
following mouldings is of common occurrence :-— 



(1 2 



-JI 



in both which /. BAC^ l ACD^a, right angle, and upon 
AC tis diameter a semi-^rcle is described ; .'. AB is a 
tangent to the circle at A, and CD at C. 

198. There are other simple mouldings for which 
a quadrant is described instead of a semicircle, such as 
the following : 



V 



i 




E J) AT^ B 

B 

B 



The construction is obvious. E is the centre of the circle 
of which ABC is a quadrant, AB touches the quadrant 
at ^ ; and the arc AC commences, or terminates, at C with 
its tangent at right angles to CD, thus distinctly repu- 
diating, as it were, a continuatimi of the curve in tnat 
direction. 

Observe how the rule in question is carried out in the 
annexed compound moulding : — 

The moulding begins and ends at right angles to the 

horizontal line, at A and C. ■ ■ 

It consists of several dis- hr \ ■ 

tinct parts — but observe V 
how each of these parts is i 

tangential with those next 
to it. / May it not be, that 
this neighbourly union of 
the parts is that, which gives 
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fitness and repose, and therefore^ beauty to the whole ? 
Let Architects decide. 

It is further to be observed that in this example the 
centres of the three circles are in one vertical straight 
line. 

199. The next class of mouldings requires two quad- 
rants^ so joined together that they have a common tangent 
at the point of junction. The quadrants may be equal as 
in figs. (1) and (2), or unequal as in figs. (3) and (4). A 
is the point of junction of the arcs ; and OAo is a straight 
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line. Hence the tangents to the two arcs at A coincide^ 
being at right angles to the same straight line OAo (143). 

The mode here shewn of joining the arcs of two 
different quadrants so as to produce one continuous curve 
is of frequent application in the Arts. The object is so 
to join them^ that they may appear to belong to each 
other ; and unless this be done by making them have the 
same tangent at the point of junction^ the compound 
curve wiU appear broken at that pointy and consequently 
offensive. 

It is true^ that Mouldings are frequently met with in 
which the circular arcs meet the horizontal lines neither 
as tangents nor at right angles^ each arc being less than 
a quadrant; but even in such cases Rule II. is always 
observed in good examples, that is^ the arcs meet each 
other tangentially. 
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The annexed diagram represents a case of this kind. 
BC is a straight line bisected in A, Upon AB, AC 
two equilateral triangles AOB^ AoC are constructed. 




Then the arc AB is described from centre 0, and arc 
AC from centre o. And because ^ BAO ^ one-third of 
two right angles « z CAo^ .-. OAo is a straight line (31) ; 
and it passes through the two centres and the point 
of junction A, .*. the arcs touch each other at A> 

Arches are of various kinds, and serve various 
purposes, which it does not fall within our province to 
explain. But we will proceed to describe the ^ working 
drawings' from which the Arches in most common use 
are constructed. 

200. Prop. XCVIII. To draw a semi-circular arch 
of given span. 

Take the straight line AB to represent the given 
span. Bisect it in C; and 
with centre C, and radius 
AC^ describe a semi-circle 
ADB* Increase this radius 
by Aa, or Bb, the depth of 
the arch-stones^ and describe 
another semi-circle adb from 
the same centre. Divide the 
inner semi-circumference into an odd* number of equal 
parts, according to the number of stones which are to 
form the arch ; and join the several points of division 
with the centre C : produce these lines to the outer cir- 
cumference, and they will determine the joints of all the 
arch-stones. Aa, Ee being two contiguous joints thus 

* Odd^ because on statical grounds it is not well to have any joint 
vertiealy as would happen, if an evsn number were chosen. 

PART n* 6 
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determined, AEea is the model for each one of the arch- 
stones, which are eqnal and Bimilar in all respects. 

Obb. In practice it is not necessary that the outer 
boundary, adb, be strictly lemi-circular. Provided Aa. 
AE, and Ee are constructed as above, the Actual boundary 
beyond ae may be of any form we choose. 

If this arch be placed so that AB is horizontal, and 
the piers on which it rests are vertical, it obeys Rule I, 
(197), the straight tinea which continue the arch down- 
waras from A and B being langenU to the circle at those 
points. 

201. Prop. XCIX. To draif a tegmmt-ttrch of given 
(pan and rite. 

Let AB be the given span ; and CD, drawn at right 
angles to AB from its 
middle point, the given rise, ** 

Find O the centre of the 
circle which passes through 
the three given points A, B, 
D. With this centre, and 
radius OA, describe the arc 
ADB. Join OA, OB, and 
produce them to a, b, 

making Aa = Bb = depth of arch-stones. With the same 
centre, and radius Oa, describe the arc adb. Divide 
ADB into an odd number of eqnal parts ; and join the 
several points of division with the centre 0, Produce 
each of these lines to meet the outer arc, aa OE to e, 
and they will determine ihe joints of all the arch-stones. 
Aa, Ee, being two conliguout joints thus determined, 
AEea is the model for each one of the arch-stones, 
which are equal and similar in all respects. 

Obs. The first observation appended to Prop. XCVIII. 
applies here also; but not so the second. When this 
arch is connected with vertical piers or abutments, it will 
appear broken at A and B, becauae the vertical lioes 
throuf^ -those points will not be tangents to the circle. 
Its advanta^ over the aemi^circular arch is obviously 
that of givmg the same span with a much less rise, 
which is a great gain often in the case of bridges and 
other similw constmctions having roads or canids over 
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them. The diudvmuge is in the ude-thrnst oatwsrda 
at A and B, tendmg to throw down the piers or abut, 
menta. But thli is a point not to he explained here, as 
it belongs to the subject of Meckankt. 

The arches in the last two propositioiu are said to be 
Hruck from one centre. There are, however, other kinds 
of arches struck from imo, three, and soraedmea four, 
centres. We will describe them in order. 

303. Paop. C. To draw a two-centred arch of 
giveH tpan. 

Let AB be the given span. With centres A and B, 
and radius AS, draw two arcs of 
circles intersecting in C. Produce 
AB both ways to a, and b, making 
Aa=Bb-the depth of the «rch- 
sttHiea ; and with the same centres 
A, and B and radius Ab, describe 
two other arcs be, ac, intersecting 
in c. Then the arch AC is eaUrM 
to B, and BC to A, that is, the 

Joinlt of the arch-stones converge to thoee centres ren>ec- 
drely. The top stone, or key-stone, as it is called, of the 
arch, is generally, though not always, made saddle- 
sbaped, as shewn in the figure, to avoid the objection- 
able vertical joint at C. 

This form of the Iwo-cenlred arch Is the one most 
commonly used, where the straight lines joining A, B, and 
C, form an equilateral IriatigU. But it is not necettarv 
Hut the centres be at A and B. They may be in AB 
produced both ways; or the centre of BC may be any 
where in AB between A and the middle point ; and the 
centre of AC between B and that middle point The 
centres mutt be both in AB, or in that line produced, 
and equidittant from A and JB, if not coincident with 
A and B. If it be desired to keep down the crown of the 
arch the centres will be taken between A and B. If, on 
the other hand, the height of the arch is to be increased, 
tbe centres will be taken in AB produced. 

The effect of taking the centres in AB, or AB ^ro* 
duced, obviously is to make the arch at its lowest points 
A, and B, obey Rule I. (197). But it is to be observed, 
that Rule II. is infringed at C and c, without producing 
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in this case any bad effect^ on account of the arcs from 
those points each way downwards being perfectly equal 
and symmetrical. 

This arch is more easily constructed than most others, 
but is seldom used (except in ecclesiastical structures, for 
which it is supposed to possess a peculiar fitness) on 
account of its great height in proportion to the span. 

It is commonly called the pointed arch of two centres. 

203. Prop. CI. To draw a three- centred arch of 
given span. 

1. Let AB be the given span. From each extremity 
cut off equal portions A C, BD, 
each less than half AB. With 
centres A and (7, and radius 
AC^ describe intersecting arcs 
in B: and similarly with the 
same radius, and centres B and 
D, describe intersecting arcs in 
F; at the same time drawing 
the arcs AB, BF as portions 
of the required arch. Join EC, and FD^ and produce 
them to meet in G. Then with centre G, and radius 
GE, or GF, draw the arc EF; and AEFB shall be the 
inner boundary of the arch— that is, AEFB shall be one 
continuous curve. 

For^ since the centres C and G are in the same 
straight line passing through the point of junction of the 
two arcs AE, EF, .*. AE and EF have the same tangent 
at the point B : similarly BF^ and FB have the same tan- 
gent at F. Hence AEFB is a continuous curve. — The 
joints of the stones from A to B are centred to C; from 
BtoF they are centred to D ; and from Eto F they are 
centred to G. 

2. Another form of a three- 
centred arch is constructed as fol- 
lows : — 

Bisect AB in C; with centre 
C and radius CA, draw equal arcs 
AD, BE. Join DC, BC; and 
produce them to meet AG, BH, 
which are at right angles to AB, in 
G and H. Then with centres G and ^ 
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H, and radius GE, or HD, draw the arcs DF, EF 
meeting in F, ADFEB is the inner boundary of the arch 
requir^. The stones from A to D, and from Bto By 
are centred to C Those from D to F are centred to 
H; and those from £ to F are centred to G. 

The proof is too obvious to need repetition. 

This is a pointed arch of three centres. 

204. Prop. CI I. To draw a three-centred arch of 
which both the span and rue are given. 

In the preceding Prop, the span only was given, and 
we were restricted to no particular rise. Here both span 
and rise are fixed for us. 

Let AB he the given span, and CD, at right angles 
toAB from its middle point C, 
the given rise. Upon CB as 
a base describe the equilateral 
triangle BEC, on that side of 
BC on which the arch is to lie. 
In CE take CF^CD; join 
DF, and produce it to meet 
BE in G. Through G draw 
6ff/ parallel to £C, meeting 
BC in H, and DC produced 
in /. Make AKm AC equal to BH\ join IK, and pro- 
duce it indefinitely. Then with centres H and X, and 
radius BH, or Ak, draw arcs BG^ AL; and with centre 
/, and radius ID, draw the arc GDL, — ALDGB shall 
be the inner boundary of the arch required. 

For, IG^ID, since CF=CD (71); and the arcs 
AL, DL have the same tangent at L, since their centres 
K, I, and the point of junction Z, are in the same straight 
line. Also arcs BG^ DG have the same tangent at G, 
for the same reason; .*. ALDGB is one continuous 
curve of three centres. 

In constructing the arch the joints of the stones from 
A Xo L are centred to K; those from B to G are centred 
to H; and those from (7 to L are centred to /• 

205. Prof. CIII. To dram a Jbur-centred pointed 
arch of given span. 

Let AB be the given span: from each extremity 
mark ofi^ equal parts AC, BD, each less than half AJa^ 
with centres C and D describe arcs AEy BF, making 
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them equal by describing intersecting arcs with the 
same raoius from centres A 
and B. Join EC, FD; and 
produce them to meet DH, 
CG, which are at right an- 
gles to ^ J?, in H and G, 
With centres G, H, describe 
the arcs FK, JSK inter- 
secting in K; and AEKFB 
shall be the inner boundary 
of the arch required. 

The proof is obvious from 
the preceding Propositions. 

Obs. The above form of arch is the one most com- 
mon of this class — ^but it is not absolutely necessary 
either that AEC, BFD should be equilateral triangles, or 
that the points G, H in FD and. EC produced should be 
taken, and none other, for centres. Any equal arcs AE,BF, 
and any other points in FD and j&(7 produced, equidistant 
from C and 2), and beyond their point of intersection, 
will satisfy the Problem. 

206. Pbop. civ. To dram a four^centred pointed 
arch of which both the span and rise are given. 

Let ABhe the given span, and CD the given rise* 
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Mark off equal parts^ in AB^ 

from A and B, viz. AE^ BF^ 

and with centres E and F 

describe equal arcs AG, BH, 

Join GE^ HF, and produce 

them indefinitely. Join DG, 

DH ; bisect GD by a straight 

line cutting it at right ancles 

(101 )> and produce this Tine 

to meet GE produced in /. 

Similarly, let the line which 

bisects DH at right angles 

meet HF produced in K. 

With centres /, and K describe arcs GD^ HD, meeting 

in D. Then AGDHB is the arch required. 

For, that it is a continuous curve is obvious from the 
preceding propositions. Also, since GD is bisected by a 
straight une passing through the centre, a GDiBackord 
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of the circle (49); that is, the arc described with centre 
I^ and radius /G, passes through D. Similarly the 
arc described with centre K^ and radius KH^ passes 
through D» 

207. Prop. CV. To construct an Oval ♦, that is, 
a plane Jigure tvitk curved symmetrical boundary returning 
irUo itself i not a circle^ hut composed qfarcsqftno or more 
cirdes forming one continuous curve. 

Various methods are usually given of describing an 
Oval, according as it is required, that the complete figure 
approach to, or recede irom^ a circle. But the following 
method includes them all : — 

Take any straight line ABy and from each extremity 
mark off equal parts AC, BD, 
each less than half AB, and 
greater or less, according as 
tbe oval is to approach more or 
less to a circle. With centres A £\ 
and C, and radius A C, describe 
two pairs of intersecting arcs, 
on opposite sides of AB, at E 
and F; and at the same time 
draw the arc EAF. Similarly, with centres B and D, 
and radius BD, draw the equal arc GBH, With centres 
C and D, and radius CD^ describe two pairs of inter- 
secting arcs, on opposite sides of AB, at / and K, Then 
with centres / and K, and radius IB, draw the arcs EG^ 
FH; and AEGBHF is the Oval required. 

For, joining AE, EG, IC^ ID^ since the triangles 
AEG, CDItate both equilateral, .% z AGE^ ^IGD, and 
.*. ICE is a straight line (31). Hence the arcs AE, EG 
have a common tangent at E. In the same manner, it 
will appear, that the arcs meeting at F, G and H, have 
also a common tangent at those points; that is, the 
curved line AEGBHF is continuous, as required. 

Obb. It is plain that the figure is divided into two 
equal and symmetrical parts by the line AB, Also, if a 
sCraighft line be drawn through the middle point of AB, 

* From the Latin ' ovum\ an egg, the profile of an egg being 
scmethinp Uk« vbat i» meant bj an ovalf 
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at right angles to AB, and terminated by the corve^ that 
line also will divide the figure into two equal and similar 
parts. These lines are called the axes of the figure — and 
if it be required to construct an Oval with given axeg, 
that is, of given length and breadth (as we may say)^ 
it will be only necessary to repeat the process for con- 
structing an arch of three centres, according to the first 
method in (203), on both sides of the greater axis taken 
as the span. 

208. Prop. CVI. To construct an egg-shaped oval. 

[This form of oval, which, strictly speaking is the only true oval, 
is of considerable practical value. Already it is allowed to be the best 
form for drain-pipes and sewers ; possibly also many uses, to which it 
will hereafter be put, are not yet discovered.] 

(1) On AB as a diameter describe the circle ABD, 
CD being the radius which is at 
right angles to AB. Join AD, 
BD, and produce them indefinitely 
beyond JD. With centre A, and 
radius AB, describe the arc BF, J.| 
terminated by AD produced in F, 
And with centre B^ and the same 
radius, describe the arc AE, termi- . 
nated by BD produced in E, With 
centre 2), and radius DBy or DF, 
describe the arc JSF. ABFE shall 
be the oval required. n^^ 

For, since the centres C and B 
of the arcs which meet at A are in the same straight 
line passing through that point, .*. they have a common 
tangent at A, Similarly AE and FE have a common 
tangent at E\ FE and FB at F; BF and BA at B. 

(2) Or, if it be required to make the oval longer 
in proportion to the breadth, produce AB both ways, 
and take the centres for the arcs, which are to be 
drawn from A and B, somewhere in the parts of AB 
produced, equidistant from C, and join those centres 
with some point in CD produced. 

The following particular construction will be easily 
remembered : — 

AF'^AC^CB^BG; D^-half of ilC. 
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Join FE, GE, and 
produce them. With 
centres (? and i^ draw 
the arcs Al, BH ter- it 
minated by GE, and ^ 
jPI;, produced. With 
centre E, and radius 
£/, draw the arc IH, 
which completes the 
figure; and it is a 
continuous curve for 
the reasons stated in 
the first case. 




209. Prop. CVII. To construct a Spiral, composed of 
arcs of circles of various radii, 

Def. a spiral is a curve described about a point 
from which it commences, and makes any number of 
circuits round that point without returning into itself. 

Of such curves there are an endless variety ; but we 
are concerned only with those which are composed of 
circular arcs, of which we present the followmg four 
examples : 

(1) Let AB be a given short straight line; produce 
it indefinitely both ways. With 
centre A and radius AB, describe 
a semi-circle ; and let it meet BA 
produced in C. With centre B, 
and radius BC, continue this semi* 
circle by drawing another, which 
meets AB produced in D. With 
centre A^ and radius ADy draw 
another semi-circle DE; and again 
with centre B, the semi-circle EF, 
And so on; alternately using for 
centres the given points A and B, 

That the curve thus described 
is a continuous curve is obvious, because no two arcs are 
joined together in it except in the straight line which 
joins their centres. 
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(2) Another form of Spiral i8 constructed as follows : — 
ABC is a small equilateral 

triangle ; produce BA, A C, CB 
indefinitely. With centre -4, 
and radius AC, draw the arc 
CD, meeting BA produced in 
D. With centre B, and radius 
BD^ draw the arc DE, meet- 
ing CB produced in E, With 
centre C, and radius CE, draw 
the arc EF^ meeting AC pro- 
duced in F, And so on; 
taking for centres the points Ay B, C in order. 

That the curve thus described is a continuous curve 
will appear for the reason stated in the first case. 

(3) A third form of Spiral is constructed thus: — 
A BCD is a small square. 
Produce the sides BA, CB^ 
do; JD indefinitely. With 
centre Ay and radius ADy 
draw the arc D£, meeting 
BA produced in E. With 
centre B^ and radius BE, 
draw the arc EFy meeting 
CB produced in F. With 
centre C, and radius CF^ 
draw the arc FG^ meeting 
DC produced in G. With 
centre D, and radius DG^ 
draw the arc GH, meeting 
AD produced in H. And so on \ taking for centres the 
points Ay B, C, D in order. 




(4) Again, let ABCDE be a regular pentagon ; and 
produce the sides BA, CB, DCy ED, AEy indefinitely. 
With centre A, and radius A E, draw the arc EF, meeting 
BA produced in F. With centre B, and radius BF, 
draw the arc FGy meeting CB produced in G. With 
oentise €, and radius CG^ dzaw the arc GH, meetinff 
DC produced in H. With centre D, and radius Da, 
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draw the arc HI, meeting 
ED produced in /. With 
centre E^ and radius Ely 
draw the arc IK, meeting 
AE produced in K, And 
so on, ad libitum, taking for 
centres the angular points 
A, By Cy D, E successively 
tn order. 

It is evident, that, by 
using any other regular po. 
lygon m the same manner 
for the initial figure, a diffe- 
rent spiral will be formed ; 
and so there is no limit to 
the number and variety of such curves. 

Obs. It is worthy of observation that each of the 
above curves mav be traced out, in practice, in a very 
simple manner without either compasses or ruler. Take 
the first case. At A and J3, being points in the plane 
surface on which the spiral is to be traced, fix two pegs 
or pins. Round these, from one to the other, let a fine 
thread be wound, proceeding from left to right, one end 
of the thread being made fast, and the other terminating 
with a loop, in which a pencil or marker can be inserted, 
at B. Now unwind the thread, taking care thai it be 
alnayg stretched tighty and the marker in the loop will 
trace out the spiraL 

For, at first the marker will trace a circular arc round 
A, until it arrives at C; then the centre will change to By 
while a semi-drcle is traced to D; then again the centre 
will be at J ; and so on, precisely as the spiral was de- 
scribed by the compasses and ruler. 

Similarly, if pegs be fixed at the angular points of the 
triangle, square, or pentagon, in the other cases, and a 
thread wound round them, the spiral in each case may 
obviously be traced by unwinding the thread, provided 
it he kept tightly stretched througMut the operation. 

The ' Ionic Volute' is a curve of similar character to 
the above, but too complex in its construction for an 
elementary work like the prescfht 
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TESSELATED PAVEMENT, AND INLAID WORK. 

210. In order that any plane surface may be entirely 
covered by plane figures without either overlapping eadi 
other, or leaving gaps between them^ it is necessanr that 
the figures be such, and such only, that the sum of three 
or more of their angles is exactly equal to four right 
angles (SOCor. 2). 

That there must be three angles at least to fill up 
a space round a point is plain, because no angle can be 
so great as two right angles, and therefore no two angles 
whatever can amount to four right angles. Hence, 

Prop. CVIII. Tojind what regular rectilineal Jisures 
will exactly Jit together^ so as to cover any plane surface. 

Take the regular figures in order according to the 
number of their angles : — 

1st. The ^Equiangular Triangle: — In this case each 
angle is equal to one^hird of two 
right angles, that is, one^sixth of 
four right angles. Therefore six 
such angles will exactly make 
up four right angles; and the 
equilateral triangle is such a 
figure as is required. 

This combination of equilateral triangles is repi^e- 
sented in the annexed diagram. 

2nd. The Square or Rectangle c^-^In this case 
each angle is a right angle ; so that 
four such angles make four right 
angles ; and .*. both the square, and 
rectangle, is such a figure as is re- 
quired. 



3rd. The regular Pentagon : — In this case each angle 
is equal to six-Jifths of a right angle (86 Cor. 1) ; .*. three 
such angles fall short of, and^cmr exceed, four right 
angles ; so that the regular pentagon is not such a figdre 
as is required. i 
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4th. The regular Hexagon: — In this caae each angle 
is equal to Jbur-tkirds of a rif;ht 
■ngle (86 Cor. 1); .■. three such an- / 
gles are exactly equal to four right \ 
angles. Hence the regular hexagon f- 
ig such a figure as is required. / 

This, in fact, follows from the V 
first case, because each regular hex- L 
Bgon is made up of six equilateral ^ 
trianglet (l6o), as shewn by the dotted lines. 

This combination of bexag°"s *^ remarkable as being 
the fwm adopted by bees in framing the honey-comb. 

5th. R^ular Pt^ggons of a greater number of tidet: — 
Since each angle of a regular polygon evidently increoMt 
as the nnraber of sides increases; and since three angles 
of a regular hexagon are equal to four right angles; 
.*. three angles of every other regular polygon with a 

S eater number of sides must exceed four right angles, 
ence no other regular figures exist, for the purposes 
here required, except those already determined, vis, the 
equilateral triangle, the square, and the regular hexagon. 
Cor. It follows from the first case that a plane area 
may be covered by lozenges, whose shorter diagonal is 
e<^ual to a side; as is oi^n seen in the glazing of 
windows. 

211. Prop. CIX. To find mhat pairs of regular 
rectilineal figures, on the same bate*, wiil exactli/ cover a 
plane surface. 

Since each angle of an equilateral A = } of a right angle, 

a square ac i right angle, 

ahexagon *| , 

an octagon = | ; 

therefore, 

(1) 3 angles of A + 3 angles of square b 4 right angles 

(2) 4 angles of A -t- 1 angle of hexagon =4rightang1es 

(3) S angles of A + S angles of hexagon = 4 rijght angles , 

(4) S angles ofoctagon+1 angle ofsquaTe> 4 right angles. 
These combinations of two figures will be repre- 
sented as follows : — 

m the »id« of Mch of thg oUw 
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(1) The let thue: (3) The 2nd thus: 




213. Peop. ex. To Jind mhat combituaion of ihree 

iUext 



regular rectilineal figures, on the 
cover a jdane turface. 

There appears to 
be only one such com- 
bination, viz. 1 angle of 
A + 2 aiules of square 
+ I aDgfe of hex^on, 
the sum of whicE is 
exactly 4 right angles 
This combination will 
appear thus : 
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This beautiful arrangement of three regular figures^ 
although complex in appearance, may be constructed as 
a pavement with remarkable ease and certainty, by first 
marking down the dotted lines, as in the diagram; and 
may be extended readily to cover any extent of plane area 
whatever. 

213. Of course by deviating from regular figures 
other arrangements may be made differing from those 
here given ; for instance^ the second case in (210) may be 
changed from squares to rectangles in an endless variety. 
So also in the 1st case of (211). And again, in the 4di 
case of (211), the octagons need not be equilateral pro- 
vided they are equiangular, and equal to one another. 

A very pleasmg combination is made by adding to 
the 4th arrangement in (211) a narrow strip, as a border, 
to eadi octagon, composed of equal trapeziums, rectangular 
at one end, widi the other two angles eaual to one right 
angle and a half, and half a right anffle, respectively ; 
die shorter base of the trapezium being equal to the 
height of the trapesium + a side of the sqiiare. 



PRACTICAL HINTS AND DIRECTIONS FOR YOUNG 

DRAUGHTSMEN. 
The Student will probably have gathered for him- 
self, as he went along, many of the following notions; 
nevertheless it will not be without its use to recapitulate 
them here, in order that they may be the more strongly 
impressed upon his memory. 

(I) See that you have good Tools to work with— 
that Rulers and Squares are correct— Compasses sharps 
poinled-'-'and Parallel Ruler well tested, 

(2^ Recollect it is not an easy matter to draw a 
straight line perfectly straight. Flat-rulers are mostly 
feather'edged^ to enable you to draw lines with ink, without 
hlottingy by raising the edge above the paper. This is a 
source of error, where great accuracy is required. It is 
always better to use a pencil Jirsty so that the edge, along 
which it is drawn, may be in contact with the paper. Use 
hard pencils, and keep their points^ne. 

(3) In usinff the Compasses hold them erects move 
them with a genue hand, and pierce the drawing paper as 
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little as possible. A large hoU cannot be the centre of a 
circle, or of an arc of a circle. 

(4) Never guess at a straight line which is required 
to be at right angles, or parallel to, a given line. And, 
mark, the shorter the line is, the less likely are you to 
guess right. 

(5) Never use the end of the flat-ruler to draw a 
straight line at right angles to a given line from a given 
point in it. Use the ruler with crossMne at right angles 
to both edges. 

(6) In using the flat-ruler, or parallel-ruler, be care- 
ful to hold it tight to the drawing paper with two fingers 
at least; fpr if one finger only be pressed upon the ruler, 
it will probably, and perhaps imperceptibly, revolve 
round that point to a small extent, as the pencil or pen is 
passed along its edge. 

(7) Keep the joint of your compasses at a medium 
stiffness, neither so tight as to require much force in 
moving the legs, nor so slack as to prevent them from 
being handled without altering the angle between the 
legs. 

(8) Use the compasses, where practicable, in pre- 
ference to the flat-ruler or straight-edge, for the sake of 
accuracy. A point is in no way more correctly deter- 
mined than by intersecting arcs, on which account con- 
structions made with the compasses alone are generally 
most accurate. The only exception is, when the inter- 
secting arcs make a very obtuse angle with each other, in 
which case the actual point of intersection is not easily 
detected. 

(9) Draw all lines at first as long as they are likely 
to be wanted, with the pencil, whether straight lines or 
circular arcs. For a straight line is not so accurately 
* produced' as it might in the first instance have been 
continued to the required extent. And it is best to con- 
tinue circular arcs as far as they can be needed for two 
reasons : 1st, because, after once removing the compasses 
from the paper, you may miss the centre in the second 
attempt ; and 2nd, because, if the compasses have been 
disturbed for any oth^r purpose, or by accident, it may 
not be easy to hit the radius to a nicety. 
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( 1 0) Never suppose, that you can ' produce ' a very 
short Straight line, or draw another parallel to it with 
even tolerable accuracy, by means of a flat-ruler only. 
Nothing can be more fallacious, unless you have pre- 
viously determined some distant point through which 
the line is to pass. 

(11) It is not an easy thing even to join two points 
accurately^ when the points are very near to each other. 
In many cases there will be some other longer line in the 
construction, to which the shorter line is known to be 
parallel. If so, apply the parallel-ruler to the longer line, 
as a test line, and then force, as it were, the shorter line 
into parallelism with this. 

(12) In constructions where the same straight line or 
lengthy is repeated often, it is well to have two, and 
sometimes, three, pairs of compasses in use, in order that, 
being once adjusted to their proper distances, they may 
accurately retain that adjustment throughout This is 
especially necessary in the construction of regular poly- 
gons. 

(13) Despise not the varte/y of methods given for 
doing the same thing ; because that which is practicable 
in one case is not so in another under different circum- 
stances. Recollect, for example, that theoretically any 
straight line may be 'produced' ; but practically this is 
not true, because the line may already reach the edge of 
your paper, or your table, or room. 



QUESTIONS AND EXERCISES E. 

(1) What is meant, when we say, 'jof« AB* and 
'produce CD*} 

(2) When a straight line is required to be drawn 
very accurately between two given points on a plane 
surface mention the several things wnich ought to be 
carefully attended to. 

(3) If a straight line is to be drawn to join two 
given points and to be produced, is there a greater chance 
of error when the points are near together, or when 
they are at a considerable distance apart ? and why ? 

PART II. 7 
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(4) Exhibit the probable error in * producing * a very 
short straight line. 

(5) What is the objection to determining a point in 
certain cases by the intersection of two straight lines ? 
Exhibit an objectionable case. Which is the most favour- 
able case ? 

(6) Is it possible to draw through a given point 
more than one straight line parallel to a given line ? If 
not, why not ? 

(7) Why cannot a triangle have each of its angles 
just what we please ? 

(8) Is it absolutely necessary that the two legs of the 
Compasses should be precisely equal? There are two 
other conditions quite indispensable : what are they ? 

(9) In what way would you test thfe correctness of a 
Parallel' Ruler ? 

(10) If a square or rectangle be set before you, can 
you determine whether or not it be a true square or 
rectangle by means of the Compasses alone ? If so, how? 

(11) How should a Carpenter proceed to determine 
how much the end of a given board, professing to be rect- 
angular, is 'out of square', when he knows that his 
Square is not trustworthy ? 

(12) In using the Compasses to draw a circle it is 
found that the circumference does not return into itself. 
State the two faults either of which may be the cause of 
this result. 

(IS) State the probable sources of error in drawing 
a circle by means of & cord, as described in (99). 

(14) What is the objection to the Draughtsman's 
hasty mode of drawing a straight line, by means of the 
' Triangle* (102), at right angles to a given straight line 

from a given point in the latter? Is there the same 
objection to drawing a perpendicular by means of the 
same instrument ? 

(15) Through a given point draw the shortest 
straight line to meet a given straight line. 
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Through the same point draw two equal straight lines 
to meet the given line. Is there more than one solution 
of the last case ? 

(16) Bisect the base of an isosceles triangle by a 
straight line at right angles to it ; and shew that the line 
will pass through the vertex of the opposite angle^ and 
will also bisect that angle. 

(17) Every point in the straight line which bisects 
an angle is equidistant from the two sides forming the 
angle. Hence, shew that in every triangle the straight 
lines which severally bisect the three angles meet in a 
point. 

fl 8) Find a point equidistant from two given points. 
Is there more than one such point ? 

(19) Find a point equidistant from a given point, and 
a given straight line. Is there more than one such point .^^ 

(20) Construct an equilateral triangle of which the 
height only is given. 

(21) When you say that one triangle is equal to an- 
other, do you mean that the perimeters of the triangles 
are equal, or their Areas? 

(22) Can two equilateral triangles be equal, when 
their perimeters are unequal ? Can two isosceles triangles 
be equal, when their perimeters are unequal ? 

(23) Construct an isosceles triangle of given perime- 
ter upon a given base. When is this not possible ? 

(24) Through a given point on the ground lay down 
a straight line parallel to a given straight line in the same 
plane with a long cord and a few pegs only. 

(25) Shew how to determine, with the compasses 
alone, whether any proposed quadrilateral figure be a 
parallelogram or not. 

(26) If one straight line has been drawn to meet 
another straight line, and is said to be at right angles to 
it, how would you test the fact tviih the compasses alone? 

(27) Shew how to determine, with the compasses 
alone^ whether a proposed triangle be right-angled or not. 

(28) In bisecting an angle explain why it is important 
to draw the intersecting arcs at some considerable dis" 
tance from the vertex of the angle. 



188 GEOMETRY AS AN ART. 

(29) From two given points draw two straight lines 
to meet in a given straight line and make equal angles 
with it. 

(30) Change an equilateral triangle into a rectangle. 
Then make the rectangle into a right-angled triangle. 

(31) Change a given square into two ^uares^ 1st 
two equal squares, 2nd two unequal squares. 

(32) Shew that the middle point of the hypothenuse 
of a right-angled triangle is always equidistant from the 
three angular points of the triangle. 

(SS) Construct a rectangle^ having given its diagonal 
and one side. 

(34) One angle of a parallelogram is three-fourths of 
a right angle ; determine each of the other angles. 

(35) Construct a lozenge of which both diagonals 
are given. 

{S6) Having given three different squares, make them 
all into one square. 

(37) Having given the difference between the side 
of a square and its diagonal, construct the square. 

(38) Draw a straight line of given length at right 
angles to the base,, and terminated by one of the sides, 
of a given triangle. 

(39) Can the angle at the base of an isosceles triangle 
be either equal to, or greater than, a right angle? If 
not, why not.f* 

(40) Construct an isosceles triangle of which the 
base and opposite angle are given. 

(41) A rectilineal figure of more than three sides 
may be equilateral without being equiangular ; and vice 
versd. Give examples. 

(42) Shew that every straight line^ drawn through 
the intersection of the diagonals of a parallelogram, and 
terminated by opposite sides^ divides the parallelogram 
into two equal parts. 

(43) A gate is to be strengthened by two rods, 
proceeding from the extremities of the lower horizontal 
bar, and meeting in the upper one. Shew that the least 
material will be used, when the rods are equal. 
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(44) P and Q are two given points without the 
given straight line AB. Find the shortest route from 
P to Q, upon condition of passing through some point 
in AB. 

(45) Of all triangles having the same base and 
perimeter^ shew that the isosceles is the greatest, 

(46) Shew that three rods, whose lengths and re- 
lative position are given^ cannot possibly form more than 
one triangle; whereasyb«r rods, under like circumstances, 
will form an endless variety of quadrilateral figures. 
What conclusion do you draw from these facts, as to the 
proper construction of gates, roofs, &c. ? 

(47) Two pairs of parallel straight lines in the same 
plane intersect each other, draw another straight line 
intersecting both pairs, so that each pair shall intercept 
an equal portion of it. And give two solutions of the 
problem. 

(48) From a given point draw a straight line to 
meet two given parallel straight lines in the same plane 
such, that the difference between the part intercepted 
by the parallels and the other part shall be equal to 

r a given line. 

\ (49) Draw the shortest straight line from the cir- 

[ cumference of one given circle to that of another. 

(50) Through a given point within a given circle 
draw the shortest chord. 

(51) Shew how the diameter and radius of a given 
circle may be found by the Tape alone, without finding 
the centre. 

(52) Draw a circle whose circumference shall cut 
a given straight line in two given points. Is there more 
than one such circle ? 

{5S) From a given point within a given circle draw 
the shortest line to the circumference. 

(54) Through a given point within a circle draw 
the chord which is bisected by that point. 

{55) If two chords of a circle be given both in 
position and magnitude, describe the circle. 
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{56) Describe a circle which shall pass through a 
given point and touch a given circle at a given point. 

(57) Find the point without a given circle, from 
which if a tangent be drawn to the circle, it will be 
equal to a given line. 

(58) A carpenter has drawn the arc of a semicircle 
and wishes to verify it, but he has lost the centre ; shew 
how he may do it by means of his square only. 

(59) Draw the diameter of a given circle with the 
square alone without using the compasses. 

(60) Divide the circumference of a circle into three 
equal parts at one trial by the compasses alone. 

(61) Shew that the circumference of a circle is 
greater than three, and less than^bwr, times its diameter. 

(62) Trisect a given circle by straight lines drawn 
from the centre. Find also the sector which is the 
exact twelfth part of the circle. 

(63) Compare the diameters of the circles inscribed 
in, and circumscribed about, the same equilateral triangle. 

(64) Compare the areas of the squares inscribed in, 
and circumscribed about, a given circle. 

(65) Shew that every parallelogram inscribed in a 
circle is a rectangle. 

(66) Shew that the diameter of the circle inscribed 
in a right-angled triangle is equal to the excess of the sun^ 
of the two sides above the hypothenuse. 

(67) Why is the hexagon the most easily constructed 
of all regular polygons ? 

(68) Having given the sides of a regular pentagon 
inscribed in a circle, shew how a regular polygon of 
twenty sides may readily be inscribed in the same circle. 

(6^) If a semicircle be described upon a side of a 

regular hexagon, and the adjacent side be produced to 

meet the circumference, shew that the chord thus formed 

is the side of another regular hexagon whose area is 07te- 

fourih of the former. 

(70) How does it follow from the fact of a regular 
pentagon being inscribed in a circle^ that each of the 
angles is equal to three-Jlfihs of two right angles ? 
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(71) Shew at once> in the same manner^ that each 
angle of a regular hexagon is equal to two-thirds, and of 
a regular octagon to three-fourths^ of two right angles. 

(72) Shew that no triangle can be cut out of a 
square greater than half the square. 

(73) Cut off the half of a given triangle by a straight 
line parallel to one of its sides. 

(74) Construct a pai'kllelogram which shall be equal 
to a given triangle both in area and perimeter. 

(75) Make an equilateral triangle which shall be 
equal to the sum of two given equilateral triangles. 

(76) Describe a circle whose circumference shall be 
to that of a given circle in a given ratio. 

(77) Make a circle equal to half a given circle. 

(78) Make a circle equal to the sum of three given 
circles. 

(79) Find the square which is equal to a given 
hexagon. 

(80) Divide a given square into three parts in the 
ratios 2, 3, 5, by straight lines drawn from one of the 
angular points. 

(81) Divide a given triangle into three parts in the 
ratios 1, 2, 3, reckoning from one of the angular points^ 
by straight lines parallel to the opposite side. 

(82) Construct a square which shall be equal to a 
given rectangle and a given triangle taken together. 

(83) If the points A, B, C, D, P be so situated that 
PA : PB :: PC : PDy shew that a circle may be drawn 
to pass through the points A, B^ C, D. 

(84) A straight line is divided into two given parts, 
find the point without it at which these parts shall sub- 
tend equal angles. 

(85) Draw a straight line through two given con- 
centric circles so that £he two chords intercepted shall be 
in a given ratio. 

(86) Divide a given triangle into three equal parts 
by straight lines at right angles to the base. 
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(87) Divide a quadrilateral figure, not a parallelo- 
gram, into three equal parts by straight lines at right 
angles to one of its sides. 

(88) Divide a square into^t^e equal parts by straight 
lines drawn from the intersection of its diagonals. 

(89) From one of the angular points of a given tri- 
angle draw a straight line which shall divide the triangle 
into two such parts that one exceeds the other by a given 
smaller triangle. 

(90) Shew that the perimeter of a square is less than 
that of any other parallelogram of equal area. 

(91) Three given straight lines converge to one 
point, not determined, draw another straight line to meet 
them, such that the parts of it intercepted between each 
contiguous two are equal to one another. 

(92) From a given point draw an arc of a circle 
which shall meet another given arc tangentially. 

(93) Describe an oval whose extreme length shall 
be exactly twice its breadth. 

(94) Draw a trvo-centred pointed arch of given span 
and rise, 

(95) Draw a two- centred spiral which shall com- 
mence at one given point and terminate at another given 
point, after one complete revolution. 

{^6) Draw ajbur-centred spiral with the same con- 
ditions as in the last case. 
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After much delay> arising from frequent ill health, 
I am at length enabled to bring this Part of my original 
design to completion^ having obtained the valuable assist- 
ance of a kind friend, the Rev. F. Calder*^ M.A. Head 
Master of the Grammar School^ Chesterfield, to whom I 
am indebted for a large proportion of the Exercises, and 
for so much useful matter besides, that the book might 
fitly be called Lund and Calder's Mensuration. 

It will be seen, at a glance, that this is not a work 
fashioned af^r the old pattern of English books on Men- 
suration ; but it is grounded upon, and recognizes as a 
necessity, the Geometry of Euclid — ^that is, Geometric as a 
Science, It is constructed strictly on the deductive prin- 
ciple; and yet not so formally, as to exclude practical 
illustration, whenever it appeared desirable to introduce 
it. The Student's memory is not intended to be bur- 
dened with mere Rules^ but each process is fully reasoned 
out; and the units of measurement, especially, are laid 
down and explained with extreme care, as being, in my 
opinion, the necessary first step to any sound and useful 
knowledge of the subject I am persuaded, that very 

* Author of a Treatise on Arithmetic, which has deservedly 
attained a high place in public estimation. 
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much of the failure of School-Mensuration, as hitherto 
taught^ when it is brought to the test of the workshop, 
or the fields is to be ascribed to the vague notions, which 
young Students mostly obtain, of the Units of Measure^' 
menL This defect of former works has, therefore, been 
steadily kept in view ; and I venture to hope it may be 
found, that the more scientific mode of treatment is after 
all the more truly practical* 

This Part has so far exceeded the limits originally 
designed for it, that Part IV., Geometry combined mth 
Algebra (if I am permitted to complete it), will now 
appear as a distinct Work. 



T. L. 



MoaToy Rectory, Alfbetok, 
Jan, \, 1859. 
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ELEMENTS OF 

GEOMETRY AND MENSURATION. 



PART III. 

GEOMETRY COMBINED WITH ARITHMETIC. 

(MENSURATION.) 



Thb application of Arithmetic to Geometry enables 
us to perform various calculations and measurements 
with respect to lines, lengths, distances, areas, angles, &c., 
and is commonly called Mensuration, that is, the Art 
and Science of Measuring. 

GENERAL PRINCIPLES OF MEASUREMENT. 

L OF LINES. 

214. The Arithmetical Measure of a line or length 
is the ratio which that line^ or length, bears to another 
line or length taken for the unit or standard of measure. 

Thus, if a certain line^ or lengthy be called a foot, 
then another line, or length, which contains the former 
exactly three times, that is, which is just three times as 
long, will be S foet. And if 1 represent the former, 3 
will represent the latter, line. Also another line which 
contains the same unit Jive-and-a-half times, will be re- 
presented by 5|; and so on. 

215. It is not necessary that the unit of lineal mea- 
surement be the line^ or length, which we call Sifoot; it 
may be any other line, or lengthy taken at pleasure. But 
it is necessary, when numbers are used to represent 
Geometrical magnitude, in every case to know, and to 
bear in mind, what unit, or standard, has been employed. 

PART m. 1 
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Thus, if a certain line^ or length, be represented by 
13, we know nothing about it until we know what the 
unit is. If the unit be an inch, then the given line is 
13 inches; or, if the unit be a mile, then the given line, 
or lengthy is 13 miles: and so on. 

216. Hence, it is obvious, that much practical benefit 
arises from using those units, or standards, only which 
are meU known, as an inch, a foot, a i^ard, a mile, &c. 
For thus we are enabled to communicate to others, by 
means of a few words and symbols, a true notion of the 
magnitude of any line, length, or distance, with which we 
are concerned, when it is once known to ourselves. 

Thus, if we wish to inform a friend that we have 
walked a long distance within a certain time, by stating 
that we walked 100 miles in 3 days, we give him an 
accurate notion of our achievement, because a mile and 
a day are units, the one of length, and the other of time, 
with which he is supposed to be well acquainted. 

217* It might, indeed^ without the use of either 
Arithmetic or Geometry, be said that it is a lon^ distance 
from London to Edinburgh. But this, in fact, expresses 
nothing which has any significance, because another 
person might as truly assert, that the same distance is 
short. Both may be right, having taken different units 
of measurement. For the distance between London 
and Edinburgh is great compared with the length of a 
man's ybo^, that is, when the unit is afoot; but the same 
distance is small when compared with the circumference 
of the Earth, or the distance to the Moon. 

And so, then, let it be borne in mind, that the mea- 
suring of a line, or length, is simply the comparing it 
with some other line, or length, taken as a standard; and 
any proposed line, or length, is great or small only in 
respect of some other line, or length, with which the 
former is compared. 

218. To measure a given straight line or length. 

(1) When the given straight line is accessible in 
every part of it, let it be represented by 

AB, where A and B denote the extreme d ? 

points. Take a foot-rule or yard-wand, 
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or some other convenient standard of measure, and lay 
it along AB^ so as to have one of its ends coinciding 
-with A. Mark where the other end meets the line, or 
length; from that point repeat the operation, as was 
done from A ; and so on, until the standard has been 
laid along the whole line from A to B, This process 
enables us to see and arnnt how many times the standard, 
or unit of measure, is contained in the given line; and 
that number of times is the measure of the line ; for it is 
the ratio which the given line bears to the unit of 
measure. 

This number may be either whole or fractional^ ac- 
cording to circumstances. In some cases the unit will 
be contained an exact integral number of times in the 
given line; in others so many times, and parts of a time. 
And, in order that the fractional part may be readily 
determined, the standard, or unit, is divided into a certain 
number of equal parts, (as the foot-rule into 12 equal 
parts, called inches,) and each of these parts again into a 
certain number of equal parts ; and so on, to any required 
degree of minute subdivisions. So that, if, for example, 
AB contain the foot-rule S times and five-twelflhs of 
another time, then the measure of AB is S^^s ^^^^^ ^^ 
3 feet 5 inches. 

All this is so obvious to the senses in practice^ that it 
requires no further illustration. 

(2) For short lines the draughtsman more commonly 
makes use of the compasses^ opening the compasses so as 
to separate their feet to the exact distance AB, he then 
applies that distance to the face of his flat ruler, which 
is divided into inches and parts of an inch ; and thus he 
measures the line AB hy noting how many inches and 
parts of an inch, (or, if AB be less than an inch, how 
many parts of an inch,) the compasses embrace. 

Or, he places the edge of the graduated ruler along 
the line itself, which is to be measured, and observes 
at once with how many divisions of the ruler the given 
line coincides, and so measures it. This is often the 
most expeditious method. 

(S) Lastly, for long lines a tape is commonly used, 
'which is divided into feet and inches, and wound on 
a reel. One end of the tape is held at one end of the 

1—2 
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line, or length, to be measured, and the tape is then 
unwound, until, being tightly stretched, there is suffi- 
cient of it to cover the fine in its whole extent. The 
figures marked on the tape, where it coincides with the 
other end of the line, express the length of the line in 
feet and inches. 

Or, if the length to be measured be greater than 
the whole length of the tape, it is only necessary to repeat 
the operation by successive measurements, as in the first 
case. 

The method of measuring still longer lines, or lengths, 
on the Earth's surface, as adopted by surveyors, will be 
given hereafter. 

219. To measure a given crooked line or length. 

(1) If the crooked line consist of two or more 
straight lines joined together, it is obvious that the whole 
line may be measured 

by adding together ° 

the measures of the 
several lines taken 
separatelv (determin- 
ed as in the last Art.), 
which make up the whole. 

Thus, it is evident that the measure of the crooked 
line A BCD will be found by adding together the mea- 
sures of AB, BC, and CD. 

Or, with the tape^ it may oflen be done in one single 
measurement. For, if ABCD be the boundary of a 
rigid body, or if pegs be fixed at B and C, the tape may 
be tightly stretched so as to coincide with AB, BC, and 
CD, and thus shew at once the measure of ABCD. 

(2) If the line, or length, to be measured be a curved 
line, its measure may be found by carefully laying a 
string upon it throughout its whole extent, and then 
applying the foot-rule, or other standard, to find the 
length of the string stretched out into a straight line. 

Or, by means of a tape, a curved line, or length, may 
sometimes be measured at one step^ since the tape com> 
bines in itself both the flexible string and the graduated 
measure. Thus, the woodman finds the girth of a tree^ 
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or the tailor the circumference of a man's body^ in a 
moment of time. 



■ 

1 



II. OF SUPERFICIES, SURFACES, OR AREAS. 

220. In the same manner as the Arithmetical Measure 
of a line is the ratio which that line bears to another 
line, taken as the unit^ or standard — so the Arithmetical 
Measure of a superfieieSy surface, or area (all which 
mean the same thing), is the ratio which that surface 
bears to another surface, taken as the unit^ or standard^ 
of superficial measure. And as the lineal foot was stated 
to be oflen the most convenient unit of length for mea- 
suring lines, so the square foot (that is, the square* of 
which each side is a lineal foot) is a common and conve- 
nient unity or standard^ of superficial measurement. 

Hence, taking this unit, the measure of a surface^ or 
area, is the number of times which that surface, or area^ 
contains a square foot; and that number will be some- 
times a tvhole number, and sometimes A*ac/toiia/. 

For example^ suppose the annexed diagram, ABCD, 



B 



to be a miniature representation of a rectangle, of which 
the side AB is 4 feet, and the side AD is 1 foot; then, 
dividing AB into four equal parts (l68, Part ii.) in £, J*, 
G, and drawing Ee, Ff, Ggy parallel to AD, or BCy it is 
obvious that we have divided the rectangle into 4 equal 
squares^ each of which is a square foot; therefore the 
rectangle ABCD is plainly equal to 4 square feety that 
is, the measure of the rectangle is 4, when the unit is a 
squarefbot. 

221. But as it oflen happens, that a given super^ 

fides, surface, or area, which it is proposed to measure, 

does not contain an exact integral number of square 

* It must be borne in mind that a square is not four straight lines 
of equad length and at right angles to each other, but the plane area 
included within those lines. 



198 



GKOMETRY COMBINED WITH ARITHMETIC. 



B 



feet, therefore, just as the lineal foot, for a similar pur- 
pose, is divided into inches, so the square foot is divided 
into square inches. For in- 
stance, suppose the square 
ABCD to represent a 
square foot Divide AB^ 
and At>, each into 12 equal 
parts (168, Part ii.); these 
equal parts will be inches, 



since 



AB=-AB^\ foot=l 2 inches. 

From the several points 
of division in AB draw 
lines through the square 

parallel to AD; and from the several points of division 
in AB draw lines parallel to AB. These lines will ob- 
viously divide the square ABCD into 12 smaller squares 
repeated 12 times, that is, into 144 smaller squares; and 
each of these smaller squares is a square inchy that is, a 
square whose side is an inch in measure. 

Hence, if a proposed surface do not contain the 
square foot an exact integral number of times, it will 
contain a certain number of square feet, and a fraction of 
a square foot over, which fraction may be a certain 
number of square inches. And then the measure of the 
surface, or area, will be so many square feet together 
with so many square inches. 

For example, suppose ABCD to be a rectangle, of 



p 



o 



r 



9 



which the side AB is 4^ feet, or 4 ft. 6 in., and AD one 
foot. Let AE^EF^FG^GH=\ foot; and throuffh 
E, F, G, H draw Ee, FJ\ Gg, Hh parallel to AD or EC. 
Then HB = h2\f a foot, or 6 inches; and //5CA = half a 
square foot, or 72 square inches; therefore the measure of 
the rectangle ABCD is 4^ square feet, or 4 square feet 
and 72 square inches. 
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If we still find, that the proposed surface is not made 
up of an exact integral number of square feet and inches, 
but that a fraction of a square inch remains over, then 
the square inch must be subdivided into smaller squares, 
as the square foot was; and so on, until we either obtain 
the precise measure of the proposed surface, or approach 
so near to it, that the remainder is of no account for 
practical purposes. 

222. To measure a given * square. 

1st. Let ABCD be the given square, of which each 
side is a certain integral number 
of units, 5 suppose. Divide AB, 
and ADy each into 5 equal parts 
(l68, Part n.), and through the 
several points of division draw 
lines parallel to the sides of the 
square, dividing the given square, 
as in the diagram, into a certain 
number of equal smaller squares, 
each of which is the unit of super- 
ficial measure. The only ques- 
tion then is, what is the number of such squares contained 
in the proposed square? That number is the measure 
required; and is m this case obviously 5 repeated 5 
times, that is, 25. 

Thus, if AB be 5 feet in length, the area of the 
square ABCD will be 5y^5, or 25, square feet. Or, if 
AB be 5 ifards in length, then the square A BCD will be 
25 square yards^ that is, equal to 25 squares, each of 
which has 1 yard for its side. 

The same rule will evidently hold whatever be the 
number of units in AB, that is, we must multiply that 
number by itself to find the Arithmetical measure of the 
square ABCD. 

2nd. If the number of units in AB be not an integer, 
but fractional, as 5^, each unit being reckoned in quar- 
ters, it is plain that each side of the square will contain 
21 such quarters. Divide, then, AB and AD^ each into 

* Given, that is, as to the length of each of its sides. If the side he 
not given, but the surface, in the form of a square, be simply pre- 
sented before us, then a side must be measured by Art. 218. 
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21 equal parts (\6S, Part ii.)> and through the several 
points of division draw lines parallel to AD and AB^ as 
before, dividing ABCD into equal smaller squares, each 
of which has a quarter of a unit for its side. The num- 
ber of these smaller squares will obviously be 21 taken 
21 times^ or 21x21. But, as the side of the smaller 
square is ^ of the lineal unit^ the square unit contains 

l6 such squares. Therefore ABCD contains ^^— 

^ lo 

21x21 
square units; that is, ABCD is measured by — -^— , or 

21 21 

-7- X ■-- , or 5^ X 5 J, the product of the side multiplied 

by Itself^ as before. 

The same rule may be shewn to hold whatever frac- 
tion represents the side of the square, by dividing the 
lineal unit into as many equal parts as is expressed by 
the denominator of the fraction. Thus if AB be 3|, each 
unit must be divided into eighths^ that is, AB must be 
divided in 29 equal parts^ and then, as before, it will 

2Q 20 
readily be shewn that ABCD is measured by -^ x~ , or 

8 

N.B. The square^ of which any line, as AB, is a 
side, is commonly called the square of AB ; and, for 
shortness, is written AB*, and read 'An square* Thus 
AB'+OD^, which is read ^AB square plus OD square/ 
means that the square upon OD is to be added to the 
square upon AB, Hence 5' does not stand for 5x5, that 
is, 5 times 5, by definition merely, but is proved to be 
equal to that product : in other words, it is proved, that 
the square, whose side is 5 linear units^ contains 25 
square units. And so also, whatever the number may 
be, which measures the side of a square, the square itself 
is measured by that number multiplied by itself. 

Again, the half of the line AB is often written thus, 
iAB; and its square, as will readily appear by drawing 
the diagram, is one-fourth of the square of AB, which is 
written ^AB'. Similarly the square of ^AB is ^AB*; 
and so on — the fraction being multiplied by itself in all 
cases to obtain the square. 
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Ist. Let ABCD be the given rectangle; and sup- 
pose AB to contain the 
lineal unit 5 times^ and AD 
to contain it 3 times. Divide 
AB into. 5 equal parts^ and 
AD into 3 equal parts; then 
each of these parts is the 
lineal unit ; and^ if through 
the several points of division " ^ 

parallels to the sides of the rectangle be drawn, ABCD 
will obviously be cut up into a set of small squares^ each 
of which is the superficial unit of measure (since its side 
is the lineal unit), and the number of these squares is 
plainly equal to 5 taken S times, or 3x5, the product of 
AD and AB. 

The same will hold whatever other whole numbers of 
units are contained in AB^ and AD, that is, the measure 
of the rectangle ABCD is the product of AB and AD. 

Thus, \^ ABhe 5 feet^ and AD 3 feet, then ABCD 
will be 15 square feet. Or, if the lineal unit be &yardy 
then the measure of the same rectangle will be 1 5 square 
yards — the unit of superficial measure being always the 
square which has the lineal unit for its side. 

2nd. If the lineal unit is not contained an exact in- 
tegral number of times in either or both of the sides, 
the process of measurement is the same as that employed 
in the 2nd case of Art. 222. Thus, suppose the lineal unit 
to be contained 5\ times in AB, and 3^ times in AD; 
then AB being divided into 21 equal parts, and AD into 
14 equal parts (each lineal unit being 4 such parts), 
and the parallels being drawn through the several points 
of division, the whole rectangle ABCD will be cut up 
into a set of small squares, each of which is the l6th part 
of the square unit, and the number of the small squares 
will plainly be 21 taken 14 times, or 14x21. Therefore 
the measure of the rectangle will be the l6th part of this 

* Given, that is, as to the length of each of two adjacent sides. If 
the sides be not given, but the rectangle, as a surface, simply stands 
before us, Uien each of the two sides must be measured by Art. 218. 



202 GBOBfETRY COMBINED WITH ARITHMETIC. 

14x21 14 21 

number, that is, r; — , or -—x-— , or Six5h the pro- 

10 4 4 

duct of the two adjacent sides, as before. 

The same rule may be shewn, in a similar manner, 
to hold, whatever be the fractions which measure the 
sides of the rectangle. Hence we conclude that in all 
cases the measure of a rectangle is the product of two 
adjacent sides. 

N.B. The adjacent sides, of which the product is 
taken, must be measured according to the same unit, 
before the multiplication takes place. And where some 
error of measurement is unavoidable, it is to be observed 
that the greatest care will be required in measuring the 
lesser of the two sides, because the error will be multi- 
plied oftener when it has to be multiplied by the number 
of units in the longer side, than it would be, if the same 
amount of error is found in the longer side and is to be 
multiplied by the shorter. 

It is to be observed also, that, whereas in Parts i. and 
II. a rectangle, as A BCD, is always spoken of as the 
'rectangle contained by AB and BC,' or more shortly 
'the rectangle AB, BC,' it is now proved that it is equal 
to the product ofAB and BC, 

224. To measure a given parallelogram. 

Let ABCD be the given parallelogram. From B 
and A draw BE^ and AF, p ^ b c 

perpendiculars to CD, and 
CD produced. Then it is 
easily shewn that the triangle 
AFD is equal in all respects 
to the triangle BEC (24, Part 
I.); and thus it follows that 
the parallelogram ABCD is equal to the rectangle 
ABEF. But the measure of the rectangle 

ABEF==ABxBE(22S), 

therefore the measure of the parallelogram 

ABCD:=ABxBE 

^the base X the height, as it is usually stated. 
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In other words the area of a parallelogram is equal 
to the product of any one side ana the perpendicular dis- 
tance of that side from the opposite side. 

In any proposed case, therefore, although the sides 
be given, it will be further necessary to measure this 
perpendicular distance, commonly called the height of 
the parallelogram. 

Thus, if AB^5 feet, and by measurement BE is 
found to be 3 feet, the area of the parallelogram ABCD 
will be 3x5, or 15, square feet 

And, similarly, also, whatever be the numbers, whole 
or fractional, which measure AB and BEy 

the parallelogram ABCD=AB x BE, 

Obs. It is plain that we could not cover the surface 
of the parallelogram ABCD^ as represented in the dia- 
gram, by any number of squares, however small, on account 
of the acute and obtuse angles of the figure ; but by the 
above device of converting the parallelogram into a rect- 
angle having the same area, we are enabled to cover the 
surface of the latter with square units, and so to find the 
exact measure in square units of the equivalent parallelo- 
gram. This process may very fitly be called 'squaring 
the parallelogram,' 

225. To measure a given triangle. 

Let ABC be the given triangle. The thing to be 
done is to find the 
equivalent rectangle, 
so that it may be pos- 
sible to cover it with 
equal squares, and to 
find the number of 
those squares. 

Through C draw CE parallel to AB, and CD per- 
pendicular to AB; and through A draw AC parallel to 
BC, 

Then ABCD is a parallelogram, and the triangle 
ABC is half the parallelogram ABCD (40, Part i.). 
But, by Art. 224, the parallelogram ABCD is equal to 
the rectangle AB, CD, and is measured by ABxCD; 
therefore tne triangle ABC is measured by ^ABxCD, 
that is, half the product of the base and height. 
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Thus, if AB^t feet, and CD=4 feet, the triangle 
-4jBC=|x 7x4=14 square feet. 

To measure, therefore, a proposed triangle, measure 
any one of its sides, and the distance of that side from 
the vertex of the opposite angle; then half the product of 
these two lengths mill he the area required. 

But, observe, by distance of a side from the vertex 
of the opposite angle is meant the shortest distance, that 
is, the perpendicular let fall from the vertex to the side. 
And this perpendicular will in certain cases fall not upon 
the side itself, but the side n 

produced. Thus in the an- 
nexed fig. the area of the 
triangle ABC is equal to 

i^xABxCB, 

where CD is the perpendi- 
cular from C upon An pro^ 
duced, 

226. To measure a given rectilineal surface of any 
number of sides. 

Let ABCDE be the proposed surface to be measured 
(the process is the same what- 
ever be the number of the 
sides). From the vertex of 
any one of the angles, as A, 
draw the diagonals AC, AD, 
so as to divide the whole sur- 
face into the triangles ABC^ 
ACD, ADE. Then the sur- 
face ABCDE is manifestly 
equal to the sum of the three 
triangles, each of which may be measured separately by 

yt£^Oj» 

Thus, drawing the perpendiculars Bb on AC, Dd on 
AC, and Ee on AD, by Art 225, 

Area of triangle ABC=^ACxBb, 

ACD^^^ACxDd, 

ADE=iADxEe; 

therefore area of 

ABCDE^^ACxBb+^ACxDd-i^iADxEe; 
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and by measuring the lines AC, AD, Bb, Dd, and Ee, 
the measure of the surface required is known. 

[]This Problem will be more fully discussed in the 
section on Surveying.]] 

227. To measure the perimeter and area of a given 
regular Polygon of any number of sides. 

This is obviously only a particular case of the pre* 
ceding problem; but as it furnishes a general result 
applicable to all regular polygons whatever^ it may be 
fitly inserted here. 

Let AB be one of the sides of a regular polygon ; 
the centre of the circumscribing 
circle (l62. Part 11.); draw OC 
perpendicular to AB, and join 
OA, OB. 

(1) Then^ to obtain the mea- 
sure of the perimeter, it is plain 
that we have only to measure AB^ 
and multiply it by the number of 
sides in the polygon. 

(2) Also, the area of the polygon will be equal to 
the area of the triangle OAB multiplied by the number 
of sides in the polygon, that is, \ABy- OCx number of 
sides, or ^OCx perimeter. 

Obs. It is to be observed that the proposition proved 
in (43, Part i.)> viz. that in any right-angled triangle the 
square of the hypothenuse is equal to the sum of the 
squares of the sides bounding the right angle, is of con- 
tinual application in Mensuration, and enables us to mea- 
sure squares, rectangles, and triangles, without the precise 
data supposed in the preceding Articles. Thus, 

228. To measure a square when the diagonal only is 
given. 

Let ABCD be the square, of 
which the diagonal AC is known: 
then, by (43), 

AC'=AB'+BC* 

^twice^B*, '.'AB^BC, 
.'. AB'^IAC; 
or i4 BCD* half the square of AC. 
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If, for example, AC ^=9 3 in, 

then ABCD = ^=4f^ square in. 

By the same reasoning also it appeals that the dia- 
gonal of a square bears an invariable ratio to the side. 
For 

AC* : AB" :: 2 : 1, 

.-. AC : AB :: J2 : 1. 

Hence, the diagonal of a square is found from the side 

by multiplying the latter by J2 ; and the side from the 

diagonal by multiplyuig half the latter by J2. For by 
(74, Part I.) 

AC = j2xAB; and AB^-^^iJ^. AC. 

Since 1^2= 1*4142 13... tit ififinitum, the ratio of the 
diagonal of a square to its side cannot be expressed accu^ 
ralely^ but we can approach as near as we please to 
accuracy by taking a sufficient number of decimal places. 
For many purposes it will be accurate enough to write 

hV, orf, for^S. 

Again, since the ratio J^ : I cannot be accurately 
expressed, this shews that the diagonal of a square and 
its side are incommensurable, which means that, although 
each can be measured accurately by some unit, they can- 
not both be measured by the same unit, however small 
that unit may be. 

229. To measure a rectangle, when the diagonal and 
one of the sides are given. 

Let ABCD be the rectangle, of which the diagonal 
AC, and the side ^B are given. 
Then, by (223), 

Area of ABCD ^ABx BC, 

But BC^AC'-AB', (43), 

.-. ABCD^ABxjAC''AB\ 

U AC=5 feet, and ^ B = 4 feet, 

then, area ABCD =4 x J2$ - 1 b* =» 12 square feet. 




I 

J 
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230. To measure a triangle when the sides only are 
given. 

Let ABC be the triangle, CD a perpendicular from 
C upon AB, supposed, but not c 

known. And 

1st. Let the triangle be equi^ 
lateral; then it is easily proved that 

AD^BD^^AB. 

And area of ABC^^AB^ CD, (225) ^ 

=iABxjAC-AD\ (43) 

^^AByjAB'-^^AB', 
^^dBxJiAB^. 

If ^J5=4 feet, then 

area of triangle = 2 x J 12^^ J 3 square feet 

2nd. Let the triangle be isosceles, but not equilateral. 

Then area =i^5xCA 

^^ABxJaC-AD", 

^^ABxJaC-^ABK 
If AB^4i, and AC=BC7=10, then 

area of triangle = 2j^=^sj6. 

3rd. Let the triangle have all its sides unequal; and 
the length of each side known ; — 

In this case the area of the triangle can be found 
from these data alone, but only by means of Algebra. 
The algebraical process, however, furnishes the following 
general Rule, which is of easy application : — 

Rule. Add together the numbers (expressed in the 
same unit) which measure the three sides, and take half 
their sum. Let the result be represented by S ; then sub^ 
tract each side separately from S, andjind the continued 
product of S, S-AB, S-AC, and S-BC. The square 
root of that product mill be the area of the triangle re- 
quired. 
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Ex. Let the sides of the triangle be 3, 6, 7> yards 
respectively; to find the area of the triangle. 

3 + 6+7 = 16, .-. S^S, 

5'-^C7«8-6 = 2, 
5-5(7=8-7 = 1; 
.". area »Js x 5 x 2 x 1 =/y80« 8*95 square yards nearly. 

231. When the length and breadth of a rectangular 
figure are given, we have seen (223) that the area is 
found by multiplying together these two dimensions, 
taking care that they are both measured by the same 
unit. 

These dimensions are often expressed in feet ; or in 
feet and inches ; or in feet, inches, and fractional parts 
of an inch. If these fractional parts are halves, or 
quarters^ it is usual to express them in itvelftks. We 
subjoin examples. 

1st. Let the dimensions be expressed solely in feet, 
as 5 ft. by 3 ft. Then the area is equal to 5x3, or 
15 square feet. 

2nd. Let the dimensions be in feet and inches ; as 

5 ft. 3 in. by 4 ft. 6 in. 

Here it must be observed, that in the required 
multiplication, we have these results^ viz. 

1 foot X 1 foot = 1 sq. foot, 

1 foot X 1 inch = an area of 1 2 sq. inches, 

1 inch X 1 inch = 1 sq. inch. 

Hence, in the subjoined operation the 
work is performed as in compound multi- 
plication, and the units in each denomi- 
nation are converted into the next higher 
by dividing by 12; so that the result is 
23 sq. ft., 7 areas of 12 sq. inches and 

6 sq. inches ; or 23 sq. ft. 90 sq. inches. 

3rd. Let the dimensions be in feet, inches, and 
twelfths of an inch ; as in a rectangle 5 ft. 4 in. 3 twelfths, 
by 2 It. 6 in. 9 twelfths. 
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We have now to observe that 

1 foot X ^inch = 12 in. x ^^ in. » 1 sq. in. 
1 in. X ^ in. » ^ sq. in., 
^ in. X ^ in. s jj^ sq. in. 

Hence, in the accompanying ope- 
ration, the product is obtained by fi 
the same mode as in the last example, 2 •() .9 
and is 13 sq. ft., 8 areas of 12 sq. in., 4.0.2.3 
7 sq. in., 8 areas each ^ sq. in., and 2.8.1 . 6 * 
3 each y^ sq. in. The second and 10.8.6 

third products when reduced to one 

name amount to 103 sq. in.; and the 13 . 8 . 7 • 8 . 3 

fourth and fifth to ^Jft- of a square 

inch : or, the whole » 1 3 sq. ft 103 ^ sq. in. 

4th. If the fractional parts of an inch cannot be 
converted into tmelflhs, it is better to bring the whole to 
feet and decimal or fractional parts of a foot, or of an 
inch. 

Thus 7 ft- 2^ in- would be better converted into 
l\h ft-i Of S^i in., or 86*2 in. If the resulting decimal 
would be recurring, a vulgar fraction is preferable. 

Ex. Find the rectangular area, whereof the length 
and breadth are 3 ft. 5\ in., and 2 ft. 6| in. respectively. 

The products 41 4^ x 30| sq. inches 

4Ux30| ^ 
— 144^ ^^-^ 

288 272 1 544 ^ 
7 9 144 6S ^ 

= 8iJ sq.ft. 

If the dimensions be 1 ft. 10-6 in. and 0*275 in. 
the product = 22*6 X 0-275 sq. in. 

a 6*215 sq. in. » -04316 sq. ft. nearly. 



PART III. 
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QUESTIONS AKD EXJBRCISES F. 

(1) What is meant by the length of a line in Mensu- 
ration ? 

(2) What is meant bj choosing a unit of measure- 
ment? 

(3) Shew by examples that there is an advantage 
in selecting particular umita of measurement. 

(4) How many different kinds of units can be em- 
ployed in Mensuration ? Are they all employed in the 
preceding section. 

(5) If, in ascertaining the length of a linCj according 
to Question (l), you find the result to be a fraction, how 
do you interpret that result ? 

(6) Describe the common modes of measuring (1) 
short straight lines^ (2) long straight lines. 

(7) Shew how to measure a proposed crooked^ or 
curved, line. 

(8) If one foot is taken as the unit of length, what 
are the numbers which represent the several lengths of 
Sin., 2i in., 2 ft. 3 in., 7 yds., all in terms of that unit ? 

(9) What is the mode of ascertaining the number of 
units in any proposed square f 

(10) What is the reverse process, viz. when the 
number of units in the square is given, to find the length 
of one side ? 

(11) Shew how the Table commonly called ^^ Square 
Measure " is constructed. 

(12) What is the most ready mode of finding the 
area of a triangle ? 

(13) Write down the expression for the area of a 
triangle, in terms of its base and perpendicular height ; 
and shew that if the base of a triangle be '625 poles and 
its height 1*2 poles, its area is 11*34375 sq. yds. 

(14) Define a rectangle what other name is given 
to it? 
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(15) Can we always express the area of a proposed 
rectangular figure in terms of uniU arbitrarily taken ; if 
not, why not? 

(16) Describe the required measurements and cal- 
culations for finding the area of a rectangle, 

(17) Suppose a parallelogram be not rectangular^ 
what are the required measurements for finding its area? 

(18) Give an example of two lines which are income 
mensurable, and shew that they are so. 

(19) Deduce from the measurement of a parallelo- 
gram the measurements required for finding the area of 
a triangle. 

(20) The area of a parallelogram is '375 sq. yds.; 
its base is '75yds.; what is the perpendicular height? 

Ans. ^yd. 

(21) The area of a triangle is 3' 525 acres, and the 
perpendicular from the vertex of one angle on the oppo- 
site side is 193*6 yds. ; find the length of that side. 

Ans* 176-25 yds. 

(22) Deduce from question (19) the mode of mea- 
suring a plane surface bounded by any given number of 
str^ght lines. 

(23) How may the perimeter and area of a regular 
polygon be ascertained ? 

(24) In the following irregular four-sided figures, 
given the diagonal, and the perpendiculars upon it from 
the opposite angles, in each case, find the areas. 

Diagonal Perps. 

(1) 27*6 ft. 13-2 ft., and H -7 ft- 

(2) 35 ft. 2^ in. 17 ft. 2 in., and l6 ftu 3 in. 

(3) 100-26 ft. 35-7 ft., and 45*9 ft- 

(1) Ans. 343*62 sq.ft. (2) Ans. 588 sq.ft. 39^sq.in 
(3) Ans. 454 sq. yds. 4'608 sq.ft. 

(25) In the following five-sided figures, given the 
diagonals and three perpendiculars from opposite angles, 
in each case, find the areas. 
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Note. The first two perpendiculars are upon the 
first diagonals. 

Diagonals. Ferpa. 

(1) 35; 40; 15; 12; 14. 

(2) 16'7; 19*4; 8*2; S'6; 5'9. 

(3) 12-375; 1812; 7-56; 82; 4t'95. 

(1) Ans. 752*5. (2) Ans. 155-76. (3) Ans. 142362. 

(26) The perimeter of a regular hexagon is '75 ft. ; 
find the radius of the circumscribing circle. 

Ans. 1^ inches. 

(27) Find the areas corresponding to the following^ 
lengths and breadths of rectangular figures :— ^ 

Length. Breadth. 

(1) 4 ft. 3 in. 3 ft. 6 in. 

(2) 13ft. 6 in. 12ft. gin. 

(3) 7 ft. 3iin. 8 ft. 6 in. 

(4) 21ft. S^in. 17 ft. 5|in. 

(1) Ans. 14|^ sq.ft. (2) Ans. 172 sq.ft. 18sq. in. 

(3) Ans. 6lsq. ft 115^sq. in. 

(4) Ans. 372 sq.ft. 23Jsq. in. 

(28) The following dimensions of rectangles are ex- 
pressed in feet and decimal parts of a foot ; or in inches 
and decimal parts of an inch. Find the areas. 

Length. Breadth. 

(1) 7-5 ft. 3-27 ft. 

(2) 9'375ft. 8-024 ft. 

(3) 1-275 in. -075 in. 

(4) 3-304 ft;. 7*85 in. 

(1) Ans. 24-525 sq.ft. (2) Ans. 75 sq.ft. 32|sq. in. 

(3) Ans. -095625 sq. in. 

(4) Ans. 2 sq. ft. 23*2368 sq. in. 

(29) Find the areas of the triangles^ whereof one 
side and the perpendicular thereon from the vertex of 
the opposite angle are respectively as follows : 
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6ft. Sin. 


and 3 ft. O^in. 


(2) 


3 ft. 9i in. 


... I ft. ll^in. 


(3) 


100 ft. 10 in. 


... 15ftu 7*2 in. 


w 


16 ft. 8-5 in. 


.... 7ft. 9*5 in. 


(5) 


13-25 in. 


3*6 in. 


(6) 


10-275 ft. 


... 3-875 ft;. 
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(1) Ans. 9 sq.ft. 43*4 sq. in. 

(2) Ans. 3sq.ftu 95H sq. in. 

(3) Ans. 786i8q.ft:. 

(4) Ans. 65 sq. ft;. 13|sq.in. 

(5) Ans. 23-85 sq. in. 

(6) Ans. 19 sq.ft. 130|^8q. in. 



PROBLEMS. 



The following easy Problems, ftiUy worked out, will 
serve to direct the student in the practical application of 
the preceding propositions and principles. 

Pbob. 1. Two equal rafters are to be framed toge- 
ther, at right angles, to span a building of given width ; 
find the length of each rafter. 

Let AB, BC, be the b 

equal rafters, the angle ABC 
a right angle, then, by (228), 

If AC =^10 feet, since x c 

72=1-4142 

AB or BC=5xl-4142 ft.«7071 ft. 

AC 

The object of multiplying —=. by ^, as has been 

done here, is to avoid having to divide by the intermina- 
ble divisor ^2, or 1-4142 For though it is very 

easy to multiply by such a number, yet to divide by it 
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involves a long process; and since the divisor is not 
exactly known^ it is more difficult to estimate the error 
in this case, than in a process involving only multiplica- 
tion. 

If the sides AB and BC be not equals yet either of 
the two may be found, when the magnitude of the other 
is given. For we have by (43) 

AC^^AB'^BC, .-. A&=:^AC''BC', and BC?^AC^AB\ 

Ex. Let JC=10, JBC=S, 

then ^^•=100-9=91 ; 

.-. AB:^j9l=9*53, &c. 

Prob. 2. A portion of the crooked fence of a field 
projecting outwards is in the form of two straight lines 
at right angles to each other, as AB, BC^ in the last 
example, being 96 and 64yds., respectively; find how 
much fencing will be saved, by taking it direct from A 
to C; and how much will the field be diminished in 
area ? 

^C=7^J5«+J5C*=V92l6+4096, 

-Jl3Sl2 sq. yds.*, 
=1 15*4 yds. nearly ; 

and subtracting this from 96+64, we have the saving of 
fence = 44*6 yds. 

Also, the field is diminished by the area of the tri- 
angle ABC ; and this area, by {225\ 

« ^ — =96x32 sq. yds. =3072 sq. yds. 

Prob. 3. From the comer of a given square field it 
is required to fence off haif of the square, in the form 
of a square, and to find the length of the fence. 

Let A BCD be the square; join BD^ and with centre 
B and radius BA describe the quadrant AEC, cutting 
BD in JiJ; from B draw EF, EG, parallel to BC and 
AB respectively ; BFEG shall be the square required. 

* It must be bome in mind, that, when the square root of uny 
number of sgtiare yards, feet, &c.. is extracted, the result is in linear 
yards, feet, &c., and vice versd^ when linear yards &c. are squared, the 
result is in square yards, &c. 
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For, by (228), the square ^ 
BFEG =hM the sq. o£ BE, 

^iABCD. ' 

And length of fence re- 
quired 

='FE+EG, 

=twice BG=^Z^^BExJ2, 

^2 





^ABxj2. 

Prob. 4. To find the number of acres in a square 
mile. 

A mile =1760 yds. ; 

/. a square mile « 1760x1760 sq. yds. by (222), 

=309760 sq. yds. 

Again, 1 acre =4840 sq. yds. ; 

.\ number of acres in 1 sq. mile = -— —- — =640. 

4840 

Prob. 5. Find the length of the shortest ladder 
which will reach the eaves of a house 80 fl. high, if the 
foot of the ladder is to be placed at a distance of 10 feet 
from the house. 

Let AC he the ladder, and BC 
the wall of the house ; 

/, ^C*=(10)'+(S0)*=1000 sq. ft. ; 
.-. AC'~ J 1000 sq. ft.«31-62 Ft. 

Again, if the length of the ladder 
were given 80 ft., and height of the 
house 24 ft:. ; find the point at which 
the foot of the ladder must be 
placed, so as just to i«ach the 
eaves. 

^^=^(7-BC«, 

=900-576, 

=324 sq.ft.; 

.-. ^J5-18ft. 
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Pbob. 6. A certain triangular court-yard is known 
to have two of its sides equal to one another^ being 15yd8. 
each ; and the third side is 24 yds. Find the cost of 
paving the court-yard at 15d. per square foot. 

In the triangle ABC let 

AB^AC^IS yds., 

and JBC=24 yds. 

Draw AD perpendicular to 
BC. 

Then D is the middle point ^ 

of^a 

Also, Aiy-=AB*-BD'^(l5y-{ifty> 

-225-144-81 sq.yds.; 

/. AD^g yds. 

And the area of ABC=iBCxAD, (225), 

=12x9 sq. yds., 

-12x9x9 sq. ft. 
And the cost of pavinffl ^^ ^ ^ ^ ^ 
at 15£f. per sq.ft. ^j=12x9x9x 15 pence, 

12x9x9x15^ 243 £• /• 
12x20 4 

pROB. 7. A square picture is surrounded by a flat 
frame 3 inches broad. The area of the picture and 
frame together is 12^ sq. ft:. How much would it cost to 
varnish uie picture at Id. per sq. inch ? 

Lenirth of a side of the frame 



.^ISi sq. ft., (222), 



^/^ 



= >./f8q-ft=^lin-ft- 



42 in. 



Subtracting twice the breadth of the frame, vis. 6 
inches, we have the length of a side of the picture » 36 
inches, and the area to be varnished = 36x36 sq. in. : 

.*. the cost of varnishing at ^d» per sq. in. 

^36x36xld. 
36x36 



12x8 
27 



13s. 6d. 



FROBLEBIS. 



217 



Prob. 8. Find the cost of gilding an escutcheon^ in 
the form of a lozenge^ of which the diagonals are 12 
inches and 9 inches, at 9d. per sq. in. 

- Let ABCD be the lozenge v 

(IS), 
its aresL^QABD, 

since AC and BD are at right 
angles (127), b 

ACxBD 



12x9 



.'. the cost of gilding 

12x9 




81 



* 2 



Prob. 9. To find the area of a trapezium, t. e. a 
four-sided figure, of which two sides are parallel. 

Let ABCD be the proposed trapezium, of which the 




sides AD and BC are parallel. Bisect A B in By and 
DC in F, and join EF. Through F draw GFH paral- 
]el to ABy meeting BC in H,, and AD produced in G. 
Then, since F is the middle point of DC, it is easily 
shewn that the triangle GFD is equal to the triangle 
FCH; hence, in measuring the trapezium ABCD, if the 
triangle FCH be cut off, and we take in its stead DFG, 
the result will be the same. 
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Through 2>, F, C, draw perpendiculars gd, Ff, Cc^ 
to the base, and produce GH both ways to meet Dd and 
Cc in g and h. 

Then the area of ^J5CD = area of ABHG^ABxF/. 
Ff is the average height of the trapezium ; hence the 
area ■=■ base x average height. 

For 9.Ff=dg-\-ch, 

=dD+Dg+ch, 

=rfD+ Cc, since X)g= Ck ; 

.-. Ff^^{Dd-^Cc), 

= ^ the sum of the greatest and least heights. 

If the z ABC be a right angle, the greatest and least 
heights become the parallel sides; and then the area 
= base x^ sum of the parallel sides. 

In the annexed particular example of a symmetrical 
trapezium, where ab bi- 





sects the parallel sides, 
and cd, meeting ah in e 
at right angles, bisects the 
other sides, we may con- 
sider the figure to consist 
of two trapeziums, having 
a common base aby and average height ec, or ed; then the 

area = €^xcd = breadth x average length ; 

or = breadth x ^sum of the parallel sides. 

Note. If DC were a curved line, a straight line 
might be so drawn, termi- ^ 

nated in AD and BC, or 
in those lines produced, 
partly above and partly 
below the curve, that the 
included and excluded 
areas should nearly ba- 
lance ; then the area of the 
irregular surface will ap^ 
proximatelif be represented 
by that of the trapezium, 
found as before. 
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Pkob. 10. Find the area of a flat oblong frame of 
uniform width, as of 
a picture, or a walk 
round a rectangular 
grass-plot. 

Let ii^CD be the 
outer, and EFGH 
the inner, boundary. 

Produce 
GH to meet AD in h, 

FG CDing, 

HE AB in e. 

The area required may be obtained in several ways. 

Ist It is equal to 
the area of the rectangle BD — area of rectangle FH^ 

^AB^ADSFxEH. 
2nd. It is equal to 

twice Ae rectangle ^£r + twice the rectangle DG, 

^^AhxHh-h^GhxDh, 
= 2 ( ii A + Gk) X breadth of frame. 

Srd. Or, by joining the corresponding comers, by 
the lines BF, CG, &c., the frame is divided into four 
trapeziums, of the form exhibited in the 2nd. case of 
Prob. 9* And since the area of each » breadth x ^ sum 
of parallel sides, 

A.I. i»^i. i- (breadth xi sum of outer and inner 

••• ^^ ^«* ^^ *^ ^^"'^^l boundaries of the frame. 



EXERCISES 6. 

(1) Each side of a square is 75*4 feet; what is the 
distance between the two opposite corners ? 

Ans. 106-63068 ft. 

(2) A roof of 10 ft. span, and formed by two equal 
rafters makes a right angle at the ridge; find the length 
of the slope from the ridge to the eave. Ans. 7'071...ft' 
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(3) How many plots, each 1 1 yards square, can be 
obtained from 50 acres? Ans. 2000. 

(4) The foot of a mast 120 ft high is 25 ft. from the 
ship's side ; find the length of a rope reaching from the 
side to a point in the mast at two-thirds of its height. 

Ans. 83-8 15... ft. 

(5) A ten acre field is in the form of a square ; find 
the cost of laying down a diagonal drain at 15d, per 
linear yard. Ans. £19- Ss. lOf^f. 

(6) The diagonal of a square board is 10 yards; 
what is the side of the square, and its area ? 

(1) Ans. 7'071...yds. (2) Ans. 50 sq. yds. 

(7) The sides of a rectangular plot are 108 ft. and 
144ft.; if the former dimension be shortened by 12 ft., 
how much must the latter be increased, so that the area 
may remain unaltered ? Ans. 18 ft. 

(8) In the preceding example, if the longer side be 
shortened by 12 ft, how much must the other be in- 
creased? Ans. 9Aft. 

(9) Compute the lengths of the outer boundaries of 
each of the three rectangular plots in (7) and (8). 

Ans. 504; 5l6; 499,^. 

(10) The sides of a triangle are 4, 5, and 6; alter 
the last dimension so that the triangle shall become right- 
angled. Ans. Add *403. . .to it. 

(11) Out of a piece of metal, 15 inches square, as 
many circular portions as possible are cut, each 1 inch in 
diameter; how many will there be? Ans. 225. 

(12) Find the areas of the trapeziums of which the 
dimensions are as follows : 





Parallel sides. 


Perp. distance. 


0) 


1ft. 3 in.; 1 ft. 7 in. 


2 ft. 11 in. 


(2) 


3 ft. 2iin.; 4 ft. 9 in. 


27i in. 


(S) 


3-75 ft.; 4-95 ft. 


1-5 ft. 


(4) 


54 yds.; 60yd8. 


SO yds. 


(5) 


2*5 poles; 1*84 poles. 


7 poles. 


(6) 


385 ft,; 450 ft. 


125 ft. 







BXRRCISBB G. 


Ans. 


(1) 


4 sq. (t 1x^7 sq. in. 


Ans. 


(2) 


9 sq.ft. ITfsq.in. 


Ans. 


(3) 


6*525 sq. ft. 


Ans. 


(4) 


1710 sq. yds 


Ans. 


(«) 


15*19 sq. poles. 


Ans. 


(6) 


1 ac. 958}i yds. 
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(13) The hypothenuse of a right-angled triangular 
field is 50ydso and the other sides are in the ratio of 
3 to 4; find its area^ and cost at 80 guineas per acre. 

(1) Ans. 600 sq. yds, (2) Aus. £lO. 8s. S^d. 

(14) Find the side of a square which cost £27- 1'. 6d, 
paving, at Sd, per square yard. Ans. 28^ yds. 

(15) How many square feet of flooring can be 
covered by a board whose length is lOfl. 5 in. and the 
breadths of the two ends 2^ ft. and Ifft..^ 

Ans. 22 ft 19^ in. 

(16) Find the areas of the several lozenge-shaped 
parallelograms whose diagonals are as follows : 

(1) 3*75 ft. and 4*05 ft. (1) Ans. 15tV sq.ft. 

(2) 6 ft. 2i in 9 ft. 3i in. (2) Ans. 57 ft 80j in. 

(3) 1*05 in. ... 3*27 in. (3) Ans. 3-4^335 sq. in. 

(17) The diagonal of a square is 20 ft.; find the side 
approximately to 3 places of decimals. Ans. 14*142 ft. 

(18) Two vessels sail from the same point, one due 
North at 9 knots per hour, and the other East at 11 
knots; find how far they are apart in 12 hours. 

Ans. 170*55 12... miles. 

(19) A ladder 40 feet high reaches to |rds of the 
height of a building, when placed across a street 8 yds. 
wide; how much must the ladder be lengthened, so 
that it may reach the top of the building without chang- 
ing its resting-place in the street? Ans. 13*665 ft. 

(20) Prove that the rectangle, whose sides are 18 
units and 8 units, has a longer diagonal than the square 
of the same area. 
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(21) Shew that the area of the square, whereof the 
perimeter is 40 units, is greater than that of any other 
oblong of the same perimeter : also, shew that with the 
same perimeter, the greater the inequality of the sides, 
the less the area. 

(22) In measuring a narrow rectangle, if there be 
any liability of error, shew that it is more Important to 
be accurate in measuring the breadth than the length. 

(23) Find how many feet of planking are required 
to form a single shelf, round a room 24 ft. by l6ft, if 
the shelf is l^fl. broad, and it is interrupted by a door 
and two windows, that are respectively 3^ feet and 4 
feet wide. Ans. 93f sq. ft. 

(24) A room whose floor is 36 ft. by 27 ft. is sur- 
rounded by desks placed 1 foot from the wall; how 
much of the floor is enclosed within their inner boundary 
if they be a yard broad? Ans. 532 sq. ft. 

(25) A picture, each of whose sides is 1 foot, is sur- 
rounded by a flat frame containing 1^ sq.ft.; find the 
outer circumference of the frame. Ans. 6 ft. 

(26) A copy-book is ruled for writing, with lines 
1^ inches apart, and with sloping transverse lines, which 
intersect the others at equal intervals off of an inch. Find 
the area of each of the equal parallelograms, into which 
the surface is divided. Ans. ^ o£ & square inch. 

(27) A hole, a yard square, is to be diminished to 
half its size, and still to be a square. What is the length 
of the side of the diminished square, and what of its 
diagonal ? (1) Ans. 6*364 ft. nearly. (2) Ans. 1 yard. 

(28) A square, and another square, one-fourth of 
its size, are to be formed into one square; find the pro- 
portion of its side to the side of the first square. 

Ans. 1*183 : 1. 

(29) A trench is cut round a camp 4 ft. deep and 
5^ feet wide; and the earth is formed into a rampart 
3 ft. in perpendicular height, the face of which slopes so 
that its upper edge is one foot from the vertical side of 
the trench; find the shortest ladder that will reach 
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(1) from the upper edge, and (2) from the lower edge, 
of the trench to the top of the rampart. 

(1) Ans- 7'158- (2) Ans. 9'552. 

(SO) Find the expense of glazing a window 5^ ft. 
by 3 fl, with diamond quarries, whose diagonals are 
9 and 7 inches, at 2s. 9^. per dozen. 

Ans. 8s, 3d. 

(31) How mudi paper f yd. wide, will be sufficient 
to paper a room 22 ft. 5 in. long, 12ft. 1 in. broad, and 
II ft. 3 in. high? And how much will it cost at 4( 
per yard .^ (1) Ans. 115 yds. (2) Ans. £2. 3^. 1 

(32) How many square feet of board will be re- 

Suired to make a rectangular box with lid, of which 
le length, breadth, and depth are 3^ ft., 2^f%., and 
1 fl. 2^ in. respectively ? Ans. 29 sq. ft. 58^ sq. in. 



III. OF ANGLES, CIRCULAR LINES, AND CIRCULAR 

AREAS. 

232. As a line is measured by the ratio which it 
bears to another known line; and a surface, or area, by 
the ratio which it bears to another known surface or 
area ; so an angle is measured by comparing it with an- 
other known angle^ as the unit of measure. This unit is 
the right an^le. And as the lineal foot is divided into 
parts called inches^ which are again subdivided ; and the 
square foot into square inches, &c., so the right angle is 
supposed to be divided into 90 equal angles or parts, 
called degrees; each degree into 60^ equal parts called 
minutes; and each minute into 60 equal parts called 
seconds. 

Hence a right angle is arithmetically expressed by 90 
degrees^ usually written thus, 90^ ; half a right angle is 
45^ ; one-third of a right angle is 30** ; two right angles 
are 180^; and four rieht angles are 360^. One-fourth of a 
right angle is 22^^, Uiat is, 22^ 30 min., usually written 
thus, 22® 30'. 

And an angle which is measured by degrees, minutes, 
and seconds, is usually denoted by the marks % \ '\ 
placed to the right of the digits expressing the number 
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of such degrees^ minutes, and seconds, respectively. Thus, 
TO degrees^ 6 minutes, and 21 seconds would be written 
thus, 10^6^21''; and would measure an angle greater 
than the ninth part of a right angle by 6^21'^ 

If a certain angle cannot be exactly expressed in 
degrees, minutes, and seconds, the remainder after seconds 
is expressed in decimal parts of a second. 

But although theoretically the right angle is the unit, 
or standard, of measure for angular magnitude, because 
it is an angle which meets us at every turn, and incapa- 
ble of being misunderstood, yet it is plain from what 
has been already said, that practically the unit is the 90th 
part of a right angle, called a degree. £very angle 
we hear mentioned, or described, is said to be so many 
degrees, or degrees and fractions of a degree; the right 
angle as a unit disappears when we really come to work. 
Practically, therefore, we must consider the degree, or 
the 90th part of a right angle, as the unit of angular 
magnitude. 

233. To measure a given* angle. 

As the footrule, or some other material standard of 
measure, is required for measuring lines, and areas, so 
the unit or standard of angular measure being a certain 
angle called a degree, some convenient representative of 
this unit is required wherewith to measure a proposed 
angle. This we have in an instrument called 

THE PROTRACTOR, 

which is usually, for school purposes t, a thin plate of 
brass in the form of a semicircle, with a concentric seg- 
ment cut out of the middle, as represented in the an- 
nexed diagram. 

The semicircular band, called the limb of the instru- 
ment, is divided into 1 80 equal parts by straight lines, 
all of which, if produced, pass through the centre of 
the semicircle; the outer edge of these is subdivided, 

* <« Given,** that is, bj being presented to us traced on a plane 
surface, its arithmetical magnitude being unknown. 

t The Protractor used bj sailors and surveyors in actual work is 
always a complete circle. 
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each into 10 equal parts^ and then the main divisions are 

marked 10, 20, SO, 40 180, from right to left on the 

inner rim, and the same fVom left to right on the outer 
rim — the whole limb being divided for this purpose into 
two rims by concentric semi-circular arcs marked on it. 
(The reason for the two graduations in a reverse order 
will appear afterwards). Then, if C be the point in 




either rim marked 90, and OC be joined, it is evident 
that aAOC^lBOC^bl right angle: and if from the 
point O lines be drawn to each point of division in the 
outer edge of the limb, on the principle that in the same 
circle equal arcs subtend equal angles at the centre {59^ 
V«r% I.), it is plain, that the right angle is divided by 
those lines into 90 equal parts, and that, therefore, each 
of these parts is a degree ^232). Also any number of 
such equal parts will together make an angle which is 
measured by that number of degrees. Hence, if OD be 
a straight line from meeting the inner circumference, 
for example, at the point marked 50, then ^AOD^ISQ"'; 
and zB0D^5(f. "^ 

So, then, to measure 
any proposed angle, as 
FEG, place the Protractor 
so that the centre O coin- 
cides with the vertex E, and 
the outer straight edge AO 
with FEi then you have 

simply to observe where f b 

the line EG meets the outer curved edge of the instru- 
ment ; and the number of divisions of the limb from 




PARTm. 
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that point to A^ (which is marked upon it,) is the number 
o£ degrees by which the angle FEG is measured. Or, if 
the angle lies the other way, place the point upon E, 
and UB upon EF, and 
mark where EG meets the 
outer edge of the instru^ 
ment as before, in which 
case the figures of the inner 
rim will determine the num- 
ber of divisions of the limb 
subtending, and therefore 
the number of degrees in, the proposed angle. 

234. Conversely, we may lai/ down an angle con- 
taining any given number of degrees^ &c. 

Thus, let it be required to lay down an angle con- 
taining 37^^ ; and suppose the divisions on the circum- 
ference of the Protractor are marked at intervals of 1®. 

And 1 st. Let it be required to trace the angle with- 
out regard to any proposed position. Place the Protrac- 
tor on the paper, and draw a straight line along AB ; 
and mark on the paper the point 0. Then observe 
where the degrees SJ and 38 occur upon the circular 
arc of the Protractor, and mark upon the paper with a 
sharp point, exactly halfway between those divisions. 
Join the centre and the point so taken ; the required 
angle will then be described. 

2ndly, If it be desired to draw a straight line at 
any proposed inclination to another line already given in 
position, it is only necessary to place the Protractor so 
that the given line coincides with the radius OAy or OB, 
and proceed as before. 

235. As the intervals of minutes between the degrees 
cannot be marked on an ordinary instrument, we are 
obliged mostly to guess' the number of minutes, whenever 
the bounding line of the angle falls between two con- 
secutive degrees; and it is therefore advisable to diminish 
this source of error as much as possible. 

Now, by (52, Part ii.), the angle which any arc of a 
circle subtends at the centre of the circle is double ot 
the angle which it subtends at the circumference; if^ 
therefore, in measuring an angle, instead of placing the 
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vertex of the given angle to coincide with O, we make 
it coincide with A^ the line which bounds the angle, in- 
stead of pointing at the true number of degrees, will 
point at double the number, and the reading of the limb 
must therefore be halved. Hence, if there be any con- 
stant error in the observation, it will be halved. For 
example, suppose the error of observation average 10^ 
so that an angle reckoned from O was put down dO^ !(/, 
which was really S(f 20^; then, reckoned from A it 
would really be 60^ 40^; but would be, with the average 
error, put down 60* SO'; and this, when halved, would be 
30^ 15 , giving an error of 5'> instead of 1(/. 

236. The Protractor sometimes takes the form 
of a flat ruler^ graduated after the following manner : 





I 






ABCD is a thin flat ruler in the form of a rectangle; 
AB is bisected in O : with centre O and radius OA, or 
OB, describe a semicircle. Divide this semicircle into 
18 equal parts by lines through 0; and mark the points 
of intersection of these lines with the edge of the ruler^ 
just as the semi-circular limb in the former case was 
marked. When this has been done, it is obvious that 
the semicircle is of no further use, and may be entirely 
erased, leaving nothing but the ruler^ which may be used 
precisely as before directed for measuring, or laying 
down, an angle. 

This form of the Protractor is at the same time a flat 
mler for drawing straight lines. A more complete form 
of Protractor, and the one mostly used in practice, when 

3—2 
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angles are required to be measured or laid down with 
great accuracy^ will be described among other instru- 
ments in a future chapter. 

237* To measure the circumference of a given circle. 

Following the method before employed in measuring 
a curved line (219) by means of a string or tape, the 
^circumference of a circle which is accessible at every 
point may be measured. And this is the method most 
commonly employed, when practicable. 

But it is so usual to consider a circle given, when its 
radius or diameter only is given, that it becomes neces- 
sary to measure circumferences of circles by determining 
what proportion the circumference bears to the radius; 
find as this proportion is proved to be the same for all 
circles, (93, Part i.), that is, a constant quantity, the 
number which represents it is an important number in 
many mathematical calculations. 

It was shewn in (93) that if C, c, represent the cir- 
cumferences of any two different circles, and D, d, their 
diameters, C : c :; D : d, or C : D :: c : dy that is, 

=- = - , or the circumference of a circle bears an tnvart- 
D d 

able ratio to its diameter, and therefore to its radius. 

This fixed number is commonly denoted by the Greek 

letter w (read pi), the first letter of the Greek word peri~ 

phery, or circumference. So that if 

C 

or the circumference of a circle is equal to its diameter 
multiplied by ir. 

But still the question remains. What is the numerical 
value of w} or. How many times is the diameter con-, 
tained m the circumference ? 

Now, as this value, or number, is the same for every 
circle, it is obvious, that a single accurate measure- 
ment should be sufficient to determine it. It might 
appear at first sight, that nothing can be more easy than 
to take a perfectly constructed circle, and measure its 
circumference with a cord ; and then measure the dia- 
meter in like manner, and find the ratio of two measure- 
ments, which will give the numerical value of «-. 
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Bat, as in the case of the diagonal and side of a 
square before mentioned (228), so here also it is founds 
that the ratio of the circumference of a circle to its 
diameter cannot be exactly expressed in numbers. Each 
separately can be measured with perfect exactness; but 
both do not admit of being measured exactly by the 
same linear unit, however small that unit may be. This 
is another example of incommensurable lines. 

Practically, -— , or 3-^, is found to express for many 

purposes with sufficient exactness the value of v, the 

355 
circular multiplier; — — is still nearer; and it will 

113 

seldom be necessary to use a nearer approximate value 

than 31416. 

Thus, for rough calculations, 

22 
circumference of circle == — x diameter ; 

355 
for finer work, circumference^— ^x diameter, 

or » 3' 1 41 6 X diameter ; 

using whichsoever of the two is the most convenient. 
(See Note at the end of this section, p. 255). 

N.B. Although the value of te cannot be expressed 
without same error; yet that error may be made as small 
as we please. For the value has been calculated to 
many places of decimals, and is found to be, up to 20 
places, as follows: 

3*14159265358979323846 &c. 

If then for the value of ir we use —, that is, 

3*142. . ., it is plain that this differs from the true value 
by a quantity less than *01 ; that is, supposing the dia- 
meter to be 100 inches, the circumference, with this 
value of IT, will be 314*2.. • inches; but the true value 
is 314*15... inches; therefore the error in this circum- 

22 
ference from using •-- is less than onC'tentk of an inch. 
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If for w we use 3*1416^ in the case before supposed, 

the circumference thus obtained will be 314*16 inches: 

whereas the more correct value is 314*1592... inches; 

therefore the error is less than '001 inches^ that is^ less 

than one-thousandth part of an inch. 

355 

If for the value of tt we use——, that is, S'1415929, 

1 13 

it is plain on comparing this with the value given before 
up to 20 places of decimals, that the difference is less 
than *000001; and therefore, in the example before 
given, the error in the circumference would be less than 
onC'Tnillionth part of an inch. 

And so on, by using a sufficient number of decimal 
places in the value of ir, we can approach to the true 
value of the circumference, as near o^ we please^ ex- 
pressed in the same linear unit as the given radius or 
diameter. 

238. To measure the area of a given circle. 

We have seen (227) that the area of any regular 
polygon, as ABCDEF, is equal to the perimeter x half 
the perpendicular from the centre of the circumscribing 
circle upon one of the sides. So also^ if the polygon 
had been described about the circle, as abcdef, the area 
would be equal to the perimeter of the polygon x half 
the perpendicular upon one of its sides, (which is OP, 
the radius of the circle). 

Now the area of the circle is evidently greater than 
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the former polygon, and less than the latter ; but if the 
number of the sides be indefinitely increased in each 
case, and therefore the length of each indefinitely dimi- 
nished^ the perimeter of each polygon approaches to the 
circumference of the circle, and the area of the circle 
is the ultimate value of the area of either polygon, when 
the number of the sides is indefinitely great. 

Henccj putting the circumference of the circle for 
the perimeter of the polygons, and the radius for the 
perpendicular, we bave 

area of circle » circumference x ^ radius, 

» ir X twice radius x ^ radius, {2S7\ 

^vx (radius)*. 

CoR. Since ir does not admit of being found in a 
terminating, or a recurring, decimal (237), therefore, 
the area of a circle does not admit of being converted 
into a rectangle without error; and therefore, cannot 
be exactly measured by square units. Hence arose the 
impossible problem of squaring the cirde, as it is called, 
which means finding a square numerically equal to a 
proposed circle. 

239. That the area of a circle is equal to half cir- 
cumf. X rad. may be thus exhibited to the eye. 

Divide each half of the circle into any the same 
number of equal sectors, and draw the chord at the base 
of each sector, forming as many isosceles triangles as 
there are sectors. Take a straight line AB, and place 
these triangles on it in juxta^ 
position, having their bases coin- 
ciding with AB, one-half above 
and the other half below AB, 
as shewn by the dark triangles 
in the diagram. Then it is plain, 
that as the number of sectors is 
increased, AB approaches nearer 
and nearer to tne semi-circum- 
ference of the circle, and the 
altitude of each triangle to the 
radius of the circle. 




Through A and B draw CAB and £J3F at right 
angles to AB, and through the veruces of the triangles 
CE and DF parallel to AB. Then it is easily seen, Mat 



the sum of the dark triangles is half the rectangle 
CDEF, whatever the number of them may be. . But 
when that number is increased indefinitely, the aggre- 
gate area of the triangles is the area of the circle, whilst 
AB is the semi-circumference, and AC the radius ; 
,■. areaof circle = i^B'<CZ), 

= ABxA C- i circumf. x rad. 

240. To measure a given circular arc. 

Ist Suppose the centre of the circle given ; and 
draw the radii from it to both extremities of the arc. 
Then, with the Prolraclor, or by some other means, 
measure the angk contained by these radii, and let it be 
expressed by A"; measure also the radius, if it be not 
already known. Then, since (64<), in the same circle, 
any two arcs are proportional to the angles which they 
subtend at the centre, the proposed arc : whole circum- 
ference :: A' : 360°, 

or, arc : Sirxrad. :: A° : 360' ; 

Ex. Let the arc subtend at the centre an angle of 
36*, and let the radius be 7 feet, then 



X 
X 



OF ANGLES, CIRCULAB LINB8, AND CIRCUIiAR AREAS. 233 

2nd« Suppose the given arc simply traced on a 
plane surface, but the centre of the circle not known. 
The centre may readily be found by (147> Part ii.); then 
proceed as before. 

3rd, Suppose the centre of the circle to be inacces- 
sible, as in the case of a vertical section of a railway- 
bridge. 

Measure the chord of the whole arc, and the per- 
pendicular distance of the highest point of the arc from 
that chord : lay down on paper these two lines in proper 
proportion according to these measurements, as AB^ and 
CD in the annexed dia- 
gram; that is, if the 
chord of the given arc ^.''' 

be 30 feet, suppose, and y''' 
the greatest height of /' 

the arc be 10 feet, make i c b 

AB equal to l^in., and 

CD (drawn from the middle point between A and B, at 
right angles to AB), equal to half an inch. Then, by 
(134, Part n.) construct the circle whose circumfer- 
ence shall pass through the three points A, B, D (there 
is only one such circle, see Cor. 1, p. 1 18); find the cen- 
tre of this circle (50, Part i.); and proceed as in the 1st 
case, remembering that in the result 1 inch represents 
20 feet 

Cor. It has been shewn, that the length of any 
circular arc which subtends an angle of A^ at the centre 

is equal to 2w x rad. x —^ ; therefore the lengtli of the arc 

which subtends an angle of 1® 

22 1 

~ S«n ^ '*^' ~ '^^ 746 X rad. nearly. 

Hence, since in the same circle, or in equal circles, 
arcs are proportional to the angles which they subtend 
at the centre, an arc, which subtends an angle of ^% will 
be equal to ^ x arc of 1®, 

— J. X '01 746 X rad. nearly. 
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Ex. Let the arc subtend at the centre an angle of 
S&^f and let the radius be 7 feet, then 

the arc=36x7x-01746=4-3999ft.=4-4*ft. nearly. 

The Rule in this case is — Multiply the number of 
degrees which the arc subtends at the centre by the radius, 
and the product by •017^6; the result will be the length of 
the arc expressed in the same unit as the radius. 

N.B. If the arc subtends an angle of degrees and 
minutes, or degrees, minutes, and seconds, the whole 
must be converted into a decimal, with a degree for the 
unit, before the Rule is applied. 

Ex. Suppose an arc subtends an angle at the centre 
of 10° 36^ and the radius is a mile; then, since 

.♦. length of arc-10'6><lx*0174?6 miles, 

=•185076 miles, 
= 325J yards nearly. 

241. To measure a given sector of a circle. 

Let the arc of the given sector subtend an angle of 
A^ at the centre ; and suppose the whole circle divided 
into 360 equal sectors; tnen each of these sectors will 
have an arc subtending an angle of 1** at the centre ; and 
it is plain, that 

given sector : whole drcle :: A^ : S60"; 

.*. given sector =9rx(rad.)*x-^, (238), 

_ jn A rad. 
=27rxrad.x-^-x-— -, 
S60 2 * 

/. ^ length of arc X rad. .^^. 
ox area of sector = — s — £_ ^ (240). 

Hence, if the number of degrees which the arc sub- 
tends at the centre, and the radius, be given, we use the 
formula 

area of sector «= tt x (rad.)* x -^ . 
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But if the length of the arc, and radius^ be given^ we 

use the formula 

rt ^ lenjtth of arc X rod. 
area of sector » — - — =^— . 

Ex. 1. The arc of a sector subtends at the centre 
an angle of 60®^ and the radius is 10 feet ; required the 
area of the sector. 

llxlOOxl 1100 ^^„«^ , , 

^ — = ~~^t~ ~ 52 '38 feet nearly, 

Ex. 2. The length of the arc of a sector is l6 yards^ 
and the radius 12^ yards ; required the area of the sector. 

I6xl2'5 
Area of sector « «■ 8 x 12*5 =100 sq, yds- 

242. To measure a given segment of a circle. 

Let ABC be the given segment; and if the centre 
of the circle be not given^ let it 
be found by (147> Part ii.). Join 
AO, BO; then it is clear^ that 
the area of the segment ABC is 
equal to the sector AOBC dimi- 
nished by the triangle AOB; 
that is^ if the given segment be 
less than a semicircle. And if 
the segment be greater than a 
semicircle^ the only difference 
will be that the triangle must 
be added to the sector instead of being subtracted. 

Hence the sector, AOBC, which is bounded by the 
same arc as the given segment, is to be measured by 
(241); and the triangle ABO by one of the usuid 
methods; from which two results the area of the seg- 
ment is readily determined. 

Thus, segment JljB£7=sector ^0J9C- triangle AOB^ 

AOxarcACB AOxBD 




236 GEOMETRY COMBINED WITH ARITHMETIC. 

(BD being a perpendicular from B on AO, or AO pro 
duced) 

AH 
^^x{aic AOB-BD). 

Or, if OE be drawn perpendicular \xi AB^ 

. Ai^r, AOxarcACB ABxOE 
segment ABC=^ r . 



QUESTIONS AND EXERCISES. H. 

(1) What is the unit generally adopted in the mea- 
surement of angles^ 1 st, theoretically, and Sndly^ practi* 
cally ? 

(2) Give the subdivisions of the smaller of these 
two units. 

(3) Describe the instrument used for measuring 
proposed angles^ and laying down on paper angles whose 
numerical vadues are known. 

(4) Mention the angles which can be most readily- 
laid down without the use of any instrument specially 
constructed for that purpose. 

(5) State the relation which exists between the cir- 
cumference, and the radius^ of every circle. 

(6) What is the ratio between the circumference of 
a circle, and its diameter^ Is the quantity expressing 
that ratio a line, or an abstract number ? 

(7) Describe the mode whereby we approximate to 
the area of a circle. 

(8) What is the relation which subsists betwixt the 
area of a circle and its radius? Is that relation such, 
that if the radius be doubled, the area will be doubled ? 
If not, how much is the area increased ? 

(9) Is the fraction which expresses the quotient o^ 
the area of a circle by its radius, a line^ or an abstract 
number ? 

(10) WVite down the fraction which expresses the 
quotient of the area of a circle by its circumference. 
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(11) State the difficulty we experience in finding 
the exact value of any circular area or circumference. 
Do we meet with any similar difficulty in the measure<« 
ment of straight lines ? 

(IS) When using the instrument called a Protraclor^ 
shew how any error of observation, made in determin- 
ing an angle in the usual way, may be diminished by 
.one half, 

(13) Compare the effects of using the two numbers 

22 
commonly employed for w, viz. — -, and S* 141 59, in 

finding the area of a circle of 7^ inches radius. 

Ans. The difference is '07127 sq. in. 

22 

[In the following ezunplea the value of ir has been taken as -=- .] 

(14) If the circumference of a circle be 4 poles, 
what is the radius ? 

Ans. 34 yds. 

(15) What must be the radius of a circle, so that 
the circumference shall be 1^ poles? 

Ans. 1 yd. 11^ in. 

(16) When the area of a circle is a square perch, 
what is its radius? 

Ans. 3*1024... yds. 

(17) The diameter of a circle is 3^ yds.; what is 
the circumference of the circle, and what its area ? 

(1) Ans. 11yds. (2) Ans. 9|sq. yds. 

(18) Find the measure of the radius of the circle, 
of which the quadrant contains 28^ sq. yds. 

Ans. 6 yds. 

(19) Find the circumference, approximately to 3 
places of decimals, of the circle, of which the area is 
l6sq.yds. Ans. 14- 182 yds. 

(20) Given that the side of an equilateral hexamn 
inscribed in a circle is equal to the radius, find by what 
portion of the radius the semi-circumference of the circle 
exceeds the sum of three sides of the hexagon. 

Ans. -z • 
7 
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(21) Find the length of the minute-hand of a 
clock, the extremity of which moves over an arc of 10 
inches in 3| minutes. 

Ans. 25^ in. 

(22) The sura of the interior angles of a regular 
polygon is 1800^; find how many sides it has^ (See 86, 
Part. I.). 

Ans. 12. 

(23) The area of a circle is 29 sq. ft ; what is the 
area of another circle whose diameter is three-sevenths 
of the diameter of the former ? 

Ans. 5*5265 sq.ft* 

(24) Find the area of a segment of a circle, whose 
arc subtends an angle of 60^ at the centre, the diameter 
of the circle being 10 feet. 

Ans. 2*27 sq. ft. 

(25) Prove that a cord, with its ends joined, will 
inclose a greater area when in the form of a circle than 
in the form of a square. 



PROBLEMS. 

Prob. 1. To find the numerical value of each of the 
angles of a right-angled isosceles triangle. 

By the supposition, one of the three angles is g(f, and 
the other two are equal to one another ; but all the angles 
of any triangle are together equal to two right angles, 
therefore the two equal angles, in this case, are together 
equal to one right angle, that is, each of them is half a 
right angle, or 45'. 

Hence, conversely, if we have a right-angled tri- 
angle, in which one of the acute angles is known to be 
45^ we may conclude, that the other angle is also 45^; 
and further that the sides containing the right angle are 
equal. This property is very useful in enabling us to 
find the heights of lofty buildings, or the distance 
between two inaccessible points, as will appear here- 
after. 

Prob. 2. To construct angles of 60', 30*^, 15^ and 
75*, without the aid of the Protractor* 
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Describe an eqailateral triangle ABC, by (23, Part i.) ; 
then we know tnat this triangle 
is also equiangular; and since the 
three angles are together equal to 
two right angles, or 180®, (37, Part 
1.) therefore each of them is 60^. 

Bisect BC in D ; and join AD; 
then Z.BAC will be bisected by 
AD; and therefore zBAD^SO^. 

Again, from DA cut off DE 
equal to DB^ and join BE; then 
zDEB^^DBE; and, by Prob. 1, each =45«; therefore 

aABE^^ABD-a BBE^&f' 45'=15*. 
Again, draw BF at right angles to il^ ; then 
iEBF^^ABF-^ABE=90''-l5>''^15\ 

Thus 
lABC^W, zBAD=S(y, zABE^U^ and ^EBF=-75\ 

Prob. 3. To find the area of a triangle, two sides 
of which are given, and contain an angle of 30^ 

Let ABC be the triangle, in which AB and AC are 
known, and zBAC^SQf^. 

Draw BD perpendicu- 
lar to AC; then, since AC 
is known, and the area of 
the triangle 

therefore, when BD is 
found, the area is known. 

Produce BD to F, making DE equal to DB, and 
join AE; then 

zD^£=zZ>45=S0^ and ^EAB=^6(f. 

Also, since 
^ADB^gO", and jlBAD^SO''; /. £ABD^60\ 
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Hence the triangle ABE is equilateral, and 

Therefore the area of ABC 

ACxBD ACxAB 



that is, the area of a triangle, which has one angle of 
30^ is equal to one-fourth of the product of the two sides 
containing that angle. 

Ex. Let u4C7=24jyds., and ^jB=17'6yds.; then 
area o£ ABC= — 7 =105*6 sq. yds. 

pROB. 4. To find the length of a side of the square 
' inscribed' in a given circle. 

Let ABCD be the given circle, 
and O its centre: AC and BD two 
diameters at right angles to each 
other. Join AB, BC, CD, DA; then 
we have a square inscribed (155, ^1 
Part II.). Now, 

^^=.<0»+50«-2i^0*=2 x(rad.)'; 
.*. AB=r&d,xj2; 

or the side of the inscribed square is equal to the radius 
7mdliplied by ^2. 

If rad.al, the side of the square =^. 

Prob. 5. To find the length of a side of the equilate- 
ral triangle 'inscribed* in a given circle. 

Let be the centre of the 
given circle, and ABC an equi- 
lateral triangle inscribed in it. 
From O draw OD perpendicular 
to AB, and produce it to meet the 
circumference in E. Join AE^ 
BE. Then it is easily shewn that 
AEBO is a lozenge, and that 

OD=iO^-i rad. 
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But AB^^AD^^JOA'-Oiy, 

.-. AB=-OAjSy 
«rad.x^y3. 

If rad.=l^ the side of the inscribed equilateral tri- 
angle =^3. 

Pros. 6. To shew that the side of a square^ together 
with the side of an equilateral triangle, both inscribed 
in the same circle, is equal to half the circumference of 
the circle, nearly. 

By Prob. 4^ the side of square 

=rad.xy2=rad,xl'414 , 

By Prob. 5, the side of triangle 

"rad.x^=rad.xl'7S2 ; 

•% sum of the two = rad. x(r414+l'7S2), 

»rad.x3*146, nearly. 

But half the circumference of the circle 

=rad.xS'14159; 

therefore the side of the square added to the side of the 

triangle does not differ from the semi-circumference of 

5 
the circle by a quantity so great as "005, or rzr^, that 

' // 1000 

is, the 200th part of ^^lhli:^ i- tz ^ <s^i ^^j , 

Prob. 7. To find the numerical value of the angle 
at the centre of a circle subtended by an arc equal to the 
radius. 

By (240) we know, that the length of an arc subtend- 
ing an angle of A^ at the centre 

=2,rxrad.x^; 

therefore, in this case, 

rad.=2irxrad.x-^, to fokd A. 

PART III. 4 
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But this equality cannot hold, unless 






360 



360 



180« 



2v 2x3-1416 3-1416' 
=57M7'45", nearly. 

Pros. 8. To construct a rectangle^ or triangle^ which 
shall be equal to a given circle. 

Assuming that the area of the given cirde is 

yx(raa.y,(238), 

divide the given radius into 7 equal parts (l68, Part ii.); 
then construct a rectangle^ of which the base is 22 of 
such parts, and the height 7> that is> the radius. The 
area of this rectangle 

^"bdfeex height (223), 

• _^ rad. -- 
=22x— -— xrad., 

7 ' 

22 
= -r-x (rad.)' tat area of given circle. 

For a triangle of equal area, make the base the same, 
and the height equal to double the radius, that is, to the 
diameter. 

Pros. 9. To measure die ar^a of a circular ring. 

Let it be required to find ^ 

the area of the ring enclosed 
by the two concentric circles 
ABC, DBF. It is plain, 
that this area will be found 
by subtracting the area of 
the smaller circle from that 
of the greater. So that, if R 
represents the radius of the 
greater, and r the radius of 
the smaller, circle, we ha've, 
by (238), 
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area of greater circle = » x K", 
smaller ssirxr*; 

/, area of ring = «■ x 22*— w x r*««- x (jR*— r*) ; 

that is^ the square of the smaller radius must be subtracted 
from the square of the greater, and the difference 'muHi^ 
plied by the number ^, as given in ^237)- 

Ex. Let the inner and outer radii of a ring be dO 
feet, and S5 feet, respectively; then 

-R*=1225, and f'»900; 

and the difference =3S5; therefore area ofxing 

«:3*14l6x825 8q.)feet, 

*=1021'02 sq. £eet 

Note. By the well-known rule, which can foe proved 
both geometrically and algdbraically, vis. that ike differ^ 
ence of the squares of any two numbers is equal to the 
product of their sum and -difference, the trouble of squar- 
ing large numbers may, in this instance add in some 
others, be avoided. Thus H^—i* is equal to /2+r multi- 
plied by jR— r, whatever numbers M and r stand for. 
And, taking the above Ex., R+r^65, B-^r^^^ therefore 
^--r*= 5x05 =325, as before. 

But tiie advantage of this device will be better seen 
in auch an example as the following :-— 

Ex. The outer and inner radii of a circular ring are 
365 yards, and S55 yards, respectively ; find the area. 

Here J2+r=720, and liJ-r=10; 
.-. -R«-r"=720xlO=72O0, 

and area of ring «7rx 7200 sq. yards. 

It is furdier to be observed, that^ although in the 
above problem the circles were said to be concenirie, 
this is not a necessary condition. The same results pre- 
cisely will be obtained, provided one circle be wholly 
within the other. 
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Prob. 10. To measure the area of a portion of a cir- 
cular ring, as ABCD in the diagram below. 

It is plain, that the area of o 

ABCD is equal to the differ- 
ence of the sectors OAB, and 
OCDf being the common 
centre of the two arcs AB and 
CD. 

If, then, the radii are represented by B, r; we have, 
by (241), 

sector OAB^^ABxB^ 

and OCD^^CDxr; 

.\ 9xesiABCD=^ABxR-^CDxr. 

If, however, the radii are not given and cannot easily 
be found, this result must be modified as follows : — (The 
process will be readily understood by those who have a 
little knowledge of Algebra :) 

By (240), AB : CD :: R ; r; 

/. ABxr^CDxE, (74, Part I.), 

or ^ABxr^iCDxR; 

and area ABCD^^ABxR^iCDxr^ 

^iABxR-iABxr+iABxr-^CDxr, 

^^ABxR-^ABxr+^CDxR-^CDxr^ 

^iABx(B^r)+iCDx(R-r), 

=i(AB-^CD)x{R-r), 

=^{AB + CD)xAD; 

that is, half the sum of the two arcs multiplied hy the dis^ 
tance between them, as in an ordinary trapezium. And, 
since this is true for any portion of a ring, bounded as 
above, it follows, that it is true also for the complete 
rinff, viz. the area of the ring is equal to half the sum 
of Uie circumferences multiplied by the distance between 
them. 
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Prob. 11. To find the radius of a segment-arch^ 
having given the span and the rise. 

Let ABC be the arch, AC 
the span, BE, which bisects 
AC at right angles, the rise. 
Complete the circle ABCD 
(147, Part ii.) ; produce BE to 
meet the circumference in D ; 
join AB and AD. Then BD 
is a diameter (49, Part i.), and 
lBAD is a right angle (54, 
Part I.). 

Therefore 

BD : AB :: AB : BE (72, Part i.) ; 

.-. BDxBE^AB* (74, Part i.); 

.-. BD^AB'^BE. 

But AB'^BE'+AE'; 

AE* 




A AB^^BE^BE^ 



.-. BD^BE+ 



BE' 

AE? 
BE' 



that is, to Jind the diameter, add the rise to the quotient of 
the square of half the span divided by the rise. 

Cor. Hence may be obtained the diameter of any 
circular area, as a fish-pond, which cannot be traversed. 

For, usinf]f the above diagram, from B draw BF 
parallel to AC, and from C draw CF parallel to BE; 
then since 

BF=-EC=AE, and CF^BE, 
we have, by the last case. 



diameter = CjF+ 



BF* 
CF' 
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Ex. Suppoae 

BF=9'6^, and CF=3'5£t, then 

3'5 

If the circumference of the pond be known, we can, 
of course, readily obtain the diameter ; 

for circumf.=s9r x diameter / 

.*. diameter = circumf. -r- w. 

Pros. 12. Having given a portion of a board cut by 
a circular saw, to find the diameter of the saw. 

The teeth of the saw will leave very distinct circular 
arcs on the face of the board ; therefore, taking a por- 
tion of any one of them, as ABC, measure AC, and also 
BE (see Prob. 11); then the diameter of the saw will be 
the diameter of the circle of which ABC is an arc, 
that is, 

diameter of saw =BE+ ~=r^ . 

BE 

Ex. Suppose ^C^l 2 in., and jB£=lf in. ; then 

36 
diameter of saw=r875+ ry , 

=1-875+^-, 

«l-875+19-^, 
=21-075 in. 

Pros. 13. To £nd the number of degrees in the 
angle contained by two adjacent sides of a given regular 
polygon. 

By (86, Part i.), all the angles together of a polygon 
are equal to twice as many right angles as the polygon 
has sides, diminished by 4 right angles. Therefore 

all the angles of a pentagon =6x90®, 

hexagon =8x90* 

octagon =12x90**; 

and so on ; 



gxQO^ 

.'. each angle of regular pentagon » — - — =108*, 

hexagw =?^-|^=120% 

octagon s= — -^-=185*; 



and so on. 

Conversely, if the angl^ contained by twa adjaceQt 

sides of a regular polygon be gi ven^ the number of sides 

may be found. For, if A^ be the given angle, and each 

side of the polygon be produced (see 86, Cor. 2, Part i.), 

the exterior angle in each case will be 180®-^', and the 

number of such angles will be the same as the number 

of sides. But the sum of the exterior angles is equal 

to 4 right angles = 860^ 

, -. . , 860 

.'. number of sides = ---- — - . 

180 --4 

Thus, if each of the angles of a regular polygon be 
108^ number of sides-: 



120*, 







860 

180-108 


860 
72 


»5; 


860 


860 
" 60" 


-6- 


180-120 


-u. 


860 
180-135 


860 
45 


= »5 



135% 

and so on. 

Prob» 14. To express the ratio between two given 
arcs of the same circle^ or of equal circles. 

If the centre of the circle be nol given, it must be 
found, by (50, Part i.); then draw the radii belonging 
to the extremities of the given arcs ; and, by means of 
a Protractor or otherwise, measure the angles contained 
by those radii for each arc. Reduce the numerical values 
of both angles to the lowest name mentioned in either of 
them (that is, if either of them contain seconds^ loth must 
be reduced to seconds^ or the same multiple of a second). 
Then, since in the same circle, or in equal circles, any 
two arcs are proportional to the angles which they sub- 
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tend at the centre, the ratio required will be the same as 
that of the angles above-named. 

Thus, to find the ratio of the 
arc AB to the arc AC, in the 
same circle, subtending at the 
centre the angles AOB, AOCy 
respectively. Let the angles 
AUB, AOC be measured, and 
suppose them to be 45^55', and 
7*7' 6". These, when reduced 
to portions of 6'^ (that is, making 
6" the unit), become respectively 
27S50 and 4271 ; therefore 

arcAB : arc AC =—-—- . 

4271 

A rough approjcinuUion would be found from , 

, ^ . 273 91 13 XT71- -.1. 1. 

that IS, — - , or —• , ®' "S" • Whether such an approxi- 

mation would answer the purpose, must depend upon the 
accuracy required in the particular work in hand. 




A very useful mode of computing the magnitudes 
of straight lines, angles, circular arcs, &c. may be fitly 
introduced here, although it has not hitherto been 
noticed by writers on Mensuration. It consists in com- 
paring the proposed magnitude with some unit of the 
same kind, by means of Continued Fractions. Thus — 

Pros. 15. Let it be required to measure the straight 
line CD in terms of the unit AB; that is, to find the 

CD 

numerical value of the fraction -j^ approximately, to any 

required degree of accuracy. 

Open the compasses, until they exactly embrace AB. 

c ED 



t B 
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Then, with the compasses thus fixed, step along CD, 
marking the intervals, each equal to AB ; and suppose 
there are three such intervals in CD, with a remainder 
ED, less than AB. Then 

CD:^3AB-^ED, 

Ct> ^ ED 
^' AB-^^AB' 

Now set the compasses to EDy and step along AB ; 
at intervals each equal to ED, and suppose ED to be 
contained twice in ^^ with remainder FB. Then 

AB^^ED-^FB; 

AB FB 
•*• ED W5 ^ ^* 

Similarly, let JED be divided by FB, and let FB go 
once with a remainder GD, so that 

ED GD 

FB FB ^ ^' 

Let this process be continued^ till there either be no 

remainder^ or the remainder be so small that it may be 

neglected. Suppose GD to be the last remainder; so 

FB 
that GD goes twice exactly in FB, or 7Ti^=2. 

We have, then^ 

CD . ED_^ 1 

ED 

=3+ JTO, by (1), 



24 



= 3+ 



ED 
1 



^^m 



FB 
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= 3+ I ^ ' , by (2), 



^4 

This ^ continued fractioix' is reduced to. lun ordinary 
fraction by commencing at the lower extremity thus:-Tr* 

13 1 « ^ 2 8 

^^2 2' 1 3' ^ a 3' 
2 
CD 3 

But the great use of this method is not in enabling 
us to obtain the exact measure of the ratio CD : AB, but 
an approximate value, which shall be as near as we 
please to the true value. Thus^ in this case, 3 is an 

approximate value; 3+-> or 3^, is ai ne^er value; aod 

3 + ^-^, or 3^, is neairer still. And similarly, whatever 

2 + - 
1 

be the length of the continued fraction^ by stopping at 

any particular quotient, and neglecting the remainder, 

an approximate value of the fraction is obtained, which 

differs less and less from the true value according as 

more of the continued fraction is taken into account. 

And it will be seen in the above case, (as it is indeed in 

all others,) that the approximate values 3, 3^, 3^, taken 

in order, are alternately less and greater than the true 

value 3|. The last approximate value, 3^, differs from 

the true value, S|, by only one twenty-fourth of the 

unit. 

Pros. 16. By a similar method to that employed in 
the last Prob., to compare two given angles with each 
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other^ or to find the measure of a proposed angle in 
terms of some given unit. 

Any one of the following ways may be employed to 
measure the angle ACB :— * 

(1) With centre C, and 
greatest radius that can be con- 
venieiftly used, describe an arc 
of a circle not less than the 
sixth part of the whole circum- 
ferenccj and cutting the two. 
lines which bound the given 
angle in A and B. Then with 
centre A, and the same radius 
as before, describe another arc 
intersecting the former in D; 
AD • is an arc of 60°. 

Then, since in the same circle arcs are proportional 
to their chords, by stepping AB^ with the compasses, 
along ADy as described in Prob. 15 for straight lines, the 
arc AB may be compared with the arc ADy just as the 
straight line AB, in the former case, was compared with 
the straight line CD. 




And 



zACB SLTcAB 
z AC D" sac AD' 



axe AD 



(2) Or, compare the arc AB 
with the whole circumference, by 
stepping the chord AB all round ; 
then 

whole circumt. 

This, of course, implies a large 
surface to work upon. 

* It is usual to speak of an arc of so many degrees, meaning an 
aro which subtends that angle at the centre. 
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(3) Or, with any centre, de- 
scribe as large a circle as the case 
admits of, with the circumference 
passing through C, the vei-tex of 
the given angle, and intersecting 
the straight lines, which bound 
the angle in A and B. Then 
compare the arc AB with the 
whole circumference, as before, 
and (52, Part i.), 

whole circuraf. 




EXERCISES L 



[In these Exercises ir is taken to be 3-1416, when it is not otherwise 

stated.] 

(1) Find the area of an isosceles triangle, in which 
the angle contained by the equal sides is 120^ and the 
altitude of the triangle is 6 ft. 3 in. 

Ans. 67*656 sq. ft 

(2) Two adjacent sides of a triangle measure 35'6^ 
and 44*2, yards, and contain an angle of 30^ ; find the 
area of the triangle. Ans. 393*38 sq. yds. 

(3) Having a given circle traced out before you, 
shew how to trace another, whose circumference shall be 
exactly 4 times that of the former. How would you 
trace one whose area shall be 4 times that of the first ? 

(4) The circumference of a circle is 38 inches; 
find the length of a side of the greatest equilateral 
triangle which can be cut out of it 

Ans. 10'475in. 

(5) The radii of two circles are 5, and 12 ; find the 
radius of another circle, whose area shall be exactly 
equal to the sum of the areas of the other two. Ans. 13. 
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(6) In cutting out the greatest square from a given 
circular boards how much of the material is wasted? 



('-?)• 



4 
Ans. — - > or a little more than one-third, of the whole. 

(7) In cutting out the greatest equilateral triangle 
from a given circular board, how much of the material 

is wasted? fir=a— j. 

Ans. '586, or more than half, of the whole. 

(8) The diagonal of a square is 45 yards ; find the 
area of the inscribed circle. Ans. 79^'2175 sq. yds. 

(9) Compare the area of a scfuare with the sum 
of the semi-circles described upon its sides . 

Ans. 2 : ir. 

(10) Two radii of a circle are at right angles to 
each other, and a chord is drawn joining their extreme 
points; compare the segments into which the circle is 

thus divided, fir*— - j, Ans. 10 : 1. 

(11) If the area of a circle be l6sq. yds., find the 
area of a sector of the circle, whose arc subtends at the 
centre an angle of 75*. Ans. 3^ sq. yds. 

(12) The radius of a circle is 25 feet, and the angle 
of a sector of it contains 6S^ ; find the length of the arc, 
and thence the area of the sector. 

(1) Ans. 27ift nearly. (2) Ans. S43f sq.ft. 

(IS) Find the length of an arc of 17® 10', the 
diameter of the circle being 6 feet 

Ans. *8988 ft. 

(14) A portion of wood cut by a circular saw shews 
an arc of a circle on its face made by the teeth of the 
saw, of which the chord is 9 inches ; and a perpendi- 
cular from the arc to the middle of the chord is 1*35 
in. ; find the diameter of the saw. Ans. . l6*35 in. 
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(15) An acre of groand, in the form of a circle, 
has a walk cut ^m it all round, 2 yds. broad, and the 
rest is grass ; find the radius of the original circle, and 
the area of the grass-plot. 

(1) Ans. 39*25 yds. (2) Ans. 4359*1584 sq. yds. 

(16) The areas of two concentric circles are l65 
yds. and 132 yds. respectively; find the breadth of the 
annulus between the circumferences. 

Ans. 2*3 ft. nearly^ 

(17) It is required to construct, exactly in the 
middle of a circular area of 7 acres, a circular pond, 
which shall occupy one-third of the whole groimd; 
find the radius of the pond# and the width of the 
ground left. ^ 

(1) Ans. 59*94 yds. (2) Ans. 43*89 yds. 

(18) Find the area of the annulus formed by the 
super-position of a circle, whose diameter is 26*5 feet, 
on another circle whose diameter is 28*2 feet. 

Ans. 73'034 sq.ft. 

(19) An animal, tethered by a rope fastened to a 
stake in the straight hedge of a field, is allowed an acre 
of grass ; what will be the length of the rope ? 

Ans. 55*5 yds. nearly, 

(20) Two circles, each having a radius of 1 inch, 
intersect so that the circumference of each passes through 
the centre of the other ; find the iirea which is common 
to both. Ans. 1*228 sq. in. nearfy, 

(21) Two circles touch one another internally, tlie 
radius of the larger circle being 2 in. ; find the distance 
between the centres, when the area of the smaller circle 
is half that of the larger. Ans. '5858 in. 

(22) Two circles touch one another externally, the 
areas being as 2|^ : 1,; find the distance between the 
centres, if Uie smaller radius be 1 inch. Ans. 2§ in. 

(23) Find the measure oif the angle at the centre 
of la circle which is subtended by an arc equal to the 
«liasa^t^. AnB. 114'' 86i\ nearfy. 
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(S4) Supposing the diameter of the earthy as seen 
at 'die sun, to sabtend an angle of 17*1 6'', employ the 
iresult of (23) to find the distance of t^e earth from the 
sun^ the eartn's diameter being taken as 8000 miles. 

Ans. 96> 1 60,800 tniles. 

(25) A man whose eye is 6 feet above the level of 
the sea can just see a small boat in the horizon ; how 
far is the boat from him? Ans. 3*015 miles. 

(26) In the last fixampley how high must the man 
mount to see the boat at twice the distance ? 

Ans. 4 times as high, that is 8 yds. 

(2*7) iShew how a circle may be described equal to 
Ae sum o^ any number of given circles. See 122, rart ii. 

(28) it is required to compare the numerical values 
of two given straight lines, and upon applying the 
:prdcess described in Prob. 15, the successive quotients 
•are I, 3> 6> 8 ; ^^ad the ratio of the lines correspond- 
ing to each of these quotients. 

Ans. 1, 1^, 1^, \^. 

(29) It is required to compare, as in Prob. l6, two 
given circular arcs, or the angles which they subtend 
"at the Centre; the quotients obtained are 2, 4, 1, 5; 
find the successive approximations to the true value of 
the larger arc, when the smaller one subtends at the 
oentre«& angte of 18<^. Ans. S6\ 40^^ 39|% SQW- 



NOTE. 

243. No intimation has been usually given in trea- 
tises aa Mensuration of the actual methods by which the 
value of fr is obtained; notwithstanding, it is expedi- 
etit that the advaoiced student at least should be made 
acquainted with them, especially as there is no need to 
have recourse, as is commonly supposed, to Trigone^ 
metry for this end. Thus, 

1st To shew that m lies between 3 and 4. 

In any circle inscribfe a regular hexagon : then it is 
easily shewn tJiat the side of the hexagon is equal to the 
radius of the circle, and therefore its whole perimeter 



256 OEOMlgSTBY COMBINED "WITH ARITHMETIC. 

s= 6 times the radius = 3 diameters. Again^ circumscribe 
a square about the same circle, and it is easily seen, that 
the perimeter of the square = 4 diameters. But the cir- 
cumference of the circle evidently lies between the 
perimeter of the inscribed hexagon and that of the cir- 
cumscribed square; that is, it lies between S and 4 
diameters, and w is the ratio C : D; 

.'. w lies between the numbers 3 and 4, 

2ndly. To shew that w is equal to 3l, or — , nearly. 

This is said to be the result obtained by Archimedes; 
and it is true that Archimedes was the first who under- 
took to compare the circumference of a circle with its 
diameter. His method was as follows : — From half the 
side of the circumscribed regular hexagon (whose nume- 
rical value in terms of the radius is readily found) he 
computed successively the half-side of the circumscribed 
regular polygons of 12, of 24, of 48, of 96, sides; always 
so, that the numerical values of the sides were greater 
than their true irrational values, but yet approximated 
closely to them. In this manner he found, that the ratio 
of the perimeter of the circumscribed regular polygon 
of 96 sides to the diameter of the circle, and therefore 
d fortiori the ratio of the circumference of the circle to 
its diameter, was less than the ratio of 14688 to 4673^. 

Hence, -^^ , is greater than the ratio of the circumfer- 
ence of the circle to its diameter. 

Next, he computed, in the same manner, the peri- 
meter of the inscribed regular polygon of 96 sides, 
taking care that the numerical values of the sides were 
less than their true irrational value. He found that 
the perimeter of the inscribed regular polygon of g6 sides, 
and therefore a fortiori the circumference of the circle, 
had a greater ratio to the diameter of the circle than 

6336 
6336 to 201 7i. Hence , is less than the ratio of 

the circumference of the circle to its diameter. 

Now 3i is greater than ^ . - , but approaches 
nearly to it ; 
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and 3ft is less than . , but approaches nearly to it; 

/. w lies between 3}, and 3^ 
This is the conclusion at which Archimedes arrived; 



and hence it 



is not correct to say, that he gave — 

as the value of or. He simply gave 3f, and 3}^, as the 
superior and inferior limits^ of the value of ir ; that is^ 
he shewed that ir is less than 3}, but greater than 3f f. 

3rdly. To shew that w is equal to 3*14159 '&c* 

To do this we require first to solve the following 
problem, or some other to the same effect: viz. Given 
the radii of two circles, one inscribed in^ and the other dr-^ 
cumscribed about ^ a given regular polygon, tojind the radii 
of the circles inscribed in^ and circumscribed about^ a regu-^ 
lar polygon of the same perimeter, but having double the 
number of sides. 

Let AB be a side of the given 
polygon, the centre of the inscribed 
and circumscribed circles, OC perpen- 
dicular to AB. Join OJ, OB. Pro- 
duce CO to 0, making Oo equal to OA. 
Join Ao, Bo. From O draw Oa, and 
Ob, perpendiculars to Ao, and Bo. Join 
ab cutting Oo in c. 

Then since Oo^OA, oa^Aa; 
and similarly ob^Bb. 
Also, 
AB : ab :: o^^ : oa :: 2 : 1 ; 

* .•. absi-AB. 

3S 

Hence a regular polygon, whose side is ab, will have 
the same perimeter as that, whose side is AB^ if the 
number of sides in the former be double the number in 
the latter. Also it is easily seen, that 

zaob^- aAOB\ 

* The following proof is taken, with some slight alteration, from 
Sonnet's G6om6trie Thiorique et Pratique. Paris, 1863. 

PART m. 5 
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therefore, AB being the side of a regular polygon, OC 
the radius of its inscribed, and Od the radius of its cir- 
cumscribed, circle, a regular polygon of twice the num- 
ber of sides and of the same perimeter will have ab for 
its side, oc the radius of the inscribed, and oa the radius 
of the circumscribed, circle. It remains to find oc and 
oa in terms of OC and OA. Thus, 

oc I oC :: oa : oA :: 1:2; 

.'. oc^^oC'=^{Oo+OC)=^^{pA'^OC). 

Or,ieOA=E^ OC=r, oa^B\ oc=r', 

r'«i(i2+r) (1). 

Again, since Oao is a right-angled triangle (by 72, 
Part I.) 

Oo : oa r. oa : oe; 

.'. oa^=Oo-xoc=OAxoc; 
.'. oa^jOAxoe, 
or R'^jR^. (2). 

Now, to apply this to the case before* us, suppose, 
first, our polygon to be a square with a perimeter repre- 
sented by 8 ; then it is plain that the radius (r) of the 
inscribed circle is I, and the radius {R) of the circum- 
scribed circle is ^2, or 1*414213. Hence for a polygon 
of 8 sides, having the same perimeter, 8, 

r'=i(72+l)=i(2-4l421S)«l -207107, 

and Bf^ /y^/2xi(7i+l) = ^l+i^-^1-707107 

s= 1-806568. 

Proceeding in the same way for a polygon of 16 
sides, nith the same perimeter^ rad. of inscribed circle 
=1*256835, and rad. of circumscribed circle =1*281457; 
and so on, doubling the number of sides of the polygon 
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at each step. The following table shews the results, as 
far as it is necessary to go for our purpose : — 

Na of sides Bad. of inscribed Bad. of drcnmacribed 
ofPoly«oa. Circle. Girde. 

4 1*000000 1'41421S 

8.... 1-207107 1-806563 

16 1-256835 1-281457 

32 1-269146 1-275287 

64 1-272217 1-273751 

128 1-272983 1-273367 

256 1-273175 1-273271 

512 1-273223 1*273247 

1024 1-273235 1-273241 

2048 1-273238 1-273239 

4096 1-273239 1*278239 

Hence it appears^ that in a regular polygon of 4096 
sides, whose perimeter is 8, the radii of the inscribed 
and circumscribed circles do not differ from each other 
by «o much as -000001 ; and as each circumference is 
less than 8 times its radius (by the 1st case), the differ- 
ence of the two circumferences is less than -000008, and 
therefore less than '00001. A fortiori the circumference 
of either circle will not differ from the perimeter of the 
polygon which lies between them by a quantity so great 
as -00001. So, then, we conclude that, with a near 
approximation to exactness, the circle, whose circum- 
ference is 8, has a radius equal to 1-273239. 

„ ^ circumf. ,^^ . 
^^^^'^^rZZA- (237), 



2 X rad. 



ira= 



1-273239 



=31 41 59 &C.* 



* As has been before stated, the value of ir has been found, bj 
other methods, correct to a much higher number of decimal places 
than the above ; but it is seldom necessary to use a nearer approxima- 
tion than 3'1416. Klugel, in his Mathematisches Worterouoh^ says 
that Vieia, by means of inscribed and circumscribed polygons, ob- 
tained the value of ir correct to the 10th place of decim^s, and the 
1st edition of the book in which this very correct value is given was 
published as far back as a.d. 1579. 

5—2 
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355 

4thly. To skew that «•=—— , nearly. 

The history of this remarkable approximation to the 
value of nr is involved in some obscurity. It is certainly 
due to Peter Metius; for his son^ Adrian Metius^ in 
his Geom. Pract, (a.d. l640), says that his father pub- 
lished this ratio in answer to the quadrature of Simon a 
Quercii> supposed to be Simon Duchesne; and it was 
done^ he says, Archimedeis demonslralionihus, meaning, 
probably, by the inscribing &c. of polygons. Nothing 
further seems to be known respecting the ratio. But 
Professor De Morgan, a high authority on such subjects, 
has kindly furnished me with a clever conjecture of his 
own as to the probable method employed by Peter Me- 

S55 
tins. He thinks it likely that — ^ was only an appen- 

dix to Metius' result from the polygons, and not the 
result itself. That result would be 3*14159265; and 

having this before him, and moreover knowing that — 

and -— - are limits between which ir lies, he tried the 

7 ' 

fraction with different values for wi, until he 

., 22xl6+S , . , , $55 ,1 ^ ^. . 

hit upon ^ ,.,. , , which produces tttt* the fraction in 
^ 7x16+1 '^ 113 

question*. 

S55 
It is to be observed, that —— =3*1415929, &c., and 

1 13 

therefore is correct to 6 places of decimals, and no 

further. 

It is also easily retained in the memory from the 
circumstance that it is composed of the first three odd 
numbers in pairs, 113|355, taking the first three digits for 
the denominator and the remaining three for the nume- 
rator. 

* The same result may now be easily obtained, by the method of 

' Continued Fractions^* from --■^- ^ - , But this method was not in 

JUUuUWU 

use in the days of Peter Metius. 
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244. When the linear dimensions of any surface have 
been obtained, and it is required to make a representa- 
tion thereof; or, when the dimensions of any diagram of 
a surface have been obtained, and it is required to make 
another diagram of dimensions either larger or smaller 
than those of the original ; it is clearly necessary to adopt 
some means whereby we may be sure that, whatever size 
we determine upon, the magnitudes of all the lines of 
the representation or diagram, which we are about to 
make, may bear a certain unififrm ratio to those of the 
corresponding lines in the original. 

This process is termed drawing to a Scale. For this 
purpose the draughtsman either divides for himself a 
straight line on paper into such parts as will best suit 
his purpose, or procures an instrument so divided, that 
from it the various dimensions which have once been 
obtained by actual measurement, may be accurately 
transferred to his plan, according to some fixed propor- 
tion previously agreed upon. 

Such an instrument is called a Scale. And it is 
usual in every such diagram, map, or plan, either to 
express in the margin the proportion which every line, 
or length, in it bears to some stated unity or actually to 
draw at Uie foot of the diagram, map, or plan, the scale 
according to which it is constructed. 

Thus, if it be written in the margin of a diagram, map, 
or plan, ' Scale, a yard to onC'tenth of an inchy' then every 
line, or length, in the diagram, map, or plan, which is 

measured by ^th of an inch, actually means 1 yard ; 

on. In this case we require both compasses, and the 
Plain Scale described below. But if the Scale itself be 
drawn at the foot of the diagram, map, or plan, then the 
compasses only are required, to enable us either to 
determine the length of any line already drawn, or to 
draw other lines in strict proportion. 

245. A Plain Scale, when it assumes the form of an 
instrument, consists of a thin flat rectangular piece of box 
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or ivory*^ usually about 6 inches long, and If inches broad; 
and in its simplest form contains only two parallel lines 
on one of its faces^ drawn in the direction of its length, 
and divided by small lines at right angles to the former, 
and at equal intervals of 1 inch, iin-v or some other 
unit of length agreed upon. Thus ABDC represents 
such an instrument, the two parallel lines on its face 
being divided into 6 equal parts, and the points of divi- 
sion marked 0, 1,2, S, 4>, 5. 



c 



rnnra 



»07tO4a81O 



» D 

The length of each of the portions so formed may 
be taken to represent one mile, or one yard, or other 
unit of length ; and for the subdivision of the unit the 
first of them to the left is divided into so many equal 
parts, that each shall represent one of the denomina- 
tion next inferior to that of the assumed unit, or some 
convenient number of them. Thus, if the Scale be one 
of feel, the subdivisions will be inches, y}kBX is, twelfths 
of the unit : if the Scale be one of yards, the subdivi- 
sions will be feet^ or thirds of the unit; if of miles, 
the subdivisions will be furlongs, or eighths of the 
unit, &c. For general purposes, however, it is most 
convenient to subdivide the unit into tenths, as in our 
diagram above. 

When this Scale is used, and the unit on it is an 
inch, as for example in laying down lines, or lengths, to 
a scale qf a yard to an inchy suppose we want to find the 
line corresponding to 4*8 yards; put one foot of the 
compasses upon the point in the Scale numbered 4, and 
the other upon the number 8 in the subdivisions of the 
unit ; then it is clear, that there is intercepted between 
the points of the compasses a length of 4 units and 8 
tenths, that is, 4*8. And by considering the unit on the 

* Ivory, though commonly used, is a bad material for the purpose, 
since its length varies with moisture ; box is much better. 
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scale as 1, or 10, or 100, or ■— , or — -, the above inter- 
cepted length will represent 4*8, or 48, or 480, or ^48, or 
•048, respectively. 

Ex. 1. Represent 118 ft. in a Scale of a foot to one- 
tenth of an inch. 

This quantity will measure on the Scah 118 tenths 
of an inch, or 11*8 inches, t. e. once the length of the 
Scale, (if its whole length be 6 inches,) and 5*8 inches 
more. So that, afler taking the whole length of the 
Scale by the compasses, a second measurement must be 
taken, wherein one point will be exactly at the end of 
the SealCy on the figure 5, and the other upon the sub- 
division marked 8. 

Ex. 2. What must one inch of the Scale represent, 
in order that '18 feet may be represented upon it, by the 
distance between the large division marked 1, and the 
subdivision marked 8 ? 

1 8 

Here '18 ft.=J7rth of 1 foot +— -ths of 1 foot; hence, 
10 100 

each of the large divisions must represent ~th of 1 foot, 

and the small divisions -r^^th of 1 foot : or, the Scale will 

100 ' 

be one-tenth of a foot to an inch, or 1 foot to 10 inches. 

If the quantity had been *018 feet, the Scale must 
be 1 inch to one-hundredth of a foot, or 100 inches to a 
foot 

N.B. The subdivisions of the unit may be other than 
tenths. 

Thus, suppose them to be twelfths of an inch, each 
twelfth representing 1 foot; and let it be required to 
measure 43 ft. thereby. 

Then, 43 ft. = 43 twelfths of an inch-S/g- inches, 
hence the compasses must embrace 3 units and 7 
twelfths; or, one point must be upon the larger division 
marked 3, and the other on the subdivision marked 7* 

Nothing less than 1 foot could be laid down from 
this Scale. Also any large number of yards and feet,' 
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as 93 yds. 2ft.^ must be converted into feet, viz. £81 
feet, and this would give on the Scale £81 twelfths, or 
23^ in. And, since the Scale embraces only 6 units^ or 
inches, the length 23^ in. would be laid down by 
repeating the whole length of the Scale 3 times, and 
then taking 5^ more, as the 3-^ was taken above. 

But if it is needful to carry Uie division to hundredths 
of an inch, so as to lay down a line whose measure con- 
sists of three places of figures, as 487> the above tenths 
must be further divided, each into tenths, or the unit 
into hundredths. 

But if such divisions were made, few could count 
them. To enable us to make use of these minute sub- 
divisions without confusion, we construct, or procure, 
what is called a 



DIAGONAL SCALE. 

246. It has been shewn in (172, Part 11.) how to 

1 2 
take any required portion as j^ith, v^ths, &c. of a 

small straight line ; and if the small line be itself a tenth 
of any assumed unit, as 1 inch, then the tenths thereof 
will be hundredths of the same unit. 

Thus, let ab, in the annexed diagram, 
be the tenth of the unit; from h draw an 
indefinite straight line at right angles to ah^ 
and with any small opening of the com- 
passes step along this line from h to c, 
dividing be into 10 equal parts, and marking 
the points of division 1, 2, 3, 4, 5, 6, 7, 8, 9, 
as in the diagram. 

Join ac, and through the points of divi- 
sion let lines be drawn parallel to ah ; these 
parallels intercepted between ac, and 6c, be- 
ginning with the least, wiU therefore be 



1^ 

10' 
1 
100' 
pf the unit^ 



To' ]^. &c.of«6. 



or 



2 
100* 



100' 



&c. 



8 



9 



i 
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Let now AB be taken to 
represent the unit, and upon 
ABy as a base, construct a 
rectangle, A BCD; divide ^4^, 
BC, and CD, each into 10 
equal parts; and let the points 
of division of CB, and CD, 
be separately numbered, 1, 2> 
3, 4, 5, 6, 7, 8, 9, beginning 
in both cases from C. Then 
through the points of division 

of BC draw lines parallel to AB or CD ; and join the 
points in AB with those in CD, as follows. Join C with 
the 1st point of division, E, in BA ; join the Ist point 
in CD with the 2nd in BA ; the 2nd in CD with the 
3rd in BA ; and so on, as is shewn in the diagram. Then 
the distance between each contiguous two of these 
diagonals *, measured on any of the former parallels, is 

— , or '1, since AB=CD»l; therefore C4, for example, 

» — . and hence 
10* ~~"*'"^^ 

4 4 ^ ... «« 4 4 

Similarly, yT-^H-^^-ST. 

And if this rectangle ABCD, with the first set of 
parallels only, be repeated longitudinally to the right, 
we have the ordinary Diagonal Scale^ as below, in 




• Called diagonals because, if corresponding points inAB and CD 
were joined, each would be the diagonai of a parallelogram. 
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which^ for example, Xx=2*44, and Yy^S'SJ; and so 
on ; the figure above Y being units, that above t/ in the 
same diagonal line tenths^ and the figure in the same 
horizontal line as y being hundredths. 

The above Scalcy if extended to ten intervals, each 
equal and similar to the one just described, omittin^^ 
the diagonal lines, will enable us to lay down the length 
of lines whose magnitude ranges from 1 to 1000, or from 
•001 to 1. 

£x. Let it be required to lay down a line which shall 
represent the number 7SS. Here each unit of the Scale 
will have to represent 100, and 7 of them must be taken 
to make 700; the diagofial numbered 8, from 8 to 0^ 
will give 8 tens, or 80 ; and the parallel in the triangle, 
marked 3, will give three-hundredths of the unit^ that 
is, 3. 

We, therefore, fix one foot of the compasses on the 
point where the parallel through the triangle numbered 
3, meets the diagonal numbered 8, and then make the 
other foot to coincide with the point exactly under 7 in 
the division of units, and in the same parallel as the 
former point. Then it is dear, that the compasses em- 
brace a length of 7 hundreds, 8 tens, and 3, or 783. 

If the unit of the Scale represented 10 instead of 
100, the line just taken would give the magnitude of 
78'S; and if the unit represented 1, the line would be 
7-83. 

If the magnitude to be represented had been 1783, 
we should find the line which is measured by 783, as 
before, and then add to this the whole length of the 
Scale^ that is, ten units. Or we should construct a Scale 
adapted for magnitudes which are expressed by 4 digits; 
as may easily be done. 

And, as before, if the unit represented 10 or 1, in- 
stead of 100, the corresponding magnitudes of the line 
token would be 178*3 and 17*83. 

In order to lay down magnitudes from 1 to '001, we 
must consider the whole length of the Scale to represent 
1, and the diagonal scale will then give thousandths. 
And the aforesaid lines on the Scale would, with this 
unit, have represented •783 and 1*783. 
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£x. 1. Take from the diagonal scale the lines mea^ 
sured by '123, and 6-07. 

1st. For '123, we take — as the unit, and therefore 
the interval between two contiguous diagonal lines is 
-— - . Place one foot of the compasses where \Jie paral- 
lel line, numbered 3 in the triangle, meets the diagonal 
numbered £; and the other foot on the same parallel 
exactly below the number 1 in the division ot units. 

We thus embrace L+^+:^, or -128. 

If we had taken 1, 10, 100, as our units, the same 
line would have represented 1*23, 12*3, 123. 

2ndly. For 6*07, we take 1 as the unit ; and then 

the interval between two contiguous diagonals is — ; we 

therefore place one foot of the compasses where the 
parallel line, numbered 7 in the triangle, meets the 
diagonal marked 0, and the other foot on the same 
parallel exactly below the number 6 in the division of 
units. 

If 10, 100, — , had been the units, the above line 

would have represented 60*7* 607, "607, respectively. 

Ex. 2. Take from the diagonal scale the lines mea- 
sured by 1*025, and 187*2. 

1st For 1*025, we take — - as the unit, and there- 
fore the distance between two contiguous diagonal lines 
is 77^. Place one foot of the compasses where the 

100 

parallel line, numbered 5 in the triangle, meets the 
diagonal numbered 2, and the other foot on the same 
parallel exactly below or above the number 10 in the 
division of units, if the scale be continued so far *. We 

* If the scale does not extend so far in the division of units, the 
whole number of units must be taken at twice. 
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thus embrace 10 units^ each — , 2 hundredths, and 5 

thousandths. 

If we had taken 1, or 10, or 100, as our unit, the 
same line would have represented 10*25» 102*5, ]025, 
respectively. 

2ndly. For 187*2 we take 10 as the unit, and place 
one foot of the compasses at the intersection of the 
parallel, numbered 2 in the triangle, with the diagonal 
numbered 7> and the other foot exactly above or below 
the number 18 in the division of units, if the scale be 
continued so far*. 

If the unit were 1, or 100, or — , the same magni- 
tude would have represented 18*72, 1872, 1*872, respec- 
tively. 

247. Conversely, if it be required to measure the 
length of a proposed line in any diagram, or plan, by 
a given scale^ we open the compasses so as to embrace 
the whole line, and then place one foot upon one of the 
great unit divisions of the scale, marked 1, 2, 3, . * « . * • ^ 
so that at the same time the other foot may fall some- 
where among the figures which mark the diagonal divi- 
sions. If the second foot does not at once fall upon an 
exact point of division, let the former foot be moved 
along the cross line in which it was placed, until the 
other foot falls upon the intersection of one of the diago- 
nal lines with one of the parallels whic]i run lengthways 
on the scale, taking care that both feet of the compasses 
are on the same parallel. Then in the number which 
indicates the measure of the proposed line, the highest 
denomination will be the number in the units division 
opposite to the first foot of the compasses ; the second 
figure will be the number at the extremity of the diagO" 
nal on which the other foot rests; and the third, the 
number of the parallel in the triangle which, produced 
both ways, passes through both feet of the compasses. 

Thus, if the measure of the line be 753, or 75*3, we 
shall have one foot of the compasses in the cross line of 

* See note p. 267. 
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the unit divisions marked 7> and the other at the inter- 
section of the 5th diagonal, with the third parallel run- 
ning lengthways on the scale. 

The unit in the former line is^ of course, tenfold that 
in the latter. 

248. The Diagonal Scale is not restricted to decimal 
measurement^ but may be constructed to measure the 
second and third next inferior denominations of any given 
unit, whether they be decimal, duodecimal, or any other 
given fractional parts of the primary unit. Thus^ sup- 
posing the scale, as before^ composed of a series of 
equal rectangles, placed so as to form one whole rect- 
angle of the same height, the length of each rectangle 
in the series being either equal to^ or considered to 
represent, the given unit, we divide the length of the 
first rectangle into as many equal parts as the next in- 
ferior denomination is contained in the primary unit. 
Then we divide the height of the same rectangle into 
as many equal parts as the third inferior denomination is 
contained in an integer of the second ; and by drawing 
the diagonals and parallels, as before, according to these 
subdivisions^ we have the Diagonal Scale required. 
Thus, 

Ex. 1. To construct a diagonal scale six inches long, 
of 9 feet to an inch, to measure inches. 

Here the assigned length of the scale being 6 inches, 
we have the primary division, or unit, I inch : the next 

inferior denomination -th of the primary — and the third 

denomination, r^th of the second. So we divide the 

whole scale into 6 equal rectangles, the length of each 
being 1 inch, but representing 9 feet. Then we divide 
the length of the first rectangle into 9 equal parts, so 
that each part is the ninth of an inch, but represents a 
Jbot, Then we divide the height of the same rectangle 
into 12 equal parts; and draw the several diagonals and 
parallels m the usual way, and thus we have a measure 
for twelfths of a foot, that is, for inches^ as required. 

Ex. 2. To construct a diagonal scale of 1 mile to an 
inch to measure perches^ 
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Make the primary divisions each 1 inch. Divide the 
primary into 8 equal parts, so that each part represents 
1 furlong. Also divide the height of the scale into 40 
equal parts; and complete the construction as usual. 
Then the triangular parallels will give us a measure of 
fortieths of a furlong, that is, for perches. 

THE PLOTTING SCALE. 

249. This is a long, thin, flat instrument usually 
made of box, whose sides are perfectly straight, and a 
portion of whose upper surface is bevelled on at both 
sides to a very fine edge, its under surface remaining 
quite flat. Upon the bevels on both sides, a few particu- 
lar plain scales are pointed off, so that their divisional 
lines, being drawn down close to the hair-line edges, 
and thus ending, as it were, upon the very paper to which 
they may be applied, scale measurements can be plotted 
or marked off therefrom, at once, without the aid of 
the compasses. The entire length of this scale is usually 
divided into two equal parts, by a line drawn right 
across its bevelled or upper surface at right angles to 
both edges ; and this line may be used for drawing per- 
pendiculars to any given line to which the edge of the 
scale may be applied for that particular purpose. For 
land-surveyors, the plain scales marked upon the bevels 
are scales of chains and links, so many chains to the 
inch ; for architects, scales of feet and inches, so many 
feet to the inch ; and so for other draughtsmen accord- 
ing as they And certain particular scales convenient in 
their particular practice. 

An accurate suitably graduated plotting-scale is one 
of the most useful instruments in the hands of a draughts- 
man, for by its means he can draw straight lines, or 
lines according to scale; or measure lines drawn accord- 
ing to scale ; erect perpendiculars, or draw the perpendi- 
culars of already constructed triangles, and all without 
the aid of the compasses. 

SCALE OF CHORDS. 

250. On the reverse side of the Diagonal Scale, 
various scales are often giyen^ of which one of the 
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most useful is the Scale, or Line^ of CJwrds, This 
scale is constructed thus : 

zAOB is a right an- b *^ 

gle; with centre 0, and 
any convenient radius 
describe the arc AB of 
the quadrant AOBi and 
draw the chord AB. 
Divide the arc AB into 
9 equal parts, so that each 
part is the arc of 10 de- 
grees ; and mark the divi- 
sions from A successively 
10, 20, SO... 80, 90. Then 
with centre A, and dis- 
tances equal to the chords 

of 10, 20, SO, &c. degsees, set off with the compasses on 
the straight line AB each of these several chords, and 
mark their termini 10^ 20, SO^ &c. sicrnifying that A 10^ 
measured on the straight line AB, is the chord of 10 
degrees^ A 20 the chord of 20 degrees, and so on. The 
straight line AB thus divided is the Line of Chords 
required. 

If each arc of 10 degrees be again subdivided into 10 
equal parts, then, by proceeding as before, the chords 
of all arcs, in degrees, from (f to 90^ may be trans- 
ferred to the scale AB, and thus we have a measure on 
the scale of the chord of every arc from 0^ to 90° in the 
circle whose radius is A QO, since the chord of 60^ is 
always equal to the radius. 

The Line of Chords serves two purposes^ either to 
lay down an angle given in degrees, or to measure an 
angle already laid down. 

1st. To lay dowQ an angle, suppose^ of S5^ 

From the line of chords on the scale take off with the 
compasses the chord of 60^ Then, with this length for 
radius, and the point which is to be the vertex of the 
angle for centre, describe an arc. Take from the scale 
the chord of SB^, and with this opening of the compasses 
place one foot on the arc, and mark where the other foot 
also meets the arc. Join these two points in the arc 
with the centre^ and we ha^e the angle required. 
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If it be required to set off the angle, so that a pro- 
posed given straight line shall be one of the bounding 
lines which form the angle, then it is obvious that the 
first foot of the compasses must be placed upon the in« 
tersection of the arc with the given line. 

Thus, if AB be a 
given straight line, and 
it is required to draw 
another line making an 
angle of 35^ with the 
former, with centre A, 
and radius 60 from the 
line of chords, describe 
an arc cutting AB in 
C ; then take 35 from ^ 
the same scale, and set 
it oif from C to X). Join AD, and CAD is an angle of 
35\ 

If the angle to be laid down be obtuse, since the 
scale of chords does not go beyond 90** the angle must 
be divided into two, viz. 90®, and the excess above 90® ; 
each of these being laid down separately, but contigu-^ 
ous, the sum of the two will plamly be the angle re-^ 
quired. 

Sndly. To measure an angle already laid down ; let 
BAE be the given angle. With centre A, and radius 60 
from the line of chords, describe an arc intersecting AB 
and AE inC and 2>. Then, with the compasses, take the 
length of the chord of CD, and apply it to the line of 
chords with one foot upon ; the number which coin- 
cides with the other foot will be the numerical measure 
of the proposed angle in degrees. 

251. It has been shewn that by means of the Plain, 
or Diagonal, Scale^ diagrams or plans are reduced in any 
required proportion; and it is to be understood that 
similarly they may be enlarged, if needful, in any given 
proportion. Such results may also sometimes be conve- 
niently obtained by means of the Proportional Compasses, 
or the Pantagraph^ described in (177 and 178, Part 11.). 
But in all cases the learner must bear in mind that the 
reduction or enlargement i^ question is according to 
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linear measure; that is, corresponding lines, and not 
areas, are in ike stated proportion, Thus^ if any dia-* 
gram^ or plan, in the form of a polygon^ is to be reduced 
from, suppose^ the scale of a yard to an inch^ to the 
scale of a yard to one-fourth of an inch, a similar poly- 
gon is constructed^ in which each side is one-fourth 
of the corresponding side of the former polygon ; but, 
since by (92, Part i.) the areas of similar polygons are to 
one another as the squares of any homologous sides, 

the area of the new polygon is not - th, but r^th, of the 

area of the given polygon. 

In like manner, if in any diagram or plan, which is 
to be reduced or enlarged according to a certain scale, a 
circular area is found, the reduction or enlargement is 
effected by taking the radius according to the reduced or 
enlarged scale, and describing such an arc as will sub- 
tend the same angle at the centre. The circular arcs in 
the two diagrams will thus be in the stated proportion ^ 
but the areaSy as in the case of rectilineal figures, will 
be to each other as the squares of the radii (see 9^, 
Part I.). ._ 

QUESTIONS AND EXERCISES K. 

[In the following Exercises the Scale is deeimaily divided, except 
when it is otherwise stAted.] 

(1) Explain clearly the object o£ Scales in general; 
and exhibit the simplest form of Scale in common use. 

(2) Point out the difference between a Plain Scale 
and a Diagonal Scale, both as to form and power. 

(3) What is the greatest error.which can arise from 
measuring with an ordinary Diagonal Scale ? 

Ans. Less than *0I. 

(4) State the position of the feet of the compasses 
on a Diagonal Scale, when they include a length mea- 
sured by the number 3*29. 

(5) Explain the operations of laying down, from the 
same Diagonal Scale, the dimensions represented by the 
numbers, 187'5, 245*3, and 110'5. 

(6) What alteration of the unit of measurement is 
necessary, to enable us, b^ the same interval between the 

FABTin. 6 
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feet of the compasses, to indicate 'S^Q, S'29^ 32*9, and 
329. 

(7) On a Diagonal Scale, which is a foot in length, 
and divided into ten equal parts, how many inches and 
decimal parts of an inch would measure the several 
numbers, 327, 4>53, and 35 ? 

Ans. 3*924 in.^ 5*436 in,, *42in. 

(8) What is the length of a Scale, divided into 20 
units^ on which the number 18*5 measures 3 inches and 
7 tenths ? Ans. 4 inches. 

(9) If the base of the diagonal compartment of a 
Scale be divided into 8, and the height into 10, equal 
parts, how many of the lowest measures on the scale are 
contained in one of the highest? Ans. 80. 

(10) Suppose each of the first subdivisions of the 
primary unit in the scale (£x. 9) to represent 3 inchei^ 
what will be the arithmetical measures of its smallest^ and 
of its primary, divisions ? 

(1) Ans. i^ths of an inch. (2) Ans. 2 feet. 

(11) What was the Scale used in the construction of 
a plan, upon which every square inch of surface repre- 
sents a square yard ? Ans. Scale of 3 feet to an inch. 

(12) What is the Plain Scale on which a length of 
4ft. 10 in. measures exactly 4f inches? 

(13) What is the Diagonal Scale^ measuring inches, 
upon which 4ft 10 in* is represented by 2^ inches? 

Ans. Scale of 2 feet to an inch. 

(14) The ratio of one Scale is 2 : 1, and of another 
3 : 1> on which will a given length measure mostf 

(15) In what ratio will the scale lengj^i of a given 
line, as measured on a scale, whose i^atio is 4 : 1, exceed 
that of the same line as measured on another scale, whose 
ratio is 5 : 1 ? Ans. 7^ : 6, or 5 : 4. 

(16) A draughtsman laid aside an unfinished plan, 
and after a while resumed his work, but found that he 
had forgotten the scale. How will he proceed to recover 
the lost scale f. 
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(17) A Land'Measuring Chain being 22 yardg in 
length, make a diagonal scale of two chains to an inch, 
to shew feet. 

(18) The chain, as before, being 22 yards, if a scale 
of 10 chains to an inch be taken, what will be the mea- 
sure in acres of each square inch on the plan ? 

Ans. 10 acres. 

(19) If each square inch on the plan were to repre- 
sent 1 acre of surface, what would the scale be? 

Ans. ^yio" chains to an inch. 

(20) If a Scale be taken of 2 perches to an inch, and 
the base of the diagonal compartment be divided into 1 1 
equal parts, whilst the hdgkt is divided into 12 equal 
parts, what will the smallest subdivision measure ? 

Ans. S inches. 
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252. One chief use of ' Geometry combined with Arith^ 
metic ' consists in the mapping, and measuring, of land, 
called * Land*Surveffing\ 

The art of * Land^Surveying' includes two branches: 

1st. The laying down on paper a representation, or 
map, of an estate or parcel of ground to be surveyed. 

2nd. The measuring in known units, as in square 
yards and feet, or in acres, roods, and perches, &c., the 
content or area of the land proposed. 

The second operation can be performed without the 
first, that is, without producing an exact plan, or map; 
for we may draw a rough sketch of the land, and if certain 
linear measurements be correctly taken, we may then 
calculate the area without any further reference to the 
plan, except as to its general outline. Or, we may make 
the plan accurately correct to any given scale, and then 
measure the are&from the plan^ according to the methods 

6—2 




276 GEOMETRY COMBINED WITH ABITHMETIC. 

given before for measuring plane areas of any form, 
rectilineal, or circular. 

Both the above methods will be here exhibited, and 
examples worked, with a view of teaching the principles, 
but not all the practical details^ of Land-Purveying. 

253. To map^ and measure^ any small piece of land 
hounded by straight lines, and considered as a plane 
furface* 

l8t« Let the plot be a triangle, as ABC, which can 

be traversed in any direction. 

Measure with a tape, on the 
ground, each of the sides AB, 
BC, CA. 

Draw upon the paper a line, 
^ in any convenient direction, and 
on it lay off, by a scale, a length BC representing the 
arithmetical magnitude of the longest side BC. Next, 
from the same scale take off the measured distances re- 
presented by A By AC; and with these as radii, from 
centres B and C, describe small intersecting arcs, to 
fix the true position of A. Then join AB, AC, and 
ABC will be a correct map of the proposed plot of 
ground. 

Next, to measure the plot, we might pursue the 
method given in (230), for finding the area of a triangle 
in terms of its sides, and then no plan is actually re- 
quired; but this method oflen involves rather heavy 
calculation. It is better therefore, after making a correct 
plan, to draw a perpendicular AD bn BC from the point 
A^ by one of the methods given in Part n. The measure 
QfAJD must then be taken from the same scale as that by 
which BC was laid down, and the area of the triangle 
will then be equal to half the product of BO and AD. 

N.B. — If any means present themselves for determin- 
ing on the ground the length of the perpendicular AD^ it 
is obvious that there will be no occasion to measure in 
addition any of the boundary lines, except the longest, 

pc. 

Also, if the plot be in the form of a right-angled tri- 
angle, it will only be necessary to measure the two sides 
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containing the right angle. The area will be half the 
product of those two sides. 

2ndly, Let the plot be a paralUlogratn. Then^ since 
it can be divided into two equal triangles by either of its 
diagonals, the mapping and measurement will be as 
before, except that when the sides of ABC have been 
laid down to the proposed scale, the remaining sides of 
the parallelogram are found by drawing lines parallel to 
AC, AB, respectively. And when the perpendicular AD 
has been determined as before^ the area will be equal to 
the product of iiZ) and J3C 

If the parallelogram be reclansular^ the perpendicular 
will coincide with one of the smaller sides, and the only 
measurements required will be those of any two adjacent 
sides. 

Of course, if the. plot be. a square^ it will only be 
necessary to measure a single side (222). 

Srdly, Let the plot be a trapezium^ that is, a quadri- 
lateral with two of Its sides paratlel. 

Measure one of the two sides that are not parallel 
and on any convenient line on the paper lay off, as before, 
by a scale, a length representing the arithmetical mag-^ 
nitude of that line. If the parallel sides be at right angles 
to this, draw two lines at right angles to the above base 
line from its extremities ; measure the parallel sides, and 
lay off from the same scale their magnitudes upon these 
perpendiculars, join their extremities, and the plot is 
correctly mapped. 

The area also is found, according to the method of 
Prob. 9, p. 217, by multiplying the numbers representing 
the magnitude of the base line and half the sum of the 
parallel sides. 

But if the parallel sides be not at right angles to 
either of the other sides, then the area will be the pro- 
duct of half the sum of the parallel sides and the perpen- 
dicular distance between them ; or it may be thought fit 
to treat the question as one of a general quadrilateral 
figure* 
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4thly. Let A BCD represent the general outline of 

any quadrilateral plot of 
ground, which it is required 
to map and measure, and 
which, suppose, can be tra- 
versed in any direction. 

Then it can plainly be 
divided into two triangles 
by the diagonal AC, We 
have only therefore to pro- 
ceed to lay down each of the 
triangles ABC, ADC, to ike 
same scale^ as in the first case, and measure the perpen- 
diculars BE, DF^ as there shewn. The area required 
will be equal to the product of the numbers representing 
AC the diagonal, and half the sum of the perpendicu- 
lars BE, DF. 

5thly. If the proposed plot of ground be bounded 
by more than four straight lines, it must be divided into 
convenient triangles by means of diagonals; and the areas 
of the several triangles will obviously together make up 
the area required. 

254. When, however, any of the boundary lines of a 
plot of ground proposed to be measured are not straight, 
we may adopt either of the two following methods of 
overcoming the difficulty. 

We may draw straight lines as near to the boundaries 
as convenient, whether within or without the area, so as 

^ to indicate the general direc- 
tion of the f^ces, as abcd^ in 
the plot ABCDEF. The area 
of abed will be found, as de- 
scribed in the last article, and 
the small areas excluded are 
computed bv measuring at 
every turn m the fence the 
perpendicular distance thereof 
from the main line. These 
perpendiculars aretermied Q^ 
sets. The small areas included between the offsets, the 
fences, and lines ab, be, cd, da, will be either triangles. 
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trapeziums^ or rectangular parallelograms^ which can be 
computed according to the directions already given, 
and their mm added to the area of the rectilineal figure 
abcd» 

If it had been more convenient to draw the lines ah^ 
hc^ cd, da, outside of the proposed plot, the small areas 
between the true and assumed boundaries would have to 
be subtracted from that of the rectilineal figure <d)cd. 

Another method, more simple than the one just de- 
scribed, and which may be called the * give-and-take* 
method, has already been noticed in p. 218. 

By this method, as shewn in the annexed diagram, 

the plot being the same as be- 
fore, instead of drawing the lines 
aby be, cdy da, either entirely in, 
or entirely out of, the real plot, 
they are drawn so intersecting 
the fences, that the parts ex- 
cluded balance, as nearly as can 
be guessed, the parts included; 
and the process is at once re- 
duced to the simple case of mea- 
suring the rectilineal figure abed, as in {^hs)> 

N.B. — ^When the small perpendiculars, or offsets, are 
very short, they are measured with a staff, called an Offset'" 
*^^off, which should be divided in the same manner as the 
measuring tape, but with small subdivisions, and should 
be numbered on two sides, but from different ends. For 
short offsets that can be measured with this staff, it will 
be sufficient to tell by the eye where the perpendiculars 
from the points at the extremities of the offsets meet the 
main line of measurement. But where the distances are 
much larger, we may determine the perpendicular direc- 
tion of the offset, as in (353). 

255. To find the area of a plot of ground^ of which 
the boundaries are not wholly reclilineaL 

1st. Let the plot have three sides, of which two 
are, or may be taken to be, straight lines, and the third 
irregular and curved as ABCD^ in the diagram, where 
ADC is the only irregular boundary. 

Join AC; and proceeding from A or B^ measure AB, 
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and CEf the perpendicular 
from C upon AB, with a 
Tape divided into yards^ and 
tenths of a yard. 

Suppose AB « 53*9 yards ; 
C£ = 28-6 yards. 

If only the area be required, and not the plan, BC 
need not be measured. But if it be not convenient to 
measure CE, then all the three sides of the triangle ^£C 
must be measured, and its area found by (230). 

Next, to obtain the area of the irregular piece be- 
tween AC and ADC, proceed along AC, and note every 
point in the fence ADC where there is any material 
change in its direction, and measure the perpendicular 
distance of that point from the line AC with the offset" 
staff, or tape. The small portion of the fence between every 
two contiguous offsets may be considered as a straight 
line ; and the several areas, enclosed between the fence, 
AC, and the offsets, will be trapeziums, except the first 
and last, which will be triangles. 

Let a, by c, d, e,/, be the points in AC, where the offsets 
meet it, and suppose Aa == 6*4, ab ^ 5*2, be « 8, cd^5'6, de 
^S'G^ ef^ 5*2, yC-= 11*8, all expressed in yards. 

Also, suppose the lengths of the sever^ offsets at a, by 
c, d^ e,f, to be 6, 7*8, 5*8, 7*5, 7'8, 5-6, respectively. It 
will be most convenient to compute the double of the 
areas of the several trapeziums and triangles, and halve 
the total result 

•q. yds. 

Double the area upon Aa » 6*4 x 6 «» 38*4 

ab* 5-2 X 13*8= 7176 

te« 8 xl3-6»108*8 

crf= 5*6xl8S« 74*48 

rfc= 5*6xl5'S» 85-68 

€f= 5-2 X 13-4= 69-68 

/C=ll-8x 5-6 ^ 6608 

.-. Sum of these areas = 514*88 

or area of ACD = 257*44 

..•r*^ 53*0x28*6 
Also area of a ABC = \ » 770*77 

•\ the whole area ABC Dm 1028*21 . 
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If there be more than one crooked boundary, the 
measurement of a second irregular plot must be taken 
precisely as above. 

And if the area to be measured is bounded by more 
than three sides, that is, if it partake not of the general 
form of a triangle, it may be cfivided into convenient tri- 
angles by means of diagonals, as mentioned at the end of 
(253). 

But if any one of the irregular sides can be readily 
reduced to a straight one by means of the * give-anJU 
take' principle, as exemplified in (S54), of course the 
calculation by offsets of the irregular portion for that side 
"will be done away with. 

It must also be borne in mind, that the method by 
offsets^ when the boundary is curvilinear, can only give 
an approximation to the true area; but yet the error can 
be aiminished as much as we please by increasing the 
number of the offsets. 

256. In the last article we have seen that a great 
many notes had to be made of the lengths, either of the 
sides of the triangle, or other measured distances. It is 
therefore advisable that these notes should be registered 
in some systematic manner, in order that either the sur- 
veyor himself, or some other person, may at any time 
from the inspection of the notes, recognise the general 
plan of the ground, and compute its area. The book in 
yrhich these notes are thus conventionally registered is 
called a 

Fl£LD.BOOK« 

Each left-hand page of the book is divided into 
three columns, (the right-hand page being lefl blank for 
remarks); the central column is used for recording the 
lengths of the main lines measured, whether they be 
sides of triangles, or diagonals of trapeziums, or of 
other irregular figures. The left-hand column is used 
for perpendiculars lying to the left of any of these 
main lines; the right-hand column for perpendiculars 
lying to the right. It is usual to begin at the bottom 
of the central column, and work upwards. The Jield*^ 
book in the case of (255) is here given, which shews the 
mrrangement adopted. means station; the number at 
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the bottom of the central column gives the length of 
the firet measurement, BE ; the next of BA, formed by 
adding EA to BE:, the number to the right denotes the 
length of EC; those to the left of the upper column 
denote the lengths of the offsets at a, b, &c.; 



Perpa. 




Perpg. 


on left. 




on right. 




47-8 


toC. 


5-6 


360 




7-8 


SO-8 




7-5 


25-2 




5-8 


19-6 




7-8 


11-6 




6-0 


6-4 




From 


0-4 






53'9 


ioA. 




1 5-3 


28-6 


Prom 


qB 


go West. 



and the numbers in the upper compartment of the cen- 
tral column, beginning from the bottom, are the dis* 
tances Aa, Ab^ Ac^ &c measured from A to the several 
points, at which the offsets are taken, each distance 
being placed exactly in a line with the particular ofiket 
belonging to it. 

When the piece of land to be surveyed is of consi- 
derable size, it is not convenient to use a tapct but a par- 
ticular kind of chain which we now proceed to describe. 



THE CHAIN. 



257* The Chain used by surveyors for measuring 

land, and called GutUer'i Chain, consists of 100 equal links 

of iron, with a handle at each end for the surveyor and his 

assistant. Its length is 4 poles» or 22 yards; and there-^ 

22 vds. 
fore the length of each link = ^ - - or -22 yds. or '66(t, 



100 



or 7*92 inches; that is, very nearly 8 indies. This 
length of 22 yds. is chosen, because it is most convenient 
for measuring an acre, which is 220 yards, or 10 chains. 
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long, and 22 ydt.^ or 1 chain, broad. Hence, an acre is 
equal to 10 square chains, or 100,000 square links. Con« 
sequently, if the linear dimensions of a field be ex- 

Eressed m links, and its area thence obtained in square 
nks, this value, when divided by 100,000, will be 
expressed in acres; that is, if Jive places be pointed off 
as a decimal, the result will be acres^ and decimal parts 
of an acre, which decimal can be reduced to roods and 
perches. 

£xactly in the middle of the chain is a piece of brass 
easily distinguishable; and from each end to the middle 
there is at every interval of 10 links a piece of brass, 
having one notch at 10 links, iwo at SO, &c. The object 
of this arrangement is to enable the surveyor to measure 
from either end with as little counting as possible. 

258. To measure a straight line with the chain. 

Let the surveyor place one end of the chain at one ex* 
tremity of the line, and let an assistant apply the chain on 
the ground in the direction of the proposed line ; then if 
the length of the line be less than one chain, it will be ex* 
pressed in links, or hundredths of a chain. If the line be 
less than half a chain, the links are readily counted from 
the former end, or if the length be nearly 50 links, as 43, 
we may count the defect fVom 50, viz. 7* &nd so obtain the 
43. If the line be more than half a chain, the excess above 
50 may in like manner be readily counted, and added to 
the 50. 

In measuring a portion of very valuable land^ if 
there be not an exact number of links in any dimension, 
a link may with tolerable accuracy be divided by the eye 
into two equal parts, and the portion so counted will oc- 
cupy the third place of decimals, or thousandth of the unit, 
where the unit is a chain. Thus the length of a line 
measuring %S^ links would be written, *835 of a chain. 

In» practice, with the Chain^ no length less than half a 
link is ever noticed, but if the plot be a small portion of 
building land, in which a greater degree of accuracy 
than within half a link is required, it will be preferable 
to use the TapCp marked with minute subdivisions. 

Again, if the length of the required line be more 
than a chain, let its position be indicated by two or 
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More poles placed vertically in the ground at conveni. 
ent intervals, and so arranged, that they shall appear but 
as one pole to the eye of an observer at either end of the 
line. The line may then be readily measured by two 
persons walking and applying the chain successively 
from one end to the other^ care being taken, 

1st. To preserve the direction marked out by the 
poles. 

2nd. To be sure, in applying the chain, that it is 
always straight and pulled tight. 

3rd. To note down every time the entire chain has 
been applied ; which is done by means of ten small 
arrows, or pins, of strong iron wire, about 18 inchesi 
long, and pointed at one end to stick in the ground. 
The assistant leaves one end of these in the ground at 
the end of each chain, which is taken up by the sur- 
veyor, when he arrives at it 

If the line does not consist of an exact number of 
chains, the portion of the last chain must be reckoned as 
above. 

The following are specimens of the simplest cases that 
can occur of the measurement of land by the use of the 
chain alone. 

Ex. 1. Find the number of acres in a rectangular 
field, whereof the length and breadth are respectively 25, 
and 17« chains. 

25 
17 



175 
25 



425 sq. chain8=42*5 acres, or 424 Acres. 

Ex. 2. Let the dimensions be 35 chains 72 links, 
and 24 chains 8 links. 

We have before shewn that if the dimensions be ex«- 
pressed in links, and thence the area be obtained in square 
finks, we can convert the result into acres by pointing oC 



LAND-8URYEYINO. 285 

5 decimal places, and reducing the decimal part to roods 
and poles. 

Hence we have 

Length sx35 chs. 72 links « 3572 links. 
Breadth « 24 chs. 8 links « 2408 links, 

28576 
142880 
7144 



Area=86'01S76 Acres 

4 



•05504 Roods 
40 



2-20160 Poles 

and therefore the field contains 86 a. Or. 2^ p. nearly. 

If one dimension had contained an exact number of 
chains, it would still be well to reduce it to links, and 
proceed as before. Thus, if the dimensions were 1 5 chains, 
23 links, and 12 chains, 

the area= 1523 x 1200 sq. links, 

-18-276acres=18a. Ir. 4-l6p. 

259. Having now shewn how to use both the mea- 
suring Tape and Chain, in finding the areas of plane sur- 
faces, bounded either by straight or curved lines, we may 
notice that, in taking measurements for the construction 
of maps or plans, or for estimating the area of portions of 
land, we have oflen other difficulties to contend with; as, 

I. Inequality of surface, requiring to be reduced to 
9ome level agreed upon. 

II. Inaccessibility^ where we can only go round the 
area, as in the case of a morass, or forest; or» where an 
object is separated from the observer by a stream, or other 
iiopediment. 

And both these difficulties may be combined, as well as 
irregularity of outline, which has been treated of before. 
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also, it may be required, as in the crni* 
struction of a railway, to make an exact representation of 
a vertical section of the country, extending from any 
one point to any other point, as from the level of the sea 
at Hull to that at Liverpool. And the outline of this 
section will be an irregular line, drawn on the earth's 
surface from the one point to the other ; whilst below it 
is an horizofUal line, which is supposed to be drawn 
between the two given points, and which would, of 
course, fall below the higher ground in the route. Such 
a correct representation would indicate, by successive 
risings and fallings, the exact variations of hill and dale, 
met with in passing from point to point, and the exact 
depths below the surface at which an horizontal* line 
from Hull to Liverpool lies through every point in its 
course. 

This horizontal line, to which the successive points 
on the surface are referred, is termed the datum line. 

In a moderately level country even the greatest 
height of any portion of the irregular line above the 
datum line is small compared with its length ; and conse- 
quently the variations in heiffht, and the inclination, of 
successive portions will hardly be manifest to the eye. 
We may therefore multiply the height of every point in 
the surface above the datum line by some multiplier; and 
the section thus altered will convey a correct idea of the 
truth ; for though none of the lines are actual representa- 
tions of the indinations and altitudes, yet they will all 
bear the same ratio to one another that the actual lines do. 

We shall, however, examine only such simple cases as 
serve to illustrate the principles <^ these investigations, 
and at the same time describe the instruments employed 
in the treatment of such simple cases. 

260. In finding the area of a piece of ground, which 
is not level, we must not measure its actual surface, but 
the horizontal surface which would be seen, if all the in* 
equalities were removed. 

For, as we value land, only for what can either grow, 
or be built, upon it, and as all buildings are erected, and 

* Of course a long line apparently horisontal wiH partake •£ the 
curvature of the eartbi just as a line on the surface of the sea doo. 
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products grown, only perpendicularly to the level of the 
tea, and not to any particular surface, as a hill-side, it is 
clear, that if we have to estimate the length of AB, then, 

for all practioilparw 
poscsilCis the true 
length. And the 
point C is found by 
dropping BC per- 

Sendicularly to the 
orisoQtal line ACi 
or, in practice, the 
diain DB is stretched horizontal, and a portion of it 
allowed to hang vertically down at A» Or, one of the 
iron pins, used by surveyors may be dropped vertically 
from D ; and thus we note the elevation of j3 and D above 
Ay and the length of AB estimated horizontally. 

AC, or DBy is technically called the orqfection of the 
line AB on a horizontal plane: and eitner of the hori- 
zontal planes in which Dn, or AC^ lies, is called the hori- 
zontal projection of the plane or surface in which AD lies. 
Such a projection would be the appearance presented in 
a bird's-eye view taken from a very great height. 

If the line AB be too long to admit of the chain being 
stretched over it, as in the last figure, we must employ 
an instrument termed 



THE LEVEL. 

261. The Lbvbl, in its simplest form, consists of 
an upright wooden rod or staff of any convenient height, 
say from 4 to 5 feet, at the top of which is placed a 
small bar at right angles to the staff. If this rod be 
pointed at the lower end^ and fixed vertically in the 
ground by means of a plumb-line, so that the cross 
bar is horizontal, an eye looking along its length in 
the direction of a piece of rising ground will meet in its 
line of sight that point in the ground, which is on the 
same horizontal line as the eye, and will therefore shew, 
that the rise from the observer's station to the said point 
is equal to the height of the staff. 

Dot if the rise of the ground, within a convenient 
distance for observation, is not equal to the height of the 
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Staff, a second staff marked with small divisions carried 
by an assistant must be placed opposite to the observer; 
then the difference between the height of the point on the 
second staff where the line of sight meets it, and the 
height of the staff at the observer's station will of course 
be the difference of level of the two places. It is obvious, 
that, when the ground rises in front of the observer, the 
height of the first staff will be greater than that of the 
observed point in the second staff; and when it falls, it 
will be less. 




If therefore this instrument be successively placed 
at A, E^ F, where there is a continuous rise, as from 
A to J3, the whole perpendicular rise AD is found 
by adding the sum of the successive rises Aa, Ee, Ff, 
&c. And since we can thus measure AB more con- 
veniently than DB, we obtain by (45, Part i.}, DB 

^ Jab* -AD". 

A more accurate form of instrument consists of a tri- 
pod, instead of a single rod, and is surmounted by a 
spirii'levely capable of being raised or lowered by screws 
at either end, so that the bulb of air in the tube can be 
made to occupy the middle of the tube, and indicate a 
perfect level. Above or below the spirit-level, a tele- 
scope is placed, having its axis parallel to that of the tube, 
and an observer is thereby enabled to read off more accu- 
rately the divisions of the second staff. 

262. When the line^ to be measured, as from A to 
G, is upon ground which falls and rises between its 
ends, then i£B, C, D, £, F be the points where there is 
a change from fall to rise, or rise to fall, and Agy Gg^ be 
the lines whose length we desire to know, then AB, BC, 
CD, DE, EF, FG, and the perpendiculars Bb, Cc, Dd, 
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Ee, Ff^ Ggt can be successively found as AB and DA 
were in (260): and we have ^ 

Ah^jAB*--Bb\ hc^jBC-^Bb^Ccf, &c., 

and thus Ag is obtained. 

If, however, the inclination is known in degrees, and 
the horizontal distance is required, we may, for every 
continuous slope, by the subjoined Table tell how much 
to throw off from the measured distance on the slope, 
to obtain the true horizontal distance. 

The table is calculated for intervals of 30', or half a 
degree; and enables us. to find the comparative values of 



in^ 


BeductioxL 


Angle. 


Beduction. 


Angle. 


Beduotion, 


s» 


'15 


9' 


1-23 


16» 


3-41 


H 


•19 


9i 


1-37 


H^ 


3-64 


4 


•24» 


10 


1-53 


16 


3-87 


H 


•31 


10^ 


1-67 


I6i 


4-12 


5 


•38 


11 


1^84 


17 


4-37 


fi 


•46 


Hi 


201 


m 


4-63 


6 


'55^ 


12 


2-19 


18 


4-89 


6i 


•64 


12i 


2-37 


18i 


5-17 


7 


•75 


13. 


2-56 


19 


5-45 


n 


•86 


13i 


2-76 


m 


5-74 


8 


•97 


14 


2-97 


so 


6-0^ 


H 


1-10 


14^ 


8-19 


so^ 


6'SS 



the sloping and horizontal lines AB and Ah, and indi- 
cates the actual reduction to be made in the measured 
line, JB, to produce Ah. The reduction is given in tenths 
and hundreaths of the unit: and the range of inclination 
is from 3* to 20^^ 

Thus, for an angle of 9* the reduction is 1*23 links in 
1 OO, or the true value of 1 chain of slope, in the horizontal 
line, is (100- 1-23), or 98-77, links, or '9877 of a chain. 
PART m, 7 
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Ex. A line was measured 17*55 chains on ground 
having a continuous rise of 9^*1 required the horizontal 
length of the line. 

The whole reduction 

= 17-55 X 1-23 links, 
» 21 -5865 links; 

and this subtracted from 17*55 chains leaves the h(Hi- 
zontal length 

= 17-334135 chains; 

er, at once^ the horizontal length 

= 17*55 X '9877 chains, 
= 17'334135 chains. 

It is usual to neglect all qjiantities below links, unless 
amounting to half a link. 

263. Note. — The student who understands a little 

Trigonometric will know that Ab can be obtained from 

AB, by measuring the z BAb, and looking in a Table 

of logarithms for what is termed the cosine of BAb, 

Ab 
This cosine is the value of the fraction --j^. 

For example, if BAb were 18^. its cosine 

JlO+2j5 _ Jl^'4>72 3-804,... 

4^ " 4 " 4^ =-951...; 

and i£AB^2, then ^5= 1-902... 

We have observed that it is often needful to set 
off a straight line at right angles to another straight 
line upon the surface of the ground, as in measuring the 
perpendicular altitudes of triangles, or the lengths of 
offsets. 

For measuring such perpendiculars, when very short, 
we may with a tape or offset-staff guess^ with sufficient 
accuracy by the eye, the required perpendicular position 
of the lines; but for long lines, where any error would 
be more serious, we employ an instrument eailed 
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THE CROSS-STAFF. 

264. The Cross-Staff^ in its simplest fornix consists 

of a circular board, as 
ABCD, about two inches 
thick, mounted on a pole 
about 5^ feet high^ and 
indented on its upper 
surface by two grooves, 
AC, BD^ passing through 
the centre, 0, at right 
. angles to each other. 




The use of it is to 
set off straight lines at 
right angles to other 
straight lines, as mentioned above. 

Thus, for example, (see Jig, p, 276) the surveyor, in 
measuring BC, wishes to determine the point D, where 
the perpendicular from A meets BC. When he comes 
to the point, which he supposes to be nearly right, he 
there fixes his Cross-Staff in the ground, and turns it 
round, until one of the grooves is exactly over the line 
BC. He then looks along the other groove for A; and, 
without turning the. board, or deviating from the line 
BC, he moves the whole instrument to the right, or to 
the left, until he sees A through the second groove. The 
foot of the staff is then on the required point jD. 

Similarly, in (^55), the points a, 5, c, • . . from which 
the offsets had to be measured, would be determined as 
above, unless the offsets from those points were so short, 
that it might be considered sufficiently correct to fix their 
position solely by the eye. # 

The accuracy of the instrument may thus be tested. 
Let it be so placed, that through CA, BD^ two objects 
A, b, may be seen respectively : turn the cross half-round, 
and if a, 6, are now seen through BD, AC, respectively, 
the instrument is correct. 

7-3 
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265. The Chain itself also can be used sometimes 
conveniently for constructing a right angle. For from 
(43, Part i.) we know, that the square of the hypothe- 
nuse is equal to the sum of the squares of the other 
sides in a right-angled triangle. 

Take, then, 12 links of the chain, and having laid 

down 4 of them in the direction AB 
of the line to which you wish to 
draw a perpendicular, so that the 
ends cannot move, divide the re- 
maining 8 links into two lengths of 
5 and 3 respectively, and pull them 
tight : the three lengths will form a 
right angled triangle ABC, where 
CB will be at right angles to AB^ 
because 5* = S'+4*, or 25 = 9 + 16. 
Since S, 4, and 5, links are very short lines on the 
ground, the above method of setting off a right angle, 
although theoretically true, requires some modification in 
practice, because a short line of 3, or 4, links could not 
be continued without risk of serious error. But, remem- 
bering the numbers 3, 4, 5, we may adopt ani^ multiple 
of those numbers at pleasure, as 30, 40, 50. Thus, if 
AB be measured 40 links, and 80 links of the chain be 
made to measure AC and BC, viz. AC =50, and BC=30^ 
then zABC is a right angle, since 

30'+40«=2500=50\ 

We now proceed to consider the difficulties arising 
from the intervention of obstacles^ or any other cause of 
inaccessihility, 

266. To continue the measurement of a straight line 
with the chain, when some obstacle, as a pond, or building, 
or river, intervenes. 

Let ABhe the straight line which the Surveyor is 
measuring, and B the point where the obstacle O inter- 
rupts the continuance 
? of the measurement. 



h 




1st. At B set off 
by the Cross^Staff, or with the chain alone according to 
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{266), the line Bb at right angles to AB^ and of such a 
length that it will not only clear the obstacle O, but ter-> 
minate in a point b, where a parallel to AB can be 
readily set off and measured. Measure Bb; at 6 set off, 
at right angles to Bb, the line be, of such a length that it 
will clear 0, and allow a line to be set. off and measured 
at right angles to it. Measure be ; and at c set off eC at 
right angles to be, and equal to Bb. Lastly, at C set off 
a line CD at right angles to cC. Then it is plain^ that^ 
if BC be supposed joined, BbcC is a parallelogram, and 
BC required is equal to be, which was measured. Also 
CD is in the same straight line with AB, and therefore 
the measurement can be proceeded with as if the obsta* 
cle had not intervened. 

If the obstacle does not impede the surveyor's view 
beyond it, an assistant may set up two poles at C and 
D, in the straight line continuous with AB^ and then it 
will not be necessary for him either to measure cCy or 
set off a right angle at C. 

2ndly* The measurement of BC, and the line of 

direction CD^ may 
both be found by the 
Chain alone, without 
the Cross-Staff, as fol- 
lows : — 

In the direction 
of the line measure 
the portion AB equal 
to any convenient 
length, say 50 links; 
and then set off the 
equilateral triangle 
ABb, by stretching a 
" cha\ndoubl€thelength 

of AB, in this case 100 links. Continue the measure- 
ment in the direction bcE^ where £ is a point, from 
which, as nearly as can be judged by the eye, a line to 
O would be perpendicular to the direction of AB pro- 
duced. Measure bE, and take Ee^ABs&SO links; and, 
as before, form the sides Ed^ de, cache 50 links, then 
Ecd is equilateral. Continue the measurement in the 
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direction £a, making ED "AE. In DEmea.mTeDt=SO 
links, and form the sides DC, Ce, each - 50 links. Then 
CD is in the same direction as AB, and A, D, E, are the 
sntfular points of an equilateral triangle ; also, since AB, 
CD are equal to Ab, cE, BO=bc, which has been 
already measured. 

Srdly, Let the obstacle be a river, or steep ravine, 
which prevents measurements being taken as in either of 
the former cases. 

Ist. An assistant 
on the other side of 
the river, or ravine, 
fises a staff at C bi 
range with A and B, 
and another at D in 
the same line. At 
, £ set off a line £i St 

right angles to AB, 
and equal to any convenient even number of links of the 
chain ; bisect it in E, and there fix a staff. At 6 set of 
be at right angles to Bb ; measure be of such a conveni- 
ent length that the staff C on the other side of the river, 
and in a line with AB, is seen in the same line with E 
and c. Then bEc, BEC, are similar triangles, and 
BC a be, as before. 

N.B. BEb may be drawn at ony angle to AB, pro- 
vided there be means at hand for setting off be at the 
tame angle with ££6 produced, so that the triangles may 
still be similar. 



267. To measure a teood, or a lake. 

As an example of difficulties met with in obtaining 
the area of a piece of land from the intervention of ob- 
stacles, we may take the case where it is required to 
measure an area of very irregular form, but bounded by 
lines nearly straight, and containing wood, or water, to 
that it cannot easily be traversed in eveiy direction. It 
will then be best measured by observations taken from 
nilkouU 
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Let ABCD...M he such a plot. At its outennost 

points let poles be placed that 
can he readily seen at some 
distance; and let four stations, 
P, Qa Ry S, he chosen, so that 
four imaginary lines drawn 
through them at right angles 
may embrace the plot within 
the smallest rectangle, and 
pass through as many as possi- 
ble of the points A, C, D, &c 
The right angles at P, Q, /?, 
S, will be determined by the Cross-Staff; and when the 
correct position of these points has been ascertained, let 
poles be placed to mark those positions. Then if the 
portions intercepted between the boundaries of the rect- 
angle and the plot be measured, and the area so found 
be subtracted from the area of the rectangle, the remain- 
der will evidently be the required area of the plot. 

From every angular point in the boundary of the 
plot, which is not also in the boundary of PCtRS^ let 
a perpendicular be supposed to be drawn to the nearest 
side of the rectangle, and let a pole be placed at its inter- 
section with that side; then the :areas between these 
offsets and the boundaries of the plot and rectangle will 
be either triangles or trapeziums, which can be mea- 
sured, as in {255). 

Let the surveyor now commence at one of the angu- 
lar points of the plot where it meets the rectangle PQUS^ 
as 2), and measure successively along the sides PQ, QR, 
&c., in the direction PQ; let him note the length mea- 
sured, at every point where he .meets with any of the 
poles placed as above described; and Jet each offset be 
measured, either with an offset^staff, or a second chain; in 
this case they will all be to the left of the surveyor. Let 
the registered calculations and observations be as follows; 
where all the lines have their length expressed in links; 
and therefore the areas will be expressed in square links 
which can at once be converted into aores. 
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220 


695 
475 


to J) 


115 


345 




From 


qA 




510 


890 


toA 


105 


615 




56 


245 




From 


870 




200 


to^ 


90 


520 




From 


Off 
870 




135 


to rr 




595 




SO 


525 




95 


315 




From 


qD 





Begin at D. 

Taking the doubles of all the areas as in (255), we 
have 



Twice DEe =315x95 = 29925 sq, 


, links. 


J, EefF «175x210=i 36750 


>9 


„ F/G = 70x80 = 5600 


>f 


„^ GQH =275x135= 37125 


» 


„ Itii = 520 X 90 = 46800 


99 


„ liRK :=- 290x350 =101 500 


» 


„ KLl =245x56 = 13720 


99 


„ LlmM = 161 X 370 =± 59570 


» 


„ Jfm^'J = 415 X 275 = n 4125 


99 


„ ABC =475x115= 54625 


99 


„ CPD =200x220= 44000 


99 


2^43740 




.*. siim of outer areas = 271870 sq. 


links. 



or 2*7187 acres. 
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Area of rectangle PQRS 



Area of small triangles and 
trapeziums 

•*. required area 



PQ X PS = 1090 X 985 sq. links 
8= 107365 acres 

2-7187 „ 



}- 



8*0178 acres 
4 



•0712 roods 
40 



2*8480 perches. 



Or, areas 8a. Or. 3 p., nearly. 



INACCESSIBLE HEIGHTS AND DISTANCES. 

The measurement of these can hardly be said to be a 
part of Land-Surveying ; but i&om the interest attaching 
to such problems, and the ease with which most ordinary 
questions of the kind can be worked^ it has been thought 
worth a slight notice. Such measurement, by simple 
means, and without the aid of trigonometrical formulae 
or calculations, depends upon a dexterous use of the par- 
ticular angles 30*, 45^ 6(f, 90*. Thus 

268. If it be required to ascertain the height of a 

tower AB^to the base 
of which we can mea- 
sure in the horizontal 
line BO; let the ob- 
server move back- 
wards from the tower 
AB till the angle 
A ED is found, by 
some instrument for 
that purpose, to be 
45«; then z BAD is also 45', and .•. AD^ED^eB, 
which can be measured. Adding Ee, or DB^ the height 
of the observer's eye from the ground, we obtain the 
whole altitude AB* 
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Or^ suppose the base of the object be not ticcessi- 
ble, or the side opposite to the observer be sloping, as 
that of a toiver surmounted by a steeple, or a pyramid, 
aaPQR. 




Let D be supposed to be the inaccessible point where 
a vertical line from P will meet the ground ; DCB an 
horizontal line through D in any convenient direction; 
as before, let C be the point in this line where CP 
makes with CD an angle of 45%- then PD = CD. Let 
B be another point in the same horizontal line, such that 
the angle PBD= 30"; then, by (Prob. 2, p. 239), CB=^ CD, 
.". PD= CD = CB^ which can be measured. 

269. Tib, Check, or Proof, Links. — To insure 
accuracy in the plotting and measurement of a small 
survey, made only with a measuring line of some sort 
and staves, it is usual to measure upon the ground a certain 
subsidiary line, which shall connect some two of the 
principal measured, and therefore known^ lines of the 
survey; and then to make use of it, as a test, or check, in 
drawing the plan. 

Such a line is commonly called a Tie, or Check, or 
Proofs Line ; and it may be taken, so as to be situated 
either within or without the survey, according as it may 
be convenient to measure it on the ground. 

Generally, it will be most advantageous to measure 
the proof-line, so that it shall form a triangle with the 
parts cut off by it from the two principal lines of the 
survey with which it is connected. 
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This may always be done mthin the survey, by 
making the proofMne intersect any two contiguous boun- 
dary lines; and outside the survey, by making it inter- 
sect the same two lines produced, if necessary. 

These check-lines are not only in most cases espe- 
cially useful as correctors in plotting, but are sometimes 
indispensable, where, from the nature of the ground, it 
would be either very difficult, or impossible, to measure 
diagonals and perpendiculars within the plot to be sur- 
veyed. Thus^ 

Ex. 1. Let the plot 'of ground to be planned and 
measured be in the form of a triangle, as ABC. The 
usual measurements being made, viz. the lengths AB, 
BC» ACy the ground may, of course, be plotted in the 
usual way to a certain scale. But it is possible there may 
be some error in the work; and to satisfy himself that 
there is none, the surveyor, instead of repeating the 
former measurements, fixes a staff, when he measures AB 

at some convenient point 
a, taking care to note down 
the distance aB. Similar- 
ly, in measuring BC^ he 
leaves another staff at 6, 
taking care to note down 
the distance Bh, Finally, 
he measures the * proof -line^ 
ah. Then, having drawn 
his plan of ABC to scale, he lays down Ba, Bby according 
to the same scale, and, if his plan be correct, he finds 
that, upon the scale being applied to a6, it agrees with 
bis measured distance of a from 6. 

If the nature of the ground be such, that ah cannot 
conveniently be measured within the survey, the point a 
may be taken in AB produced^ and ah measured outside. 

Having thus obtained a correct plan of the ground 
drawn to scale, the area will be found by Art. (253). 

Obs. If ah be used not as a proof 4ine^ but simply as 
a tie^line^ it is obvious that AC need not be measured at 
all. 

Ex. S. Let the plot of ground to be planned and 
measured be quadrilateral, as A BCD, 
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The usual measurements being made^ viz. the sides 
AB, BC, CD, DA, and the diagonal AC^ the ground 
may be plotted in the usual way to scale. 





A 




> 


/> 


" X 


6 


J^ 




a 


\ 

««•••«•••«•• 



V 

a 



Also the perpendiculars Dd, Be, upon AC being 
drawn^ and calculated on the same scale^ the area of 
ABCD is found by Art (253). 

Then ah is drawn as a furoof-line, just as in the last 
£x.y either within or without ABCD, and serves at once 
to prove the correctness, or otherwise, of the survey. 

It is further to be observed^ that if, from the nature 
•of the ground, it be difficult to measure AC, that mea- 
surement may be avoided by taking ah instead, as a 
iie4ine either within or without the plot. 

Thus, proof-lines are employed not only as tests of the 
correctness of the work of the surveyor; but also to 
enable him to plot and measure areas — such as those 
of woods, lakes, &c. — with certainty and ease, which 
otherwise could not be surveyed by means of simple 
instruments. 

270. The content of irregular fields, farms, estates, 
parishes, or even whole counties, when correctly planned 
to scale^ is sometimes found by a very ingenious and 
simple method, as follows : — 

The plan being drawn upon paper, or drawing-board, 
of uniform thickness and texture, the portion whose 
area is required is cut out accurately along its bound- 
aries with a sharp knife. Then from the same sort df 
paper, or drawing-board, a square is cut, which shall 
represent, according to the scale employed, a known 
areoy such as an acre, or square chain, or a square mil^ 
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&c The two pieces of paper are then weighed in a very 
accurate balance, and the ratio of their weights will be 
that of the areas contained in them. So that, the area of 
the square being known to be an acre, or a square chain, 
or a square mile, as the case may be, the number of 
acres, &c. in the irregular plot is determined. 



QUESTIONS AND EXERCISES L. 

(1) What is the area in acres of a rectangular plot 
of ground, 128 yds. long, and 50} yds. wide? 

Ans. la. Ir. 6|p. 

(2) State the advantage of taking the length of 22 
yds. for the common Chain. 

(3) When the sides of a rectangular plot are known 
in chains and links, how is the area obtained in acres, 
roods, &c. } 

(4) Find the area, in acres, of a square whose side 
is 15 chains, 40 links. Ans. 23 a. 2 r. 34^ p. 

(5) Shew how to find the area of a plot, of which 
an accurate plan has been obtained, without again going 
over the ground. 

(6) Compute the area of a rhombus, whose base is 
5 chains, 32 links, and perpendicular height is 3 chains, 
7 links. Ans. la. 2r. 21^ p. nearly. 

(7) Explain how the chain may be made use of for 
constructing a right angle, 

(8) Give a brief description of the mode in which 
curvilinear fields are measured, 

(9) Shew how, without using any offsets, a fair 
approximation may be made to the area of a field whose 
aides are not exactly straight lines. 

(10) State the mode in which the observations taken 
in measuring a plot of ground are registered for future 
calculation ; and write out an example of the method. 

(11) When a piece of land, bounded by straight 
lines, is being measured, and it is not easy to traverse it. 
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shew how to lay down a correct plan^ and thence to 
obtain its area* 

(12) Make the largest right-angled triangle which 
can be constructed out of the links of two Chains fastened 
together; how many links are there to spare? 

Ans. The sides will be 48, 64, and 80 links; 
and there will be 8 links to spare. 

(13) In the triangle mentioned in the last question, 
what multiples are its sides of those of the triangle 
described in Art. (^^66)} 

Ans. 16 times as large. 

(14) In measuring a surface which differs consider- 
ably from the horizontal, what deviation must be made 
from the mode of measuring a level surface ?* 

(15) A field is inclined to the horizon at an angle 
of l^^"" in the direction of its length ; find from the Table 
in {^^3) the length of the projection, on tiie horizontal 
plane, of a line which on the slope measures 147*5 
yards. Ans. 144-00425 yds. 

(16) A road rises uniformly at the rate of 300 feet 
per mile; what is the difference between a mile mea- 
sured on the slope, and the projection of that length on 
the horizontal plane ? And wnat is the angle made by 
the road with the horizon? 

(1) Ans. 2*85 yds.; (2) Ans. Bather more than 3^. 

(17) A road, a mile long, makes an angle of 5° with 
the horizon ; what must be the length of a canal which 
runs parallel to the road throughout the mile? 

Ans» 1753*312 yds. 

(18) How would the rise per mile be estimated in 
yards from the data in £x. (17)^ by simple arithmetical 
calculation, without any levelling ? 

Ans. It is equal to (1760)*- (1753-312)", in yds. 

(19) On a piece of land having a uniform inclina- 
tion of 5^ to the horizon, a line was measured 11*79 
chains long, in the direction of the inclination ; reauired 
the distance, estimated longitudinally,, over which the 
surveyor has passed. Ans. 11*676 chains. 
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(20) A hill is inclined to the horizon at an angle of 
15^ towards a river 2*5 chains broad ; from its top a line 
ia measured of 12*35 chains, in the direction of the slope; 
the hill rising on the other side of the stream, from its 
edge, is inclined at an angle of 10% and measures to its 
sidge 7'5 chains; find the horizontal distance between 
Xh» tops of the hills. Ans. 21-8144 chains. 

(21) Describe the Cross -Staff and its use;; and state 
die points upon which its accuracy depends. 

(22) Find die areas of two pieces of land from the 
following notes; the meffiurement of the former was 
taken in yards, die latter in links : 
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(1) Ans. lOOSi yards. 


(2) Ans. Ir. 5-9p. nearly. 



MEASURING INSTRUMENTS. 

Certain * Measuring Instruments' have been already 
described, both as to their construction and use; viz. 
the TapCy and Chain, for measuring lengths or distances ; 
the Protractor, for measuring angles; the Offset- Staffs 
for measuring short offsets ; the Crass-Staff for setting 
out lines at right-angies in the field; the Level, for 
finding the di^rence of level between any two given 
points, &C. But there are many other instruments of 
great value, when we come to actual work, and some of 
these we will proceed to describe. Especially we are 
required to give (which has not yet been done), such 
instruments as are commonly used for measuring angles 
out of doors; as, for instance, the angle contained by two 
sides of a field, considered as straight lines, and meeting 
at a point which is accessible ; or, again, the angle in a 
vertical plane subtended at the eye of the observer by a 
lofty tower, or other building. 
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THE QUADRANT. 

271* A very simple instrument may be made> as 

follows, for measuring, in a vertical 
plane, some of the more simple angles, 
as 15% 30"i 45% 60*, 75% and go**. Let 
jj A BCD be a square board of conveni- 
ent size. Draw upon it the diagonal 
AC; and with centre A and radiusL 
AB describe the arc of a quadrant 
BED, cutting AC in E. Then ^ BAE 
* / DAB = 45^ At E put 45, to 
shew that BE is an arc of 45% With 
centre B^ and radius AB, as before, 
set off the arc of 60**, and mark the 
point 60. Then from D also set off 
an arc of 6(f, and mark that point 30, 
because it will determine an arc of 30^ 
measured from B, Bisect this latter 
arc, and mark the point of bisection 
15. Also bisect the arc D 60, and 
mark the point 75. The whole quad- 
rant Is now divided into 6 equal arcs 




V 



of 15". 



This square board is so fastened to a staff* about 6 
feet long, with a sharp point to enter the ground, as to 
permit it to revolve in its own plane round a fixed axle 
Sit A; and from A a plumb-line is suspended, which 
serves for adjusting the vertical position both of the staff 
and of the board. 

This is a rough instrument for measuring such 
angles, out of doors^ as are before mentioned, and may be 
used effectively for certain limited purposes. When 
used, the face of the board A BCD is not only made 
vertical by means of the plumb-line, but it is turned 
round until it is in the same vertical plane in which the 
two points lie whose angular distance is required, and 
then the staff is fixed firmly in the ground. The ob- 
server, then, having the objects before him, whose angu- 
lar distance he is to measure, places his eye at J?, or Z>,. 
as the case may be, and, looking along the upper edge of 
the board, he turns it round A, until he sees one of the 
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objects in that edge produced. In this position he notes 
where the plumb-line intersects the arc of the quadrant. 
He then brings the same edge of the board to the direc- 
tion of the second object, and notes again the intersection 
of the plumb-line with the quadrant. The difference of 
the two graduations thus noted is the measure of the 
angle required. 

But since only a few graduations are marked on this 
simple instrument, and since the observer can mostly 
select his own position, he should endeavour so to place 
himself, that, when he takes thejf^r^^ observation, the 
plumb-line shall pass over an exact division of the 
quadrant. 

The instrument is especially useful in measuring the 
height of a lofly building, or tree, whose base is acces« 
sible. In this case a single observation only is needed. 
The observer takes up such a position that, when the 
instrument is rightly fixed, without nfoving the board at 
all, by placing his eye at B he sees the top of the 
building in BA produced. He then knows that the line 
BA^ produced to meet the top of the building, makes an 
angle of 45*^ with the vertical ; and therefore the height 
required is equal to the horizontal distance of B from 
the building (which is readily measured), with the dif- 
ference of level between B and the foot of the building 
added or subtracted, as the case may be. 



THE VERNIER. 

272. The Vernier, so called from the name of its 
inventor, is an instrument for measuring very small quan- 
tities on a graduated scale, either straight, as in the Baro- 
meter, or circular, as in the Theodolite, or Graphometer, 
or in many astronomical instruments. 

Let AB be any convenient unit, as one inch, on the 
limb of an instrument, and divided into 10 equal parts. 
It is required to subdivide each of these 10 parts into 10 
more, or the whole into 100 equal parts, without making 
100 lines between A and B; for if they were made, no 
eye could count them. 

PART in. 8 
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For this purpose annex a small sliding instrument CD, 
called a vernier, equal to x% in.^ and divide 
it into 10 equal parts; then, since the whole 
CD is equal to ^ in.^ each of its parts is 
equal to one-tenth of ^ in. « y^ in., or ^ in. 
— x^ in.; that is, each division of the vernier 
is less than one of the limb AB, by fitr ^^ 
an inch. Then, if the lowest points of AB 
and CD are made to coincide, the 2nd mark 
on the vernier is lower than the 2nd on thfe 
limb by y^ in., or *02 in. ; the 6th on the 
vernier is lower than the 6th on the limb by 
j^ in. ; or *06 in.; and so on. 

The divisions of both the limb and the 
vernier are measured upwards. 

The mode of using the vernier will be 
seen from the accompanying diagram of the 
apper portion of a Barometer. 

Let the upper end of the column of mercury stand 
somewhere between the 7th and 8th divisions of the SOth 
inch AB. Slide the vernier so that its highest point may 
come exactly opposite the head of the column. It is re- 
quired to know by how many hundredtlis the upper end 
of the vernier is above the number 7 on the limb. Observe 
which division of the vernier corresponds with some one 
division of A By so that they run into one horizontal line ; 
let it be 6': then since each division of the vernier is one- 
hundredth shorter than the one in the instrument, the 
7 on the vernier is one-hundredtil below the division 5 
on the limb nearest to it ; 8 on the vernier is /fi;a-bun- 
dredths below 6 on the limb; and 10 is ybur-hundredths 
below 8 on the limb, or six above the 7; that is, the 
number 6, at the point where the divisions of the limb 
and vernier coincide, tells how many hundredths the top 
of the vernier is above the highest division reached by 
it on the limb. In this case, therefore, the reading of 
the height of the column will be 29 in. 7 tenths, 6 hun- 
dredths, or 29*76 in. 

' We see that the degree of accuracy to which the 
vernier measures is ^17 of y^th of an inch, or -xhr i^-» ^'' 
cause both limb and vernier were divided into 10 equal 



parts. If they had each been divided into 20 equal parts, 
the accuracy would have been carried to ^ of ^th of 
an inch, or j^ of an inch. 

273. The limb may be circular, as in the next dia- 
gram ; and here let the limb be divided into degrees, and 
the vernier, which is equal in length to 9 of these degrees, 
be subdivided into ten equal parts, as before : these will 
therefore enable us to measure tenths of a degree, or 
portions of 6 minutes. Let the extremity of the vernier 
fall, suppose, between the 45th and 46th degrees ; and the 




division marked 8 on the vernier coincide with some 
division on the limb, then the reading will be 45^ and 8 
portions of 6 minutes, or 45^ 48^. 

Instead of taking the vernier one-tenth less than an 
inch, or than 10 degrees, we might take it one-tenth more; 
then, as before, the difference between the divisions on 
the limb and the vernier would be one^hundredth ; but 
the divisions on the vernier would be numbered from the 
top. This is usually the case in the <^der barometers. 

THE CIRCULAR PROTRACTOR. 

274. It was mentioned in (^ZQ) that a more complete 
and accurate form of Protractor was used in actual prac- 
tice than the one there described. It consists of a com- 
plete brass circle, crossed by a brass band. On each 
semicircumference is a vernier, described in (274), for 
reading twice any angle observed; (the importance of 
two verniers will be seen presently). The advantages of 
this instrument over the semicircular one seen in ordi- 
nary cases of instruments are as follows : — 

I. In the semicircular instrument, [|see fig. to Art. 
(23S),1 in order accurately to measure an angle already 
laid down on the paper, or to lay down an angle, it 
is necessary to make the straight edge AB coincide 
with the middle of the black stroke representing one of 

8—2 
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the given mathematical lines which bound the angle^ 
Now it i$ very difficult to do this with accuracy; but the 
desired coincidence is effected in the circular instrument, 
by placing the Protractor over the given line, so that two 
of the fine lines which mark the divisions on the limb, 
and which are always parts of a diametral line, may coin- 
cide with it; when, of course, the centre of the instrument 
will also be in that line. 

II. If the centre of the instrument be not obtained 
with perfect accuracy, the error in rany angle observed, 
and arising from this inaccurate position of the centre, 
called the eccentrtcity of the circle, is compensated for 
by measuring the vertical or opposite angle with the 
second vernier, which angle will of course give as much 
too large an arc, as the first did too small, or the con- 
verse; and the mean of the two observed angles is then 
taken.' 

III. An angle also can be taken from the circum- 
ference instead of from |;he centre, as in ([Prob. l6. (3) 
p. ^521, by bringing the circumference of the Protractor 
over the angular point C, and observing the arc AB in- 
tercepted between the lines AC, BC, half o^ which will 
be the measure of the angle ACB. 

THE ORAPHOMETER. 

275. This instrument consists of a semicircle, or, which 
is much better, a complete circle of brass*, whose rim is 
divided into 180*^, in the one case, and 360^ in the other, 
with two diametral bands, one fixed, and the other move- 
able about the centre. At right angles to the extremi- 
ties of each of these diametral bands is placed a pinnule, 
or sight. This consists of a thin, oblong, flat piece of 
brass, as represented at A and By about 12 inches high, 
and having a slit pierced lengthways, and in the middle. 
One half of this slit is very narrow; the other is much 
broader, and is bisected lengthways by a wire, which, if 
continued, would also bisect the narrow part of the slit. 
At one end of each diametral band the narrow slit is up- 

* The advantages of the complete circle over the semi-circle are 
well known to practical observers. And where ^reat accuntcj of 
measurement is of importance, the temi-oircular mstrument ought 
never to be used. 
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permost ; at the other it is reversed. Each end of the 
moveable diametral band is furnished with a vernier for 



p— 




reading off angles. The whole is attached centrally to a 
pivot, which works by a universal joint in an upright 

f»illar resting upon a tripod. A compass and a spirit- 
evel are attached, so that the diametral bands of the in- 
strument can be placed in any required position, with 
respect to the points of the compass, and the plane of the 
circle be made horizontal. 

The graphometer is used for taking angles, most com- 
monly, either in an horizontal, or vertical, plane; but it 
may be turned in any direction, so as to bring it into the 
plane of any two or more objects whose bearings are 
required. 

The observer looks through the narrow slit, and there* 
fore has the larger opening of the opposite sight in the 
direction of the object observed. He finds Uie object 
through that latter opening, and brings the wire which 
bisects it into the same plane with the narrow slit close to 
the eye, so that the plane passing through the wires bisects 
the object. 

Let E be the place of observation ; 0, P, and Q, ob« 
jects in an horizontal plane, whose relative positions the 
observer wishes to ascertain. 

Place the circle in the plane passing through 0, P, 
and Q, and let the fixed diametral band be directed to 
P, so that to the observer at p the vertical plane, pass* 
ing through the wires of A and its opposite siffht, may 
bisect P. Direct the moveable diametral band DH, so 
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that the vertical plane through B and its opposite sight 
may bisect 0* Then the number of degrees and the arc 
GH will measure the angular distance of from P. The 
moveable diametral band is next directed to Q, and in 
like manner is obtained the angle PEQ ; subtracting the 
previously obtained angle OEP, we obtain the difference 
OEQ. 

As a correction of GEH^ or OEP, HEp may be 
taken, and subtracted from 180^ giving a remainder 
GEH. If this differs from the value before obtained, 
the mean value will be found by taking half the sum of 
the two results. 

If the objects are in the same vertical plane> the in- 
strument must be so placed by means of the joint at E, 
that the circular limb shall pass through them ; and the 
sights will then have their wires horizontal. 

In order that the diameter may be moved through a 
very small arc, so as to bring the wires exactly over the 
object, the end in contact with the semicircle is furnished 
with a clamp, whereby it is made to bite the limb; and its 
further motion, which was before produced solely by the 
hand, is then regulated by a screw with a milled head. 

THE PLANE TABLE. 

27^* This instrument consists of a plane board of any 
convenient size, say 24 inches by l6, and on its upper face 
a piece of paper is affixed, upon which it is required to 
draw a plan of any plot of ground. The paper is se- 
curely fastened, either by broadheaded nails, or by pasting 
the edges. The board rests, as in the graphometer, 
on a tripod, in the upper part of which is a socket, 
wherein there drops a cylinder surmounted bv a frame- 
work supporting the board. Between the cylinder and 
the framework is a universal joint, so that the board can 
be turned in any direction whatever. The horizontal 
position of the Plane Table is secured by the use of a 
spirit-level. 

Suppose the proposed piece of ground to be of the 
form of the polygon ABCDEF: it may be correctly 
plotted by this instrument in one of the three following 
different ways. 
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(1) Place the instrument at one of the angles, A : and 
after having secured the table being horizontal, make a 
mark on the paper exactly above the point A. This is 
done by means of a spirit-level ^nd a plumb-line. Call 
the point so marked a. 

At A, B, C, Dy Ey F, O, flag-staffs must be placed 
vertically. 

* Now at a place one extremity of one of the wires 
of the moveable sight, described in the graphometer, 
and with the eye at a make the staff at B to be just seen 
in the wire of the opposite sight; then draw through the 
wires in the direction AB an indefinite line upon the 
paper. Without moving the plane table, direct the eye 
m like manner to F, and draw an indefinite line in that 
direction: we now obtain the aBAF^ or, on the paper, 
baf. Next send an assistant to measure successively 
AB and AF with a chain : set off ah and af upon the 
indefinite lines before drawn, representing AB and AF^ 
according to some convenient scale. Then transfer the 
instrument to B, placing the point b of the partially drawn 
plan vertically over B. Direct the sight to A^ making 
ba coincide in direction with BA ; turn the sight to C, 
and thus obtain the jlABC. Draw the indefinite line be, 
measure BC^ and then lay down be according to the scale 
agreed upon, and mark c on the plan. Proceed in like 
manner to obtain the other angles at C, 2), E, F, and 
the lengths CD, DE, EF^ which give cd, rfe, ef, on the 
plan : the whole outline is then plotted on the paper. It 
is not necessary to carry the instrument to F, as of was 
already traced, when the observer was at A* 
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(2) If the staves at B, C, D, £, F, can all be readily 
observed from A, the process will be very much short- 
ened. 




Plant the table at A, as before ; and mark the point a 
exactly above A, Without moving the table^ direct the 
sight successively to B, C, D, E, F, and draw indefinite 
lines ab, acy ady aCy af^ Let one or more assistants mea- 
sure the lines AB^ AC, AD, AE, AF, and lay down upon 
the indefinite lines ab, ac, &c.... distances representing 
AB, ACy &c. according to some convenient scale: we thus 
obtain the points b, c, dy e,f. Join these points^ and a plan 
of the polygon is obtained, as before. This method has 
the great recommendation that the task of planting the 
table horizontally has to be performed but once. 

(5) If all the angular points cannot be observed from 
any one of them as above, it often happens that they may 
be so observed from some central pomt^ O, as in the next 
diagram. Then, as before, we direct successively the 
sight to the angular points of the polygon; trace the 
lines Oa, 06, Oc,...upon the plan; measure OA, OBy 
OC...; and lay down upon the paper, Oa, Ob, Oc, . .ac- 
cording to scale; hence we determine the angular points^ 
a, b, c. .and by joining these points> we obtain abcdef, 
a plan of the proposed polygon^ as in (1) and (2). 

Note. — If the surface to be planned be of greater 
length than can be conveniently mapped upon a single 
^heet of paper of the size of the instrument, the board 
may be furnished with rollers on two of its opposite sides. 



IIBASURINQ I298TR17MENTS. 



313 




upon which a sheet of the required length is wrapped ; 
and as a portion is completed^ and wound round one 
roller^ fresn paper may be unrolled from the other. 

THE OPISOMETER*. 

277* This simple instrument measures the length of 
any crooked lines^ as roads, rivers, fences, walls, &c. on 
any map, or plan, which is drawn to a scale^ without re- 
quiring any arithmetical calculation. 




The principle of the Opisometer is, that, after having 
been applied to any line, it retraces or measures hetck- 
wards precisely the same length on the scale with which 
the line is to be compared. It consists of a milled wheel 
with a steel screw for its axis, mounted on a convenient 

* Made and sold by Messrs Elliott, Brothen, 90, Strand, London, 
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handle. To measure the length of a line^ as the distance 
between two towns by the road traced upon a map^ turn 
the milled wheel up to one end of the screw until it stops; 
and then place the instrument on the map^ in an upright 
position^ as represented in the diagram, the wheel resting 
upon one extremity of the line to be measured; then run 
the wheel along the road, following every bend as closely 
as possible. Care must be taken to keep the wheel in con- 
tact with the paper^ but the pressure need not be such as 
to injure the map. When the wheel has arrived at the 
other extremity of the line^ lift the instrument carefully 
from the paper^ and carry it to the zero end of the scale; 
run the wheel backwards along the scale, until it stops at 
the same end of the screw from which the measurement 
began; the division of the scale, at which the wheel stops, 
shews the length of the line measured on the map. Should 
the scale be shorter than the line measured, when the 
wheel arrives at the end, carry it to the zero mark again 
as often as may be necessary, counting the number of re- 
petitions. 

The accuracy of the result given by the Opisometer is 
unaffected by the dimensions of the instrument itself, and 
depends entirely on the care with which it is used. The 
chief point is to see that the handle of the instrument is 
perpendicular to the surface at the beginning and end of 
each step of the measurement. 

AMSLER'S PLANIMETER% 

278. This singularly beautiful instrument was lately 
invented by Professor Amsler, of SchafThausen, by 
means of which the area of any portion of a map, or plan, 
drawn to scale, is readily and accurately measured, how- 
ever irregular the boundaries may be. 

The Planimbter, when ready for use, as in the 
annexed diagram, rests upon three points Z), £, F; these 
are respectively, 1st a point of the circumference of the 
divided wheel D ; 2ndly, a point of the tracer Fy at the 
end of the arm A ; 3rdly, a point £, at the end of the 
other arm B, which is \iei^X. Jixed during the time of 

* This instrument is to be had only from Messrs Elliott, Brothers, 
30, Strand, London, and the price is £3 13s. %d. 
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operation. To calcolate contents,or areas, tn Mouare inches, 
set the slide il to 1 in. (as here shewn ), which means that 
the result multiplied by 10, gives the content, or area^ 
tn square inches* To obtain this result, place the point £, 
at a convenient distance from the figure to be measured, 
so that the tracer F may traverse the entire periphery 
of the figure. But if the figure is too large to allow 
this, it can be subdivided by drawing straight lines 
through it, and the contents, or areas, of the several parts 
computed separately, And added together. Then place 

the point of the tracer on any con- 
venient starting point in the peri- 
phery. When the instrument is thus 
adjusted, read ofi* the division on 
the horisontal disc G; also that on 
the perpendicular wheel and vernier, 
H. Suppose that the horizontal disc 
gives 3, and the vertical wheel gives 
905, namely 90 on the wheel and 5 
on the vernier; this reading must be 
put down thus, 3*905. Then carry 
the tracing point round the figure 
in the direction of the hands of a 
watch ; and when the whole circuit 
has been made, observe the readings 
again. Suppose them 5*76S; then 
subtract the former reading from 
the latter; the result will be 1*858 ; 
multiply this by 10, and you will 
get the content of the figure in 
square inches, namely 18*58 square 
inches. Notice must be taken 
whether the disc G has made an 
entire circuit; if so, 10 must be 
added, for every revolution, to the 
whole number. If the disc, in the 
above case, had gone once round, 
the second reading would have been 
15-763. If twice round, 25*76S ; and 
so on. If the result is required in 
acres, multiply the above result by 
the number of acres in the square 
inch, according to the scale used in drawing the plan. 
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The other divisions on the arm A, may be easily 
applied to any scale^ by finding the result of one square 
acre or chain, and usin^ that number as the coefficient 
to give the content of the surface required. 

The proof of the principle of this instrument, which 
can only be understood by advanced students^ will be 
found in a Note at the end of the book. 



THE THEODOLITE. 



279. The TheodoUle is the most complete and efficient 
instrument used by Surveyors. It measures, with great 
accuracy, the angular distance between any two visible 
objects, either in the horizontal, or in the vertical, plane ; 
and it is not necessary, that, in the former case, the objects 
themselves be in the same horizontal plane, or in the 
latter case, that they be in the same vertical plane. 

But the Theodolite, in its best form, is so compli- 
cated, that a minute description here of its various parts 
would serve no good purpose. The only way really to 
understand it, is to see and handle the instrument itself. 



CURVED SURFACES AND SOLIDS. 

280. Before proceeding to consider the mensuration 
of Solids generally, we may call attention to two cases of 
curved surfaces^ where the surface can be unwrapped^ so 
as to form a plane surface. Its area may then be obtained 
by methods already given. 

Def. a Bight Cone is a solid which may be sup- 
posed to be generated by the revolution of a right-angled 
triangle about one of its shorter sides as an axis, the 
conical surface being generated by the hypothenuse : the 
base of the cone is a circle. 

Def. a Bight cylinder is a solid which may be 
supposed to be generated by the revolution of a rectangle 
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about one of its sides as an axis, the opposite side of the 
rectangle describing the cylindrical surface : the extre- 
mities of the cylinder are two equal parallel circles. 

Now the curved surface of a cone, when slit down 
in a straight line from the vertex of the cone to the base, 
and unwrapped, becomes the sector of a circle ; and that 
of a cylinder, slit down by a straight line at right angles 
to the base of the cylinder, and unwrapped, becomes 
a rectangle. Therefore we can measure the surface of 
a right cone^ or of a right cylindery by a very simple 
process. 

281. To measure the curved surface of a right cone. 

A Let ABCD be the ccne, A E its 
altitude, and BE the radius of its 

\ base, which is a circle ; then the 

\ area of its curved surface is 

\ equal to that of a sector^ whose 

\ radius is ABy the slant side, and 

\ whose arc is the circumference of 

™".;:Ai> the circle £Ci)J5. 

^ — -""^^ Let BD, the diameter of the 

base, be measured ; then the cir- 
cumference of the base = ir x BD, (237). 

And, therefore, the -curved surface of the cone, which 
is equal to the area of the above-mentioned sector, is equal 
to half the product of the slant side and the circum- 
ference BCBB, by (241), 



Exs. If jijB=4in., and BD^Sin., 

then the curved surface = ir x 6 square inches, 

=3-1416 x6sq, in. = 18-8496 sq. in. 
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If AD and BE are known ,AB may be found with- 
out further measurement. For since ABE is a right- 
angled triangle^ 

Thus, if AE^S, and BE^Q, then 

^J?»-64+ 36 « 100, .-. AB^IO. 

And the curved surface will be equal to 

irxlOxl2 ^^ o,-,/? 
«o0x5-I41o, 

» 188*496. 

282. To measure the curved surface of a frustum of a 
right cone* 

If the upper part of the cone were cut off by a 
plane parallel to the base, the lower part would be called 
SL frustum, and the surface of the frustum would evi- 
dently be found by subtracting the surface of the small 
cone so cut off from that of the complete cone. 

Suppose the section be made through the middle of 
ABy or AD, Then, the curved surface of the small cone 

= '^i^^lAB.lBD\ 

I wxABxBB 

Subtracting this from the whole surface, we have area 
of the curved surface of the frustum 

3 irxABxBD 

3 
s -■ of the surface of the complete cone.. 

A method of iinding the surface of a frustum, inde- 
pendently of that of the complete cone, will be given 
in a future article. 
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S83. To measure Ike surface of a right cylinder. 

Let A BCD be the cylinder, of which 
the height AB, and the diameter of 
the base, BC, are known. 

Then the area of the curved sur- 
face is equal to that of a reclangle, 
whose adjacent sides are respectively 
ABy and the circumference of the 
base. This circumference ^irxBC; 
therefore the area of the curved sur- 
face 

m.wxABxBC. 

Exs. If the height of the cylinder be 10 in., and 
the diameter of the base be 4 in. ; then, the area of the 

curved surface _-,syinN/A«« ;» 

8sirxiux4 sc). in., 

a IT X 40 sq. in., 

«3*14l6x40sq.]n., 

tt 125*664 sq. inches. 

In practice, we shall more often have the circumfer^ 
ence^ than the radius^ of the base given ; and if it be not 
given, it is readily measured. We have then nothing to 
do with ir, since 

Curved surf, = Circumf x height. 

Thus, if the circumference of a cylinder be 10^ feet, and 
its height 5 feet. 

Curved surf, « 10^ x 5m52^ sq. ft 



EXERCISES M. 



22 



[The yalue of t haa been Here taken as — .] 

(1) A cylinder has a base whose radius is 1*75 ft.; 
and the height is 5*26 (t; find the whole surface, including 
the two ends. Ans. 77*11 sq. in. 

(2) The perpendicular height of a conical tent is 
9 ft, and the radius of its base is 4^ ft.; find the area of 
the canvas. Ans. 142*305 sq. ft. 
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(3) The radius of the base of a conical tent is 
6^ ft., and the length of the slant side is 9| ft ; find the 
length of canvas^ | yd. wide> required to make the tent. 

Ans. 2911 yds. 

(4) The vertical angle of a cone is 60\ and the per- 
pendicular height is 15 ft.; find the whole surface of the 
cone, including the base. Ans. 707 sq. feet^ nearly. 

(5) The curved surface of a cone is 132 sq.ft., 
and the radius of its base 3^ ft. ; find the length of its 
slant side, and the perpendicular height. 

(1) Ans. 12 ft. (2) Ans. 11*03 ft 

(6) The inner surface of a cylindrical pipe is 56 
sq. yas., and its length is 21 yds.; find the radius and 
area of an internal section of it perpendicular to its 
length. (1) Ans. l^ft. (2) Ans. S^^sq. ft 

(7) Find the cost of plastering the walls of a cylin- 
drical shaft, of which the height is 1 8 ft, and the base 
contains 6l 6 sq.ft., at 4^£f. per square yard. 

Ans. £3, 6s. 

(8) An upright circular cup is 3^ in. deep, and 
2 in. in diameter, in the inside. The material of which 
it is made is ^th of an inch thick. Find the number of 
square inches in its outer and inner surfaces. 

(1) Ans. Inner surface » 44 sq. in. 

(2) Ans. Outer =49^sq.in. 

(9) To each end of an oblong room SO ft. by 14 ft., 
and 12 ft. high, a semicircular recess is built of the 
same height ; find the cost of painting the whole interior 
surface of the walls at 9^« per square yard, making no 
deduction for windows and fireplace. Ans. £5. 4#. 

(10) A cone has two-thirds of its height cut off by 
a plane parallel to the base: compare the area of the 
curved surface of the small cone so cut off with that of 
the frustum remaining. 

Ans. Surface of small cone ^ four-fifths of that of the 
frustum. 
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284. All surfaces of solids can be converted into 
actually equivalent, or approximately equivalent, plane 
surfaces; but the cone and cylinder only can be mea- 
sured by the simple processes just explained, unless we 
add the prism and pyramid, of which we shall see that 
the cone^ and cylinder^ are particular cases. And any such 
will be best discussed, when we are treating of the mea« 
surement of the volumes of those solids. 




285. We proceed then to investigate the general 
principles of measurement of Solids; and shall shew how 
to measure the content, or volume, of a Solid^ that is, a 
body of three dimensions, length, breadth, and thickness, 
in like manner as it was before shewn how to measure 
a surface of two dimensions, length and breadth only. 

We have seen that if, upon any straight 
line, as AB, a square ABCD be de- 
scribed, this figure is called the square 
of AB, and is expressed by AB^. 

In like manner, if upon AB the an- 
nexed figure ABCDEF be described, 
having six plane rectangular sides, 
or faces, each equal to the square 
ABCD, ABCDEF is called the cube 
of AB, and is expressed by AB^. 
Also, if ^^ be taken to represent 1 
inch, 1 foot, &c., this figure will repre- 
sent 1 cubic inch, 1 cubic foci, &c. 

We have now therefore a third 
kind of unit of measurement; so 
that, on the whole, we find there are 
lineal, or common inches, feet, &c.; square, or super- 
ficial, inches, feet, &c. ; and cubic, or solid, inches, feet, 
&c. Thus AB is a lineal inch, or foot, or &c. ; ABCD 
is a square inch, or foot, or &c. ; ABCDEF is a cubic 
inch, or foot, or &c. With the first unit we measure 
lengths^ lines, or distances; with the second unit we mea- 
sure areas, or surfaces; with the third unit we measure 
contents, or volumes. 

It has been shewn, that any rectangular plane surface 
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is measured by the product of its length and breadth 
(S23), expressed in the same unit of lineal measure. 

We have now to shew^ in like manner, that 

The volume, or content^ of any solid hounded by six 
rectangular plane surfaces^ is measured hy the continued 
product of the number of units in the lengthy breadth, and 
thickness. 

First, let all the dimensions consist of whole num- 
bers, as 3, 4, 5, in. ; 
and let ABCGH be 
the solid where 

Let AI^\^ and 
IKLM be a section 
of the given solid 
by a plane parallel 
to ABCD. 

Then, since AE=5, 
the whole solid may 
be divided by planes parallel to IKLM into solid blocks, 
the base of each of which is ABCD^ and the thick- 
ness 1 inch. Hence there will be five times as many 
cubic inches in the whole ^6, as there are in the portion 
AL. 

Now the area ABCD=4fx3 sq. inches (223). And if 
upon each of these square inches a cubic inch be placed, 
there will be 4x3 cubic inches in AL. Hence in the 
whole AG, or five times AL^ there will be 5x4x3 cubic 
inches, that is, the number of inches is denoted by the 
product obtained by multiplying the numbers represent- 
ing the three dimensions, length, breadth, and thickness. 

2ndly. Let the three dimensions be not expressed in 
whole numbers, as 5\, 3^, 1|. And let each of these 
dimensions be divided into eighths (8 being the least 
common denominator of their fractional parts) ; then, the 
number of eighths in them will be 42, 28, 15^ respec- 
tively. 
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Let three adjacent edges of the solid be divided 
into eighths, and through each of the points of division 
draw planes parallel to the several faces of the given 
solid ; then the whole volume will evidently be divided 
into smaller cuheSy each having for its edge one-nghth of 
the former lineal unit, and the volume of which will 

therefore be riTrth of the former solid unit Also the 
512 

number of these small cubes will, by the preceding case> 

be 42x28x15; and therefore the measure of the volume 

of the given solid, in terms of the larger unit, will be 

42x28x15 42 28 15 i., «, .t 

512 - ^' 8-^¥^-8 ' ^' Hx^ixii; 

that is, the product of the numbers representing the three 
edges, as before, expressed in the same unit of lineal 
measure. 

286. The solid bodies of which we shall investigate 
the measurement, both as to their surface and volume, 
are the parallelopiped^ the prism^ the cylinder, the p^ra^ 
midy the cone^ and the sphere. 

From these may be deduced the measure of various 
other forms, as the frustum of a cone, the barrel or cask; 
the pipe, or hollow cylinder^ the wedge; with many others 
which we meet witn in practice. Indeed, solids of any 
form can be measured, either exactly, or approximately, 
by skilfully dividing them into several portions, each of 
which presents one of the above defined solid figures, 
and then taking the aggregate of the several parts. 

287* To measure the volume, and surface, of a paral- 
lelopiped. 

Def. a parallelopped is a solid bounded by six 
plane surfaces, all parallelograms, and of which every 
opposite two are equal and parallel. When the parallel- 
ograms are rectangles, the solid is then called a rectangu^ 
lar parallelopiped. 

An ordinary box, or book. Is of this latter form. 

The measure of the volume of a rectangular parol* 
lelopiped has been found in (285) to be the continued 

9—2 
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product of any three of its edges which meet in one 
point. Thus, the volume of the rectangular parallelopiped, 
which has its three adjacent edges respectively equal to 
3, 4>, and 5 lineal feet, is equal to 3 x4x5 cub. ft.; i. e. 60 
cub. ft, 

Also^ its surface = twice (length + breadth) x height 

+ twice (length x breadth) 
-2(4+5)x3+2x4x5; 
= (54+40) sq. ft. = 94 sq. ft. 

Def. The cube is a particular case of the parallel- 
opiped, viz. when all the edges are equaL 

The volume of a cube is therefore found by multiplying 
the number of units in the edge by itself twice. For 
examplci if the edge were 4 feet^ the volume would be 
4x4x4 cub. ft., or 64 cub. ft. The expression 4x4x4 can 
be written 4', or, in words, the third power of 4, or 4 
cubed. The number 4 is here said to be cubed, because 
the continued product of 4x4x4 measures the indume of 
the cube whose edge is 4. 

If the edge of the cube were 12 in., or the cube were 
a solid foot^ then its volume would be 12x12x12, or 1728, 
cubic inches. So also, if the edge were 3 ft, or 1 yd., 
then its uo/wwe =3x3x3, or 27. cubic feet. Hence we 
have the results given in the Table called ' Solid Mea« 
sure' 

1728 cubic inches »! cubic foot 

27 cubic feet =1 cubic yard. 

As the six planes forming the entire surface of the 
cube are all equal, and each is equal to the square de^ 
scribed upon the edge of the cube; therefore the whole 
surface is equal to six times the square of the number 
measuring the edge. Thus, if the edge is 4 feet, the 
whole surface =6x4" sq. ft =96 sq. ft. 

In the same article (285) it was shewn, that the 
volume of a rectangular parallelopiped is found in like, 
manner, whether the numbers representing the lengths 
of the edges be whole or fractional. Hence the volume 
of a rectangular parallelopiped, the edges of which, 
fneeting in one point, are 6 ft. 7 in., 3 ft 9 in., and 2 ft. 6 in., 
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:=6/jx3f x2i cub. ft. = ^1^ cub. ft.= 6l§f cub. ft. 

» 61 ft. 1342 in. 

£x. Let the dimensions of a rectangular parallelo- 
piped be 10-5inche8y 2*05 ft., and 3*27 yds. Find the 
solid content^ or volume, and also the surface^ 

Reducing the dimensions to the same unit^ viz. 
feet, 

(10'5 \ 

— x2-05x3*27x3jcub.ft., 

70-38675 



4 



cub. ft. =17-5966875 cub. ft., 
»17| cub.ft.> nearly. 



And the surface 

= 2x{3-27x3+2-05}x 

ll-86xlO-5 



10*5 



12 
+ 9-81 x4'l. 



+2x3 27x3x2-05, 



= 20-755 + 40-22 1 « 60*976 sq. ft. 

Next, let the parallelofnped be oblique, as ABCDEFGH, 
vhich has for its base the parallelogram EFGH^ but not 
rectangular. 

Through D draw the plane DHKL perpendicular to 

AD or EH, and through A 
° draw AEMI also perpendicu- 
lar to AD, meeting CB and 
GF produced in / and M, 
Then AK is a rectangular pa^ 
a rallelopiped. 

Also, since AI, AB are 
equal, and parallel to, DL and 
DC respectively; and since 
AE « DH ; the volume of 
ABIEFM is equal in all re- 
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spects to that of DCLHGK; and taking these equal 
volumes from the whole figure^ we have the remainders 
equals viz. the oblique parallelopiped EC is equal to the 
rectangular one AK. 

But the volume of AK « hase^HM xAE^ 

'^hase EG xAE; 
/. vol. of oblique parallelopiped — area of the b(isexkt. 

288. To measure the volume, and surface, of a prism. 

Dbf. a Prism is a solid bounded by plane surfaces, 
of which two (called the ends of the prism) are equal, 
similar, and parallel figures of any number of sides, and 
the rest parallelograms. 

1st. Let the base of the prism be triangular. 

Suppose a plane to be made to pass through AE, 
CO, the opposite edges of the oblique parallelopiped of 
the last article; then that solid will be divided into two 
equal prisms with triangular bases; and the volume of 
each will therefore be equal to half the volume of the 
parallelopiped; that is, it will be equal to the product of 
the height and the area of its triangular base. 

2ndly. Let the base be a polygon. 

The prism may be divided into other prisms, having 
triangles for their bases by planes through pairs of 
edges; and, by the last case, the volume of each is equal 
to the product of the height and the area of its triangu- 
lar base; therefore the volume of the whole prism is equal 
to the product of the height and the area of the whole bave. 

Srdly. Let the prism be oblique. 

Take an upright prism of the same base and height; 

suppose it to be divided 
into any number of equal 
thin prisms by sections 
parallel to the base; and 
let them be placed, as in 
the figure, so that they 
may assume the form of 
an oblique prism ; then, if 
the number of sections be 
indefinitely increased, and 
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therefore the thickness of each portion correspondingly 
diminished, the volume of all the small pieces will not 
differ appreciably from that of the oblique prism. 

•\ vol. of the oblique prism 

« sum of the vol', of all the small prisms^ 
= the vol. of the upright prism, 
Sybase xperp^, height.* 

Hence, in all cases, the vol. of a prism ■> basexperp. hi. 

If the surface be required, since a prism is bounded 
by plane surfaces which are parallelograms, and by two 
triangular or polygonal ends, the whole surface is there- 
fore obviously obtained by measuring all these plane 
surfaces according to the methods already given for 
measuring any plane surfaces whatever, and taking their 
sum. 

Ex. Let the height of an upright prism upon a tri- 
angular base be 10 ft., and the sides of the base be 
3, 6, 7> feet, respectively ; find the volume^ and surface, of 
the prism. 

By (230) the area of each triangular end 

= 8*95 ft. nearly. 
.•. volume of prism =1 0x8*95 « 89*5 cub. ft:. 

Also, the three rectangular parallelograms bounding 
the prism have the same length, 10 ft., and the sum of all 
these 

= 10x(3 + 6+7)=l60 sq.ft. 

Also, area of the ends = 17*9 sq. ft. 

••. whole surface=: 1 77*9 sq. ft. 

289. To measure the volume^ and convex surface^ of a 
cylinder. 

* A pack of cards, pushed out of the perpendicular sltshtly, and 
equally from the lowest to the highest card, furnishes a good iUustra* 
xioD of this case. 
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If the Straight line joining the centres of the two 
ends of the cylinder be perpendicular to the base, the 
cylinder is a right cylinder ; but if it makes any other 
angle, it is termed an oblique cylinder, 

A right cylinder has already been defined in (281). 
The surface of a right cylinder has been found in (283), 
from its being capable of being unwrapped, and mea- 
sured as a plane surface. 

Also, since the cylinder, whether right or oblique, may 
be considered as a prism, upon a polygonal base with an 
indefinitely large number of sides, therefore, its volume, 
as in the case of a prism, is equal to the product of its 
height and the area of the base. 

But if the cylinder be oblique, its convex surface may 
be found as follows : — 

Suppose the surface be unwrapped, as in (283); then 
it will be found to be a portion of a circular ring, 
of which the two circular arcs are similar and equal, 
having their extremities joined by equal and parallel 
straight lines. 

Now this plane area may be supposed to be divided 
into an indefinite number of small equal parallelograms, 
by lines parallel to the ends ; and the area of each will 
be equal to its length x its height. Hence the whole 
area is equal to the product of the length, and the sum 
of all these small heights, i. e. the convex surface is equal 
to the product of the length of the slant side of the cylinder, 
and the circumference of a section at right angles to the 
slant side. 

By another method the same result may be ob- 
tained : — 

Let two sections of the oblique cylinder be made at 
right angles to the axis, and passing through the extreme 
opposite points in the circumferences of the two ends; 
the portions of the cylinder thus cut off will evidently 
be equal and similar in all respects ; and if one of them 
"be removed, and placed at the other end, neither the 
convex surface, nor the volume, of the cylinder will be 
altered. But we shall then have a right cylinder, whose 
height is equal to the slant side of the oblique cylinder, and 
base one of the sections before-mentioned; and its sur* 
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face ^ its height x circumference of base (283) ; therefore, 
for the oblique cylinder, surface required s slant side x dr^ 
cumference of seclion at right angles to axis. 

Also, voZtime of oblique cylinders: slant side x area of 
seclion at right angles to axis, 

290. To measure the volume, and surface^ of a pyra- 
mid. 

DsF. A Pyramid is a solid bounded by plane sur- 
faces, of ivhich one (called the base of the pyramid) is 
any rectilineal plane figure, and the rest are triangles 
converging to one point as a common vertex. 

If the pyramid be placed with its vertex upwards, 
and a perpendicular from that vertex upon the base falls 
upon the centre of the base, or of any regular curve cir- 
cumscribing the base, the figure is termed a right pyra- 
mid. If the perpendicular does not so fall, it is termed 
an oblique pyramid. 

1st. When the base of the pyramid is a triangle* 

Let FABC be the pyramid^ either right or oblique, 

having the triangle ABC for its 
f^ base. Through the points A and C 
draw the lines AD^ CE, equal and 
parallel to BF; and let planes pass 
through DA, FB, and FB, EC; 
and a third plane through the points 
2), E, F ; we shall thus form a tri- 
angular prism ABCDFEy of which 
the proposed pyramid is a part, and 
having the same base and height ad 
the prism. 

From this prism take away the 

pyramid FABC; there remains a pyramid whose base 

is AC ED, and vertex F, 

Through D, F, C, draw a plane; the pyramid 
FACDE will be thereby divided into two triangular 
pyramids^ FDAC, PDEC^ which are equal, because they 
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have the same height^ namely^ the perpendicular f^om 
jF upon ACED, and equal bases, DAC, VEC. 

Also, FDEC can be considered as having its vertex 
at (7, and base DFE, and therefore is equal to FJBC, 
since the bases DFE, ABC, are equal, and the height is 
common ; hence the three pyramids are equal; and there- 
fore the volume of each of them is equal to one-third of 
the volume of the whole prism, 

V - base ^perpendicular height (288). 

2ndly. When the base is a parallelogram. 

Let JF* be the vertex, and ACED the base of the 
pyramid, then it can be divided by a plane through FC, 
FD, into two pyramids on equal triangular bases ADC, 
EDC; and, by the previous case, the volume of each of 
these equal pyramids is one-third of the product of the 
base and perpendicular height ; and therefore the volume 
of the whole pyramid on ACED 

= - area ofbasexhL 

Srdly. When the base is a polygon. 

The pyramid may be divided into a number of pyra* 
mids on triangular bases by planes through the common 
vertex, and the diagonals of the polygon ; and since the 
volume of each of these 

^ - area of triangular base x ht. ; 
/• volume of the whole pyramid^ 

B ~ sum of all the triangular bases x ht., 

= - the whole base x hL 
3 

Hence, the volume of any pyramid = - base>cperp. hi. 
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Ex. A pyramid stands on a base which is an equi- 
lateral triangle. Given that a side of the triangle is 4 
feety and the height of the pyramid is 9 ^^^^f ^^^ ^^ 
volume, 

Fo/. = |x4.ySx9 = 12^cub. ft, (230). 

The lateral surface of a pyramid is obviously bb« 
tained by taking the sum of ail the triangular surfaces 
which bound it 

291. To measure the volume^ and surf ace, of a cone. 

A right cone has already been defined in (281). If 
the line joining the vertex^ and the centre of the base, 
is perpendicular to the base^ the cone is a i^ght cone ; 
but if it makes any other angle with it^ it is termed 
oblique. 

The surface of a right cone has been found in (282)^ 
from its being capable of being unwrapped, and mea- 
sured as a plane surface. 

Since the cone^ whether right or oblique^ may be con- 
sidered as a pyramid upon a polygonal base, with an in- 
definitely large number of sides, therefore the volume, as 
in the case of a pyramid, is equal to one-third of the pro^ 
duct ofjhe area of the base and the height. 

Cor. Since the volume of the cylinder of the same 
base and height as the cone 

= area of the base x ht. (289), 

.% volume of a cone -» - circumscribing cylinder. 

Ex. The height of a conical tent is I2fl.j and the 
radius of its base is 5| ft., what is its volume ? 

Volume«gxl2x — x/— ^ =S80f cub. ft 

202. To measure the volume^ and surface, of a frus- 
tum of a right cone. 
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Let B, and D, be the centres, 
and AB, CD, radii, of the circalar 
ends of the frustum; and sup- 
pose the slant sides of the section 
through ABy and CD, to meet in 
E, the vertex of the complete cone, 
of which the frustum is a part. 
Let CF be drawn parallel to DB^ 
the height of ihe frustum* 

Then, since AFC, CDE are 
similar triangles. 



DE : CD :: FC : AF, 

:: BD : AB-^CD; 
BDxCD 



/. D£= 



AB'-CD 



c,. ., , __ BDxAB 
Similarly BF=^j^-^ 



0). 
(2). 



Also, BD=JAC-{AB- CDy (3). 

From these results the complete cone can be deter- 
mined, and also the cone cut off. Their difference is the 
frustum required. 

Or, the volume of the frustum may be measured ap- 
proximately, fvitk a rough approximation, by multiplying 
its height by the area of the section taken midway be- 
tween the ends. 

But the correct result obtained by the first method is 

given by the following Rule*, and is easily remembered: 

" To the sum of the areas of the ends of the frustum add 

four- times the area of the mid'Sedion, mtUtiply^ by ike 

height, and take one-sixth of the result" 

Ex. The radii of the ends of a frustum are S, and 4 
inches, respectively, and the length of its slant side iff 
3 inches ; find the volume of the frustum. 

Here AB-CD^l, AC ^9; 

* It requires a little knowledge of Algebra to deduce this Rule 
from (1) and (2). It depends upon the fact, that A B^ - CD^ divided 
by AB-CD is equal to AB*+CD^-{-ABy,CD. 
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/. BD^^=^2j2y BE^sj2, and DE^Sji, 

"By 1st method^ 

- „ . hi. -x area of base 22 l6 « /- 
VOL of complete cone= ^ =';r^"i"^Sv2> 

.~xl2872. 

vol. of smaller cone= — x^x6<y2 = ^x54^^; 

22 /— 

/. vol, of frustum^— x7^j2 cub. in. 

S+4 7 
By 2nd method^ since radius of mid-section = -^, or - ; 

.*. vol. of^ij^um-— xfij x2y2, 

22 /- 

«^x73ix^2 cub. in. 



21 
By Rule, vol. of frustum 

= y^2V 



i^fiif:^]- 



=2tx74^ cub. in. 

Sometimes the height of the frustum is given, or it 
can be conveniently measured, as in the following 

Ex. The height of the frustum is 6 inches, and the 
radii of the ends are 4, and 2^, inches ; then BB the 
height of the complete cone = l6in., and DE, that of the 
smaller cone, dO in. ; therefore, 

•n 1 1 -1 « 1 l6xflrx4* 
By Ist method, vol. of complete cone* r — , 

10x««-x(2*5y 

.,,.., stnaller ... = r ; 

o 



.\ vol. of/rttJ/«OT=^x{256 -62*5}, 

3 
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By 2nd method, since the radius of the mid-section 

■ — ;; — =3-25; 



vol. of frusiu m=^6xiry. (3^)% 

22 169 5577 



-=^"7^X6 = 



28 



=-199Acu^'5n- 



By the Rule, since the height of the frustum is 6 iiu, 

'4'+(2-5)'4-4 x(3l)M 



vol. of frustum = 6xirx J 



6 



22 



- --x{l6+6-25 + 42-25}, 

22 
=— X 64-5- 202f cub. in., 

as by the first method. 

To find the curved surface of the frustum, suppose it 
split down in the line AC, and opened out until it be- 
comes a plane surface. It then forms a portion of a 
circular ring, which has been measured in p. 244; and 

surface of frustum = irx {AB + CD) xAC. 

293. To measure the surface of a ^sphere, when its 
radius, or diameter, is given. 

Def. a sphere is a solid generated by the revolution 
of a semicircle about its diameter. 

Let ABC be a quadrant of a circle; and let it revolve 

completely round J. i? as an 
axis; it will describe a hemi- 
sphere. 

Take a vertf small portion 
of the arc, DJS; and draw Cc 
parallel to AB: through D and 
£ draw dDm, and eBn^ parallel 
to CB ; and draw DG parallel 
to AB. Bisect DE. in F, join 
BF, and draw Ff parallel to 
CB, Ffis the average distance 
of DE from m/h. Then, since 
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DE is very sraall^ it may be taken as a straight line^ and 
the surface generated by its revolution round AB^ as that 
of a cylinder, with radius Ff, which will be 2wxiF/xDj&. 
(284). Also the surface of the small cylinder generated 
by the revolution of de round mfn^2irxdmxDG. Now 
the triangles DEG, BFf, have each one right angle, and 
the angles JEDG, BFf equal; therefore they are similar, 
and the sides about their equal angles proportional; 
hence 

BF : F/:: DE : DG, 
.•. BFxDG^FfxDE, or dmxDG^F/xDE; 

and therefore the area of the curved surface described by 
DE is equal to that of the cylinder described by de» 

The same may be shewn to be true of all the succes- 
sive very small portions of the arc of the quadrant ADC. 
Hence, the whole hemispherical surface generated by the 
revolution of ADC round AC 

*^2vxdmx (sum of all the small quantities like DO), 

s=2irxdmxAB^^frx(r&d.)\ since dm^BC; 

and .*. the surface of the whole sphere =4flrx(rad.)'. 

Obs. The section of a sphere made by a plane through 
its centre is called a great circle of the sphere. Hence, 
the surface of a sphere = 4 great circles of the sphere. 
This is especially worth remembering. 

Ex. If the diameter of the earth be 8,000 miles, 
what is its surface considered as a sphere? 

22 
-Sttr/tfCtf«4irx(rad.)'=4x-~ x 1 6,000,000 sq. miles, 

=201,142,855 sq. miles. 

294. To measure the volume of a sphere, when its 
radius, or diameter, is given. 

A sphere may be considered as composed of a num- 
ber of very small equal cones^ having their common ver- 
tex at the centre, and the same altitude, viz. the radius 
of the sphere^ and having as the base of each, a very 
small portion of the surface of the sphere^ 
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Then the vol, of the sphere 

— sum of vol*, of all these cones, 

8 ^ ht. X sum of the areas of their bases, 

= ^ ht. X surface of the sphere, 

« ^ rad.x49rx(rad.)', (since height = rad.), 

Cor. The voL of the cylinder circumscribing the sphere, 
and of the same height as the diameter of the sphere^ 

-htxbase (289), 
= 2 rad. X wx (rad.)*, 
ss2wx(rad.)'; 

.*. vol, of sphere B:^x2irx(rsLd.y=^ of circumscribing 
cylinder, 

Ex. The inner diameter of a foot-ball is 6 in.; how 
many cubic inches of air does it contain? 

, ^'n- , J., 4x22 _ 22x36 .-q, , . 
t;oZ.«yx(rad.)*=-^^x27=— ;^ = llS^Cfi&. in. 

295. Given that the volume of a cone is equal to one- 
third of the cylinder with the same base and height, prove 
that the volume of a sphere is two-thirds of the circum- 
scribing cylifider, 

\^ ^^ Let ABCDhe a cylin- 

der, 

AEB a hemisphere, 
its centre; 
G ODC a cone, E centre 
of its base; 
F any point in OE; 

^ GFJKH a 9traight line 
through F parallel to 

AOB. 

Then FH* = OK' = OF' + FK\ 

^FP+FK\ V OF : FI :: OE : ED 

:: OE : OA 
:: 1 : 1, 
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.-. irxHr=wxFP+wxFK\ 

i. e. Circular section of cylinder 

= Circular section of cone + circular section qf^ sphere^ 

and since F is any point in OE, .*. the same holds for all 
corresponding sections of the cylinder, cone, and hemi- 
sphere; and consequently for all corresponding lamince 
of very small thickness. Hence 

Whole Cylinder = whole cone + whole ^ sphere ; 
But, by supposition. Cone = J Cylinder, 

.*. ^ sphere = | Cylinder. 
Double the hemisphere, and also the Cylinder, then 
vol, of Sphere = | Circumscribing Cylinder, 

296. Obs. We now see, that just as the area of a 
circle was proportional to the square of the radius, so the 
volume of a sphere is proportional to the cube of the radius. 
Hence the volumes of spheres are to one another as the 
cubes of their radii. 

Thus, if two spheres have respectively radii of 9 in. and 
5 in., the vol, of the larger : vol, of the smaller :: 9* : 5' 

:: 729 : 125. 

It may also be mentioned, that any similar* solids, 
however irregular their shape may be, have also, as in 
the case of spheres, volumes proportional to the cubes 
of any two corresponding lines in them. 

Thus, . if AB^ ab were corresponding slant sides or 
radii of two similar cones; or the heights, or radii, of 
two similar cylinders; and if it be known that 

AB=^ab, or AB : a6 :: |- : 1. :: 4 : 3, 

* Def. Similar solids are such as have all their solid angles equal, 
each to each, and are bounded by the same number of similar plane 
surfaces. 

Similar cones and cylinders are those which have their axes and 
the diameters of their bases proportionals, 

PART ni. *10 
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then, vol. of larger solid : voL of smaller :i {A By : (a&)% 

.. 4.3 . ©» 

:: 64 : 27. 

Ex. How many spheres of 3 inches diameter can be 
placed in another of 12 inches diameter, supposing the 
small spheres made of plastic material, so as to fill the 
whole interior of the large sphere ? 

Large VoL (12 in.)' _ 1728 _ 64 

«mall Vol." (3 in.)» "*~2'r"" 1 ' 

i. e. the large sphere contains 64 small ones. 

The same result may also be obtained thus. Since 
the large rad.=s4 times the small radius, 

.•. Large vol. ; small vol. :: 4' : 1 :: 64 : 1, as before. 

297. 2*0 measure the solid matter of a pipe, or hollow 
cylinder. 

The pipe, or hollow cylinder, has been virtually in- 
cluded in the article on the cylinder, only that it is, as 
it were, one cylinder within another, and therefore its 
volume has not actually been measured. 

Now the quantity of material employed in its con- 
struction may be found in two ways : 

1st. By finding the volumes of both the outer and 
inner cylinders, and taking their diflTerence. 

2nd. By finding the surface of a cylinder which is a 
mean between the inner and outer cylindrical surfaces, 
i. e. whose radius is a mean of the outer and inner radii, 
and then multiplying the surface so obtained by the 
thickness of the material of which the pipe is composed. 

Ex. How many cubic feet of iron are required to 
make a cylindrical chimney for a marine engine, which 
shall be 30 ft. high, have its inner radius 12 in.^ and 
thickness of metal three-fourths of an inch ? 

By the first method, the volume) , . «« , ^.^ 
^ , *^ ,, 11 V=irxl»x30cub.ft, 

of the smaller cylinder J 

3 1 

and (since 7 in. = — ^ ft), the volume) „ , s. «^ , a 
^ 4 16 -" U7rx(l^^)*xS0cub.£t; 

of the larger cylinder J 
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.*. volume of iron = diff. of vol. of cjlinderSj 

«7rx30|rjgj-l|=<irx30x— cub. ft., 

= yx30x^ = 12f^cub.ft. 

By the second method, the radius of the cylinder 
which is a mean between the outer and inner radii, 
= ljjj ft; and therefore the surface of that cylinder 

S3 
= 27rxS0x — sq. ft 

S . 1 
Also the thickness of the metal = -• in.= -^ ft : 

4 lo 

S3 1 
.*. voL of iron = wx30x--^x--7s cub. ft, 

10 lo 

aBTrxS0x---7-. cub. ft, as before* 

298. Tojind the content, or volume^ of a haystack^ 
(1) fvilk circular base^ (2) wiih oblong base. 

I. Let ABCBE be a verti- 
cal section through the middle 
of a stack whose base is circular, 
and the sides diverging upwards 
in the usual way; the upper 
part will be a cone^ whose height 
is AO^ and the radius of its 
base BO; the lower part will 
be a frustum of a cone inverted, 
whose height is OP. Let FEG 
be a vertical line through Ey 
meeting the horizontals AF^ and CD produced, in F and 
G. Let AO, or FE, be measured, and also EG. Since 
the radii OE, PD, cannot be directly measured, measure 
the circumferences of the circular sections through E 
and D ; then if c be the circumference of the nUd^section 
parallel to the bafte, and Ci, C., those through E and D, 

10— a 
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c= —~ — - , and its radius=— - ; 

S 8 

.*. the area of the mid-sectton = ttx -— - = -7- » 

and the vol of the lower portion of the stack = — xJUG. 

Also, the volume of the upper, or conical, portion of 
the stack 

^KxEFxOE', where 0E=^ , 

FFxC,\ 

127r ' 

/. whole »oZ. of stack = -r-xEG+ — '- x EF, 

4!W 127r 

II. Let the base and section be oblong, instead of 
circular, and the upper part still terminate in a point ; 
then we have a 'pyramidal, instead of a conical^ upper 

portion ; and its volume = - height x area of section at its 

base. 

Also, the lower portion is a frustum of a pyramid, 
instead of a cone; and its volume 

= ht. X area of mid-section, 

= - ht.x sum of areas of its highest and lowest sections, 

III. If the base be as in the last case, and the upper 
portion do not terminate in a pointy but in a ridge paral- 
lel and equal to the length of the stack, then the upper 
part will be a triangular prism, of which ABE is the 
base, and its length the length of the ridge. 

Hence, volume of prism =\ex\gXh xarea o^ ABE, 

= length of ridge x AOxBO. 

The lower part is a pyramidal frustum, as in the last 
case. 
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Ex. 1. The heights of the upper and lower portions 
of a round stack are 4^ ft and 7 ft. respectively ; and 
the girths of the highest and lowest parts of the frustum 
are 30 ft. and 24 ft ; find the volume of the stack. 

The circumference of the mid-section of the frus- 

30+24 
tum = — — =27; 

.*. vol. of frustum « — ^^ — — , 

4ir 

7x729 35721 , -^ 
= , - =s —-^-- cub. ft, 
, 22 88 
4x — 

7 
»406 cub. ft., nearly, 

A J I r 44x900 44x75x7 

And vol. of cone = ^ — = -^—^ — - , 

12ir 22 

2382-5 , ^ 

= —^:7: — cub. ft., 
22 ' 

= 108 cub. ft. nearly; 

.'. the whole vo/ttme = 514 cub. ft., nearly, 

— l^jcuh. yds 

Ex. 2. A stack stands on a rectangular base 13ft. 
in length, and 9 ft. in width ; the horizontal section at 
the eaves is 1 6 ft. in length, and 11 ft. in width ; and the 
height of this portion is 7 ft* The upper portion termi- 
nates in a pointy and its height is 4^ ft. Find the volume 
of the stack. 

Area of highest section of the^^^/ttm= l6x 1 1=176 sq. ft. 

lowest =13x 9=117 

Area of mid-section = 14^x10= 145 sq. ft;.; 

.*. vol. of lower portion =7^1 45 =1015 cub. ft. 

Also vol. of upper pyramidal portion = — — , 

= 264 cub. ft« 
.•. whole t;o/tfme = 1279 cub. ft 

=47}? cub* yds. 
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Ex. 3. The same data as in Ex. 2, except that the 
upper portion, instead of tapering to a point, terminates 
in a ridge of the same length as the horizontal section 
which forms its base. 

FoLo£ lower portion (as in Ex. 2) = 1015 cub. ft* 

/I . • \ 16x11x44 , ^ 
upper (being aprism)^ ^cub.it. 

=396 cub. ft. ; 
.*. whole volume =14il I cub. ft* = 52^ cub. i/ds. 

Note. A cubic foot of old hay will weigh about 
8^ lbs., on the average, as proved by experiment Hence 
the weight of a stack will readily be found, when its 
volume, or content^ has been determined. 

Two cwt. per cubic yard will not be far wrong. 
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(1) Find the cost of a block of stone in the form of 
a parallelopiped, whose edges are 3, 5, and 8, feet, at 
2s, 2d. per cubic foot. Ans. jCl3. 

(2) What length must I cut off from a plank 2 ft. 
broad, and 1 ^ ft. tmck, for the sum of £2. 6s.y at the rate 
of lOd. per cubic foot.^ Ans. 18 ft. 

(3) What would the painting, of the whole piece 
cut off in the last Ex., cost, at Id. per square foot ? 

Ans. 11.9. 

,(4) The bottom of a cistern contains 7sq. ft. 101 sq. 
in.; how deep must it be to hold 82 gallons, if 277 J cub. 
in. make 1 gallon? Ans. 1ft. 8|in. 

(5) A right-angled triangle, whose sides are 3, 4, 
and 5, inches, is made to turn round upon the side whose 
length is 4 in., thus describing a right cone; find the 
surface and volume of the cone. 

(1) Ans. 47^ sq. in. (2) Ans. 37} cub. in. 

(6) A rectangular parallelogram, 7 inches long, and 
1 inch broadj is turned round about one of its longer 
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sides, and describes a cylinder; find the surface and 
volume of the cylinder. 

(1) Ans. 44 sq. in. (2) Ans. 22 cub. in. 

(7) A cylindrical shaft, 105 yds. deep, and 2 yds. 
"wide, was to be excavated, at the rate of £l. per yard in 
depth; but the rate is afterwards changed to one of 
6s, 8d* per cubic yard excavated; "what difference is 
there in the cost? Ans. It costs £5. more. 

(8) A right prism, whose ends are equilateral tri- 
angles, having their sides each 3|in., is l6 in. long; find 
its surface and volume. 

(1) Ans. I sq. ft. 34*6 sq. in. nearly. 

(2) Ans. 84-868 cub. in. 

(9) An oblique prism has a polygonal base of the 
form described in (226), where the diagonal -4D=4'5in., 
and AC -^'8 in.; also the perpendiculars Bb^ Dd^ Ee^ 
are 1*2, 2*5, and 1*6, inches, respectively; and the per- 
pendicular height of the prism Is 10 in.; find its volume. 

Ans. 124^ cub. in. 

(10) A pyramid of marble has for its base a regular 
hexagon, whose side is 1 fl.; and the height of the pyra- 
mid is 9 ^•; what is the cost^ at 10^. per cubic foot.^ 

Ans. £3. Ms. 11 -28^. 

(11) Some blocks of wood, 1 foot high, and having 
their ends 4 inches square, are cut into hexagonal prisms, 
with as little waste as possible; find the cost per 1000, 
at the rate of 2^. 6d, per cubic foot of manufactured ma- 
terial. Ans. £9. 0^. 5d. 

(12) An hour-glass is made of two equal cones 

joined at their vertices; the vertical angle is 60°, and 

the depth of the sand when level in one of the cones is 

3 inches ; find the volume of sand which must pass into 

the lower cone per minute, so that the upper cone may 

be emptied in 1 hour. . 11,. 

'^ Ans. —■ cub. m. 

(IS) Find the cost of lining a cylindrical shaft, SO 
feet deep, and 1| yards broad, with wood 3 inches thick, 
supposing the cost of material and labour to be at the 
rate of Is. 9d. pet cubic foot. Ans. JEIO. 6s, 3d. 
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(14) A cubical mass of metal, whose edge is 3'35 
inches, is drawn out into a cylindrical wire 67 inches 
long ; find the area of a section of it perpendicular to its 
length. Ans. -561125 sq. in. 

(15) The adjacent edges of a rectangular box are 

S-42857i, 5-i42857, and 10-285714, inches; find the cost 
of gilding its exterior at l^d. per square inch. 

Ans. f 1. 10.?. lO^d. 

(16) A solid spherical ball of copper, one foot in 
diameter, is hammered into a circular plate of one inch 
uniform thickness. Find the diameter of the plate. 

Ans. 2-828 feet 

(17) How many bullets of a quarter of an inch 
in diameter can be cast from the metal of a spherical 
ball 3 inches in diameter, supposing no waste in the 
process? Ans. 1728. 

(18) A river with an average depth of SO feet, and 
200 yards wide, is flowing at the average rate of 4 miles 
an hour; find how many cubic feet of water run into the 
sea per minute; also the number of tons, supposing a 
cubic foot of water to weigh 1000 ounces. 

(1) Ans. 6,336,000 cub. ft. 

(2) Ans. 176785? tons. 

(19) What is the number of cubic feet in the volume 
of an hexagonal room, each side of which is 20 ft. long, 
and the wdls 30 ft. high, and which is finished alK>ve 
with a roof in the form of an hexagonal pyramid 1 5 ft. 
high? Ans. 36372 cub. ft. 

(20) Find the cost of painting the walls and ceiling 
of the room, described in the last Ex., at Is, per sq. yd. 

Ans. £27. 12f. 9d. 

(21) What is the solid content of a sphere, whose 
lineal circumference is 6? yds. ? Ans. 4 cub. yds. 5^ ft. 

(22) What is the solid content of a sphere, when its 
surface is equal to that of a circle 8 yds. in diameter? 

Ans. 33 cub. yds. 14f ft. 

(23) Required the cost of a globe of 25 in. diameter, 
which is to be paid for at 6d, the square inch on the sur- 
face. Ans. £49. 2^. Ifrf. 
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(24) A haystack, 11^ ft. high, has an oblong base 
20 ft. long, and 8 ft. broad ; the sides of the rectangular 
horizontal section 9 ^* from the ground through the 
eaves are 22 ft. and 8*8 ft.; the part above the eaves 
forms a triangular prism 22 ft. long; find the whole 
weight of the stack, if 200 cubic feet of the hay weigh 
1 ton. Ans. 9*1^4 tons. 

(25) A cylindrical basin 25 ft. in diameter, 4 ft. 
deep, and fths filled with water, is drained by means of 
a 3 in. pipe, through which the water flows at an average 
rate of 2 miles per hour; shew that it will continue flow- 
ing for 2 hours 22^ minutes. 
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(1) Find the area of a floor 31 ft. 9 in. long, and 
18 ft. 7 in. broad. Ans. 590 sq. ft. 3 sq. in. 

(2) A square floor, whose side is 15 yds., is covered 
by 7200 equal square tiles; what is the length of a side 
of each tile.^ Ans. 6363 inches. 

(3) A chess-board having 8 squares along each side 
is 1 8 inches square. Find the length of a side of one of 
its squares. Ans. 2^ inches. 

(4) One hundred thousand men are drawn up in a 
square: how much space will they occupy, if to each 
man is allowed 2 ft. 3 in.^ by 1 ft. 9 in.*? 

Ans. 43750 sq. yds. 

(5) If the men in the last Ex. were drawn up in an 

oblong whose sides are in the proportion of 10 to 1, each 

man covering 2 ft. square, what would be the periphery 

o£ the oblong? 5 , ^ ., 

° Ans. t: ths of a mile. 



6 



of the 



Shew, without assuming any RuUf that the area 
le rectangle, whose adjacent sides are 7i^ft> and 
5| ft., is equal to 40 J f sq. ft. 



* To avoid the frequent repetition of the words rectangular area 
it is usual, as here, simply to insert by between the numbers express- 
ing the length and breadth of such an area. 
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(7) Shew, by a diagram^ that 80 J sq. yds. = l sq. pole. 

(8) Prove, by diagrams, that (f ft)*=iV sq- ^'i ^^^ 
that J ft. X J ft. = j^ sq. It. 

(9) Determine, by a diagram, how many equal 
squares, of 1 J inches side, can be obtained from a rect- 
angle 72 inches long, and 45 inches broad. Ans. 2560. 

(10) A lawn is 70 yds. by 32 yds.; find the cost of 
laying it down with pieces of turf, each 15 in. by 9 in., 
at lOs. the gross. Ans. £74*. iSs. 4id, 

(11) A roof 45 ft. by 27 ft. is covered with slates, 
each 18 in. by 9 in. How many will be required.? 

Ans. 1080. 

(12) The cost of paving a floor with flags, each 
18^ in. by 15^ in., at Jd, per square foot, comes to 
£33. 9s, Id; how many flags were there in the floor? 

Ans. 576. 

(13) A field of 7^ acres is planted in rows at uni- 
form distances of 1 5 inches ; find the number of plants 
required for the whole field, if in each row the plants 
are half a yard apart. Ans. 174240. 

(14) A field 404 poles by 24 poles is divided into 
72 equal plots ; find the number of square yards in each 
plot, and express the result as the decimal part of an 
acre. (1) Ans. 4G8f. (2) Ans. -084375. 

(15) The walls of a room 8 J yds. by 5 yds., and 
11 ft. high, are painted at Qd, a square yard ; what is the 
whole cost.? Ans. £3. 14^. 3d. 

(16) A straight road, 45 ft. wide, and a furlong in 
length, is cut off the side of a 'field of 4 acres ; how 
much is there left for cultivation.? 

Ans. 3 ac. Ir. 10}^ p. 

(17) What length must be cut off from a plank 
9^ inches wide, to make a door whose face is 16 sq. ft..? 

Ans. 2lT%ft. 

(1 8) If the side of a square be 8 J ft., what decimal 
part of a rood is its arjea.? Ans. '00625. 
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(19) The area of a square picture is 2^ ft., and the 
width of the fcame is 4 in.; now much wall does it 
cover .> Ans. 4^1 sq. ft. 

(20) From a square containing 1 acre there are sub- 
tracted 32 rectangular plots, each 12*6 yds. long, and 
10*5 yds. broad; how much is left .5* Ans. 606'4 sq. yds. 

(21) Twenty shutters 9 ft. high, are to be made to 
cover a shop window, the area of which is 40 sq. yds. 
3 ft* What must be the breadth of each shutter } 

Ans. 2-016 ft. 

(22) Find the areas of the triangles whereof the 
sides are as follows: 

(1) 18, 15, 20; (1) Ans. 12975. 

(2) 36, 48, 54; (2) Ans. 846-9. 

(3) 15-5, 30, 27-7; (3) Ans. 212'98. 

(4) 6-25, 3% 4-17; (4) Ans. 7\9693. 

(23) Given the following lengths of the sides and 
perpendiculars upon them from the centres of certain 
polygons ; find their areas. 

Ko. of ddes. Length of side. Pcrp. Area. 

(1) 5 3-25 2-45 (1) Ans. 19^^90625. 

(2) 6 15 13 (2) Ans. 585. 

(3) 7 21-5 22-6 (3) Ans. 170065. 

(4) 10 17-5 21 (4) Ans. 18375. 

(5) 10 10 15-3 (5) Ans. 765. 

(6) 12 175 373 (6) Ans. 39165. 

(24) Find the areas of the irregular polygons, of 
which the sides and diagonals are as follows. 

([Note, — The diagonals are all drawn from the ex- 
tremity of that side whose measure stands first.]] 

No. of sides. .Length of aides. Length of diagonals. 

(1) 4 5, 4-5, 5-5, 7; 8, 

(2) 5 5, 4-5, 3-4, 2-8, 7 ; 8,9. 

(3) 6 3, 3:5, 3-6, 6, 2'S, 5 ; 6y S, 6*S. 

(.1) Ans. 29-094. (2) Ans. 31*55. (3) Ans. 39-89. 
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(25) A tenant has £78. 2j. 6d. allowed him for 
draining a rectangular field by a channel traversing the 
diagonal; how much per lineal yard may he expend 
upon the drain without loss, if the sides of the field be 
100 yards, and 75 yards? Ans. 12*. 6d, 

(26) Find the relation between the sides of a right- 
angled triangle^ whereof one of the acute angles mea- 
sures 30". Ans. I : ^/3 : 2. 

(27) The sides of a triangle are equimultiples of 
3, 4^ and 5; shew that its area is 6 times the square 
of the multiple. 

(28) Shew that the ratio of the side of a square to 
its diagonal is 29 : 41 nearly, 

(29) A railway platform has two of its opposite 
sides parallel^ and its other two sides equal ; the parallel 
sides are 80 ft. and 9^ ^t. respectively ; the equal sides 
are 10 ft. each; what is its area? Ans. 688 sq. ft. 

(30) A field is bounded by four straight lines, of 
which two are parallel ; if the sum of the parallel sides 
be 625 links, and their perpendicular distance be l60 
links, what is the content of the field? Ans. \ acre. 

(31) A rectangular garden is to be cut from a rect- 
angular field, so as to contain a quarter of an acre. One 
side of the field is taken for one side of the plot, and 
measures exactly S'5 chains; how long must the other 
side be? Ans. Five-sevenths of a chain. 

(32) The side of a rhombus is 10 fL, and the longer 
diagonal is l6ft.; find the other diagonal, and the area 
of the rhombus. (1) Ans. 12 fit.; (2) Ans. 96 sq. ft 

(SS) Upon the base of an equilateral triangle, whose 
side is 6 ft., another triangle is described, one- third of 
the original triangle in area, find its perpendicular height. 

Ans. 1*732 ft. 

(34) An equilateral triangle has a perimeter of 375 
links; find its area as a decimal part of an acre. 

Ans, -06765625. 
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(35) Find the cost of covering with asphalte, at 8d. 
per sq. yd.^ a triangular plot^ >vhose sides are 40, 36y and 
27'5 yds. Ans. £l6. Is. 3d, 

(36) Find the area of the largest square which can 
be cut out of a circle whose radius is 1 foot. 

Ans. 2 sq. ft. 

(37) The largest possible circle is cut out of an area 
of 15 ft. square; find the area of each of the corners 
remaining. Ans. 12^\ sq. ft. 

(3S) Two equal circles touch each other, and a cord 
tightly encloses tnem both without crossing itself; find 
the length of the cord^ and the area enclosed by it^ in 
terms of the radius. 

(1) Ans. 10^ rad. (2) Ans. 7fx(rad.)". 

(39) Two equal circles, of 1 inch radius, are distant 
2 inches from each other, and a cord passes tightly round 
them, crossing between them, and in contact with two- 
thirds of each circumference; find the length of the 
cord, and the area enclosed by it. 

(1) Ans. 15-308 in. (2) Ans. 7*654 sq. in. 

(40) Find how many circles of ^ in. radius could be 
made from another of 1 foot radius, supposing the whole 
area of the larger circle could be used up. Ans. 576. 

(41) If a pound's worth of silver, in sixpences, 
reaches 25 inches, when the coins are placed side by side 
in a straight line, what is the diameter of each coin, and 
the total surface covered by them ? 

(1) Ans. I in. (2) Ans. 12^V sq. in. 

(42) The largest possible square is cut out of a given 
quadrant ; compare the area of the square with that of 
me remainder of the quadrant. Ans. 7 : 4. 

(43) The corner of the leaf of a book is turned 
down twice, so that the lines of folding are parallel, and 
form, with the edges of the book, two similar right- 
angled triangles, whose heights are as 1 to 2 ; if the 
base and height of the smaller triangle are 2*5 in., and 
1*75 in., respectively, find the area of the larger triangle. 

Ans. 8| sq. in. 
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(44) The external circumference of a flat ring is 9 ft- 
2 in., and its width 1 inch ; find the internal diameter^ 
and the area of the ring. 

(1) Ans. 2 ft. 9 in. (2) Ans. 106f sq. ft. 

(45) A kerb, 9 in. broad, is put to a well 7 ft. in 
diameter, and costs 7*. 9^- At how much is that per 
square foot, reckoning only the upper surface > 

Ans. 5^id^ 

(46) If the area of a sector be 10 sq. ft., and the 
radius 5 ft, what is the number of degrees in the 
angle at the centre .> Ans. 45° 50' 11-8", 

(47) Find the area of a sector of a circle, when 
the diameter is 7*2 ft., and the arc of the segment sub- 
tends an angle of 10*5" at the centre. Ans. 1*183 sq. ft. 

(48) A circle rolls on the circumference of another, 
so that the circumference of the smaller one always passes 
through the centre of the larger ; compare their areas. 

Ans. 1 : 4. 

(49) The paving of a semicircular alcove at Qs. 6d. 
St foot comes to £5 ; what was the length of the semi- 
circular arc? Ans. 1585 ft. 

(50) If the minute-hand of a clock, 3 ft. long, passes 
over an arc of If ft. in 5 minutes, what must be the 
length of the hour-hand of the same dial, if it passes 
over an arc of equal length in 1 J hrs. ? Ans. 2 ft. 

(51) In the last Example what will be the areas 
swept out by each of the hands in 25 minutes } 

(1) Ans. ^^ sq. ft, (2) Ans. lliJ sq. ft. 

(52) Two sides of a triangle are 17*6 yds. and 
8*5 yds., and include an angle of 50° ; find the area of 
the triangle, Ans. 37 '4 sq. yds. 

(53) The area of a circle is 154 sq. ft. ; find the 
length of the side of the inscribed equilateral triangle. 

Ans. Is/sft 

(54) Find the base and perpendicular height of a 
triangle whose area shall be nearly equal to that of a 
circle of radius If ft. Ans. Base = 5^ ft. 

Height = 3| ft. 
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(55) Supposing the radius of the earth, as seen 
from the Moon, subtends an an^le of 57t^; find the 
distance of the Earth from the Moon, the. Earth's dia-* 
meter being taken as 8000 miles. Ans. 240^000 miles. 

(56) Given a circle ; how would you find a circle 
which should have exactly half the area of the given 
one? 

(57) If a pressure of 15 lbs. be applied to every 
square inch of a circular plate 3 feet in diameter ; what 
is the total pressure? Ans. 6 tons l6 cwt. 42f lbs. 

(58) Two circular plates, each an inch thick, the 
diameters of which are 6 in. and 8 in. respectively, are 
melted, and formed into a single circular plate an inch 
thick ; find its diameter. Ans. 10 inches. 

(59) The diameter of a circular saw is 34 inches ; 
what length of slit must be made in the bench, that the 
highest point of the saw may stand 2 inches above the 
bench ? Ans. Not less than l6 in. 

(66) The perimeter of a square is such as to enclose 
1296 sq. yds. ; how many square yards would a circle of 
the same perimeter include ? 

Ans. l649|^i. 

(61) In comparing the lengths of two lines by the 
method of Continued Fractions (p. 249), the successive 
quotients obtained in the process are 2, 3, 1, 7; find the 
ratio of the lines as derived from each of these quotients. 

Ans. 2, 2J, 2J, 2gV 

(62) Find the results corresponding to the quotients 
1, 5, 3, 2. Ans. 1, IJ, 1^^, I3V 

(63) Suppose the quotients given in Kx, (62) had 
been obtained in comparing two circular arcs, find the 
successive approximations to the true value of the greater 
arc, when tne smaller one subtends at the centre an 
angle of 15*. Ans. 15^ 18«, 171f , 17|f . 

(64) Find the results corresponding to the numbers 
in Ex. (61), when the smaller arc measures 12}^ 

Ans. 25S 29^, 28^", 28sVt 
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(65) What is the length of a scale, divided into 10 
units, on which the number 9*25 measures 7 inches and 
4 tenths ^ Ans. 8 inches. 

(66) If a scale be taken of I perch to an inch, and 
the base of the diagonal scale be divided into 8 equal 
parts, and the height into 9 equal parts ; what will the 
smallest subdivision represent ? 

Ans. 2| inches. 

(67) In a square whose side is SO inches, a number 
of equal circles is so placed, that contiguous circles touch 
each other, and all the outer circles touch a side of the 
square, the diameter of each being always an aliquot part 
of the side of the square, and similar rows of circles are 
placed throughout the square; shew that whatever be 
the number of the circles, the portion of the square un- 
occupied by them will be always the same. 

(68) Find the number of degrees in the exterior, 
and the interior, angles of a regular decagon* 

(1) Ans. S6\ (2) Ans. 144«. 

(69) The French metre is one ten-millionth part of 
the fourth of a meridian on the Earth's surface, and is 
found to be 39*37 inches ; find in English miles the 
length of the quadrant that was measured to obtain the 
metre. Ans. 6213*7 miles. 

(70) Find the areas of two pieces of land from the 
following notes ; all the dimensions are expressed in links. 

298 37 6 

176 32 9 29 18 

45 15 6 1^ 11 

8 6 

(1) Ans. 8*3584 perches. (2) Ans. 1*1072 perches. 

(71) A distance was observed to measure 180 yards 
on the slope, but only 173*862 on the horizontal ; find by 
means of the Table in (262) the angle between the two 
lines. Ans. 15®. 

(72) To what degree of accuracy does a Vernier 
measure, when the unit on the scale is divided into 20 
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equal parts, and on the vernier 19 of these parts are 
divided into 20 equal parts. Ans. ^ of the unit. 

(73) The cost of 100 bricks whose dimensions are 
24 in. thick, 4 in. broad, and 8^ in. long, is 2s. 3d. ; what 
will the cost be, reckoned in proportion to the quantity 
of material, if each dimension be increased by ofie-tkird 
of itself? Ans. 5s. 4df. 

(74) Prove that the diagonal and edge of a cube are 
incommensurable. 

(75) One solid contains 30| cubic feet, and another 
4^ cubic yards ; what multiple is the latter of the former? 

Ans. 4. 

(76) Compare the area of a section of a cube through 
two opposite edges, with the whole surface of the cube. 

Ans. J2 : 6. 

(77) A cylindrical cup is 4 in. deep, and 2 in. in dia- 
meter; how of^en can it be filled from a cylindrical barrel 
4ft. deep, and 30 in. in diameter ? Ans. 2700 times. 

(78) A cone, whose vertical angle is 120^ and per- 
pendicular height 3 £t, has one third of its height cut off; 
find the area of the curved surface and ends of the 
remaining frustum. Ans. 181'38 sq. ft. 

(79) A cube has each of its edges diminished by 
Y^th part ; compare the surfaces of the new cube and 
the original one. Ans. 97*03 : 100. 

(80) If the height of a cubic inch be diminished by 
•^th; by how much must each side of the square base 
be increased, so that the whole volume may remain un- 
altered ? Ans. '054 in. 

(81) From the comers of a square piece of card- 
board, whose side is 3 in., 4 squares are cut, each 1 in. 
square, and the remainder is made into a box without 
lid ; what will be its content and outer surface ? 

(1) Ans. 1 cub. in. (2) Ans. 5 sq. in. 

(82) How many gallons of water will a cistern hold, 
whose interior length is 3^ d., breadth 2^ ft., and depth 
30 in., if 277i cubic inches make 1 gallon? Ans. 122*7« 

PART m. 11 
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(83) If the sides of the cistern in Ex. (82) be con- 
structed throughout one inch in thickness ; how many 
solid feet of material are used in the construction ? 

Ans. 3 cub. ft. 352 in. 

(84) The walls of a cylindrical room l6fl. high^ 
and 18 ft. in diameter^ are painted at 7^ei per square 
yard ; find the cost. Ans. £3. 2#. lO^d. 

(85) A plate of metal, 3 in. square, and *1 in. 
thick, is drawn into a wire 100 ft. long ; express the mea- 
sure of the area of a section of the wire, in decimal parts 
of a square inch. Ans. *00075 sq. in. 

(86) How many cubes, whose edges are f in. long, 
can be contained in a box, whose base is 9 in. by 8 in., 
and height 15 in. ? Ans. 20480. 

(87) If gold be beaten out so thin that an ounce 
of it will form a leaf of 20 square yards, how many of 
these leaves will make an inch thick, supposing the 
weight of a cubic foot of gold to be 10 cwt. 95 lbs. ? 

Ans. 291600. 

(88) A gold wire of *01 of an inch in thickness is bent 
into a circular ring one inch in diameter ; if the area in- 
closed by the ring be gilded with a weight of gold equal 
to the weight of the ring, what will be the thickness 
of the gilding ? Ans. *0001^ in. 

(89) Shew that the volume of a sphere, whose radius 
is 6 in., is equal to the sum of the volumes of the spheres 
whose radii are 3, 4, and 5, inches. 

(90) The inner and outer circumferences of the base 
of a hollow cylinder are 3*27 and 3'69 feet; fiiid the area 
of the ring included between them, and the volume of 
the metal used in constructing the cylinder, if it be 6 ft. 
high. 

(1) Ans. 33*4828 sq. in. (2) Ans. 1 ft. 68276 cub. in. 

(91) Find how much material is wasted in paving a 
floor 24 ft. by l6ft., with hexagonal blocks 9 inches long, 
of which the hexagon has each side 2 inches long, and 
which are cut out of cylindrical blocks 4 inches thick, 
and 9 inches long. Ans. 39*168 cub. ft. 
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(92) A cylindrical boiler, 16 ft. long, and 2 ft. in 
diameter, "with hemispherical ends, in addition to the 
above length, l^as to be covered with felt ; what will it 
cost at 1^^. per square foot? Ans. lis. Ifd. 

(93) It is required to make a cistern, 3*2 ft. long, 
and 2*6 ft. wide, that shall contain 2l6 gallons ; how deep 
must the cistern be, if 277i cubic inches make 1 gallon ? 

Ans. 4*^...ft. 

(94) A rectangular mass of earth is 9*45 yds. long, 
3^ yds. broad, and l^yds. thick; find the edge of a 
cubical mass of equal volume. Ans. 3*15 yds* 

(g5) Two cylindrical cups of the same height will 
hold 9 and l6 pints respectively ; what is the content of 
another of the same height the diameter of whose base is 
equal to the sum of the diameters of the former two ? 

Ans. 49 pints. 

(96) Not only the capacity, but the form also, of the 
lihperial Bushel, is defined by Act of Parliament, fix- 
plain the necessity for this enactment. 

(97) The Act of Parliament directs, that the Imperial 
Bushel used for heaped measure shtJl be an upright 
cylinder, the diameter of whose base is not less than twice 
the height, and that the height of the conical heap shall 
be at least three-fourths of the depth of the bushel, the 
boundary of its base being the outside of the measure. 
State fully the effect of not complying with this regu- 
lation. 

(98) Required the content of a tub, in the form of 
a frustum of a cone, whose greatest diameter is 60 in., 
diagonal 66 in., and slant side 30 in. 

Ans. 81410 cub. in. nearly, 
or 288^ gallons 

(99) A gentleman wishes to raise his garden 1 foot 
higher throughout by means of earth dug out of a moat 
to be formed 8 feet wide round two adjacent sides of it; 
the garden is 300 feet long and 200 feet broad, and is 
rectangular. How deep must he dig the moat, supposing 
it uniform and rectangular? Ans. 14f}ft 
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(1 00) Of what diameter must the bore of a cannon 
be cast for a ball of 24 lbs. weight, so that it may be one- 
tenth of an inch more than that of tlie ball? (See Ap- 
pendix.) Aus. 5'6l in. 

(1 01) A railway which for some distance has been 
laid in a straight line at a certain point takes a circular 
bend for 476 yards, and then proceeds again in a straight 
line, which deviates from the former by an angle of 
12*38^^; find the radius of the curve. 

Ans. 1 mile 597 yards. 

(102) In levelling for canals and railways engineers 
allow a depression of 8 inches per mile for the curvature 
of the earth. What is the earth*8 diameter, supposing 
this to be correct? 

Ans. 7920 miles. 

(103) A cubic foot of copper is to be drawn into a 
wire of ^^th of an inch diameter ; what will be the length 

of the wire ? Ans. 55^ miles nearly. 



An excellent collection of easy examples^ by the Rev. 
W, N. Griffin> is published by the National Society, 
and sold at the Depository, Sanctuary, Westminster, at 
the low price of l^. It is exactly adapted to this work, 
and junior students will find it of great service. 
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NOTE. 

AMSL£R*S PLANIM£T£R. (See p. 314.) 

For the following popular explanation of the principle 
of this instrument, I am indebted to Dr. Alfred Day> of 
Clifton, near Bristol; though I have not adhered pre- 
cisely to that gentleman's own words : — 

Suppose a rod of wood, or brass> carried a wheel 
attachea to it revolving at right angles to its length, like 
the rolling ParalleURuler deprived of one of its wheels, 
it would, on being moved parallel to itself, describe an 
area which would obviously be measured, as a rectangle, 
by the product of the distance moved over by the wheel 
into the length of the rod, or ruler. And if, in addition 
to this parallel motion, the ruler were made to rotate, or 
deviate from its first direction, we could resolve, or sepa- 
rate, the area traced out into two parts, one due to the ad- 
vance of the ruler parallel to itself, and the other wholly 
due to rotation, backwards or forwards, that is, diminish- 
ing or increasing the previously described area. By means 
of these two motions, and a third in the direction of the 
ruler's length, (which latter will affect neither of the two 
former, nor add any thing to the area), we can make the 
end of the ruler trace out any continuous curve or irre- 
gular line we please. If then, at the same time, we note 
the track of the other extremity of the ruler, and com- 
plete the figure by two straight lines coinciding with the 
edge of the ruler in its first and last position ; and if we 
see further, that for every partial rotation of the ruler 
round itself in one part of its course^ an equal and oppo- 
site partial rotation takes place in the other direction, so 
that at last the ruler is exactly parallel to its first posi- 
tion, then, in this case, it is plain, that we should at once 
have a measure of the area above described, viz. the 
product of the ruler's length into the rotation of the tvheeL 

It will be obvious, that, in practice, the operation 
here described would be of very limited utility, because 
in most cases, when we had a given irregular figure to 
measure, while we made one end of the ruler trace out 
the given boundary, the other end would be tracing a 
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boundary with which we were in no way concerned, be- 
sides the difficulty connected with the two parallel straight 
lines. The Planimeter at once obviates this inconve- 
nience. 

Let ECDF be the 
instrument; EC the arm 
^ed at JS; and jointed 
at (7 to the tracer-rod 
CF; F the tracing 
point, and D the posi- 
tion of the wheel on 
CF; FGF'K the area 
to be measured. Be- 
ginning with the tracer- 
point at Fy it is plain 
that, in passing from F 
to F\ along the boun- 
dary FGF\ the arm 
CF will, by means of 
the three sorts of mo- 
tion before mentioned, trace out the area CFGF'C\ 
while CB will trace the sector CEC. Accordingly, the 
wheel will register all the advance of the arm CF due to 
parallel motion, together with that which has resulted 
from rotation round its own axis, when it gets to the ex- 
tent of its positive progress; certain quantities of rotation, 
positive and negative, having balanced themselves wholly, 
and left no record of their existence. Then, as the tracer 
moves along the boundary F'XF, not only will all the 
sector described by EC be, as it were, wiped out, but 
all the area FKF'C'C, and all the rotation of the tracer- 
arm round itself is also counter-balanced by a negative 
rotation, when the tracer has returned to its first posi- 
tion F, In going back, therefore, the wheel will register 
the actual parallel motion of the tracer-arm, and leave all 
the rotations balanced. 

Hence the aresLFGF'K^CFGF'C-'FKF'CC, ' 

^rotation of the wheel x the 
arm which carries it. 

{JDt Day has further discussed the various details 
connected with this beautiful instrument, and has proved 
the truth of its determinations, with admirable skill and 
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success^ in every possible case. But the above will suffice 
for our purpose here, that is, to ^ve the ordinary stu- 
dent a notion, at least, of the principle of the instrument. j] 

For the advanced reader I am permitted to give the 
following elegant proof of the principle by Professor 
Adams, of Cambridge, the celebrated astronomer : — 

Let B be the fixed point, 
F the tracer, N the projec- 
tion of the hinge upon the 
plane of the paper, Z> the 
point in which the plane of 
the wheel meets NF, M the 
middle point of NF. 

Also let 
NF^ay EN^h, BM^c. 

If the boundary of any 
closed figure be traced out 
by J^, the area of the figure 
p is equal to the algebraical 
sum of the elementary areas 
described by the lines EN^ NF in passing from any 
position to a consecutive position, considering an ele- 
mentary area to be positive when it passes from the left 
to the right side of the lines, and negative when it passes 
in the opposite direction. 

In any position of the tracer, let (p, >/r, be the angles 
which NFy BNy make with their respective initial posi- 
tions; and let s be the arc through which the wheel 
has turned in the same time. 

For a consecutive position of the tracer, let 0, >/r, 
and «, become <p+l<p, \//^+B>//>, and s-hls, respectively. 

Then B^sthe resolved part of the motion of the point 
D perpendicular to the line NF. 

Hence the resolved part of the motion of M perpen- 
dicular to the same line =3^4-0^0; and therefore the 
elementary area described by NFs=a(hs-hc^q>), Also the 
elementary area described by BN^^o'hyl/^. 

Hence the algebraical sum of the elementary areas 
described by EN, NF, in passing from their initial 
positions to any other positions 

= fl* + acip + i6*>/r. 



360 GEOMBTRT OOBIBINED WTTB ARITHMETIG. 

If, vhen the tracer has passed completely round the 
boundary of the figure, EN, NF^ return to their initial 
positions without having made a revolution, ^ and yfr 
vanish, and the area of ti^e figure =iij. 

If EN, NF, have made a complete revolution^ <p 
and yj/- become b^tt, and the area 

In a given instrument, the area of the rectangle^ con- 
tained by sides equal to a, and the circumference of the 
wheel, is known ; and as in any case is found by mul- 
tiplying this area by the number of revolutions, and 
parts of a revolution, of the wheel. 

The quantity to be added to as, when EN, NF^ make 
a complete revolution, is constant, and equal to the area 
of a circle, the square of the radius of which =2ac+5'. 

Since ^ac^b*^(BF+ND){BF^ND)+EN', 

^DF^-Njy^EN^ 

this circle is equal to that which F describes about the 
centre E, when ED remains perpendicular to NF during 
the motion ; in which case the wheel moves always per- 
pendicularly to its own plane, and does not turn about 
its axis, so that as vanishes. 

In the instrument described in (278), the length a is 
such, that the rectangle contained by it and a line equal 
to the circumference of the wheel =10 square inches. 

When the sliding rod is used, a is increased in the 
ratio of 1*44 to 1, so that one revolution of the wheel 

now corresponds to 14*4 square inches, or — of a square 

foot. 
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APPENDIX. 

certain things to bs remembered or referred to. 

Lineal Measure. 

1 French Metre « 39*37079 English lineal inches. 

Dedmetre = 3*937079 

Centimetre = 0*3937079 

Millimetre =0*03937079 

Decametre =393*7079 

Hecatometre = 3937*079 

Kilometre =39370*79 

Myriometre =393707*9 

Angular Measure. 
(2) 

1 French Grade = 0*9 English Degrees. 

Minute = 0*009 

Second = 0*00009 

i. e. 100 Grades = 90 Degrees; 100 French Minutes = 

1 Grade; and 100 French Seconds = 1 French itftfiu^e. 

(3) The English Imperial Gallon = 277*274 cubic 
inches. 

(4) The Imperial Bushel = 8 Imperial Gallons. 

(5) The Imperial Gallon of Water weighs 10 lbs. 
avoirdupois. 

(6) One Cubic Inch of Water weighs 0*036 lbs. 
avoiraupois. 

(7) One CiU>ic Foot of Water weighs 62^ lbs. nearly. 

(8) One Cubic Inch of 



Gold 1 


Hreighs 0*7 lbs. 


avoirdupois nearly 


Silver 


... 0*378 




1 • • • • • • • 


Copper 
Lead 


... 0*321 
... 0*412 








Wrought Iron 


... 0*281 








Cast Iron 


... 0-275 








Portland Stone 


... 0*092 








Brick 


... 0*072 








Common Earth 


... 0049 








Air 


... 0*000468 






Water 


... 0*036 


• 
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GEOMETRY COMBINED WITH ARITHMETIC. 



Note. A Tahk of Specific Gravities is a Table 
which gives the number of times a given bulk (as a cubic 
inch, or foot,) of any specified substance weighs the same 
bulk of water. And, therefore, since a cubic inch of 
water weighs 0'0S6 lbs., the weight in lbs. of a cubic inch 
of any other substance will be readily found by multiply- 
ing the number opposite to it in the Table by 0*036. 

Also, kno\?ing the weight of any body, and its Spe^ 
cific Gravity from the Table, we can find its volume. For 
having found, as above, the weight of one cubic inch, 
the whole weight of the body divided by this will ob- 
viously give the whole number of cubic inches in it. 



Table op Specific Gravities. 



Water 1-000 

Air 0013 

Brick 2000 

Cork 0-240 

Copper 8-788 

Gold 19-258 

Ice 0-916 

Iron (cast) 7'207 

Iron (wrought) 7*788 



Ivory 1-826 

Lead 11-352 

Mercury 13-586 

Portland Stone 2-570 

Platinum 20*337 

Rain Water 0*985 

Salt- Water 1*026 

Silver 10-511 

Zinc 7-100 



THE END. 



CambrifLge: Printed by C. J. Clay, M.A. at the University Press. 
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foa 


HEAD 


221 


Ex. (12) Ans. (1) 


iTk 


19. 


• • • 


Ans. (2) 




i- 


• • • 


£x. (16), all the three Answers should be halved. 


222 


Ex. (27) (1) Ans. 


6*364 


21213... 


« • • 


Ex. (28) Ans. 


1-183 


1-1183. 


223 


Ex. (30) Ans. 


8«. 3rf. 


16«. 6d. 


298 


Line 11 


CB^CD 


CB=(n/3-1)xCj 




.-. PD^CD^CB^i^- 


1), which can 


be measured. 


301 


Ex. (1) Ans. 


6} 


14iS^. 


302 


Ex. (18) after ' equal to' inserl 


:V 
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Ex. (22) (1) Ans. 


1003^. 


8534. 


• • • 


(2) Ans. 


Ir. 6 9 p. 


51744p. 


320 


Ex. (8) (1) Ans. 


44 


26|. 


• • • 


(2) Ans. 


494. 


30M. 


343 


Ex. (6) (1) Ans. and (2) Ans. 


ft. 


in. 


• • • 


Ex. (9) Ans. 


116 


124. 


• • • 


Ex. (11) Ans. 


£10. &r. 4d, 


£9. 0«. 6c/. 


• • • 


Ex. (13) 


30 yds. 


30 ft. 
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Ex. (16), after < copper* insert 


' a foot in diameter.* 


« • ■ 


Ex. (19) 


155880 


36372. 




Ex. (20) 


£26 


£27. 12*. 9rf. 
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Ex. (25) hemispherical 


cylindrical. 


347 


Ex. (21) 


1 ft 6in. 


3 ft. 


• • « 


Ex. (22) (4) Ans. 


79-693 


7-9693. 


m s m 


Ex. (23) (4) No. of sides 


8 


10. 


• ■ • 


Ex. (24) (3) Ans, 


45097 


39-89. 
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Ex. (30) Ans. 


1 acre 


4 acre. 


349 


Ex. (43) Ans. 


174 


8i 
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Ex. (45) 


\^.M, 


Is, llrf. 


• « • 


Ex. (46) 


5 yds. 


5 ft. 


■ ■ « 


Ex. (51) 




AV 


351 


Ex. (61) 


2, 5, 1, 7 


2, 3, I, 7. 


352 


Ex. (65) Ans. 


12in. 


8 in. 


353 


Ex. (79) Ans. 


97-03 


98-01. 


354 


Ex. (88) Ann. 


•OOOlf 


-0003f. 


355 


Ex. (93) Ans. 


4-33 


4165. 


• • « 


Ex. (99) Ans. 


i^ii 


14A7p, 
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